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MATRIX & DETERMINANTS
EXERCISE 1.1

8 -6 2
Example 1.1 Find the Adjoint of the matrixA = |[-6 7 —4]and
2 —4 3
verify that A(adj A) = (adj A)A = |A|I;
8 -6 2
A=|-6 7 —4
2 -4 3
7v 4» 76 ] T
3§ " 21-16 —84+18 24-14
4 ’3 _’4 — adjA=|-8+18 24 -4 —12+32
—6 ,2* ;8» —} 24-14 —12+32 56-36
g ;\6" 7
T
5 10 10 5 10 10
adjd=|10 20 20 | = adjA=[10 20 20]
10 20 20 10 20 20
+ -+
8 —6 2
Al = |- 7 —4
2 -4 3

|A] = 8(21 —16) + 6(—18 + 8) + 2(24 — 14)
= 8(5) + 6(—10) + 2(10) = 40 — 60 + 20

=60 —60
Al =0
_ 8 —6 2115 10 10
AladjA)=|-6 7 —4|l10 20 20
2 —4 31010 20 20

40-60+20 80—120+40 80—120+40
=| -30+70—-40 —60+140—-80 —60+140—-80
10—40+30 20-—80+ 60 20 — 80 + 60

0 0 O
0 0 O

A(adj A) = ]
o 0 ol (1)
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5 10 10][8 -6 2
(adj HA=|10 20 20|[-6 7 —4

10 20 20iL2 -4 3

40-60+20 80—120+40 80—120+40
—| —30+70—-40 —60+140—80 —60+140—80
10—-40+30 20—-80+60 20—-380+60

0 0 0
(adjMHA=[0 0 0
o 0o ol ~(2)
100 0 0 0
|A|I3=O[0 1 0] =[o 0 o]
0 0 1 0 0 ol ..(3

From (1), (2) and (3) A(adj A) = (adj A)A = |A|]

Example1.2If A = [‘; Z] is non — singular, find A1

+M11 _M12 T d —C T

— My,  +My, =b a
. d -b
adjA = [—c 4 ]
_|e_b|
|A|—|C 4|=ad —bc

|A| = ad — bc #0

A= ag)| = at= —— [0 7]
T T ad—bc—C¢ @
2 -1 3
Example 1.3 Find the inverse of the matrices [—5 3 1]
1 -3 2 3
A"l = —adj(A
] i(A)
2 -1 3
LetAz[—S 3 1]
-3 2 3
+ - o+
2 -1 3
Al=|-5 3 1| =I1A1=2(9-2)+1(-15+3)+3(-10+9)
i IMDA R
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=2(7)+1(-12)+3(-1)=14—-12-3

=14—15
|A| = —1 # 0 - inverse exist
2 -1 3
A=l 3 1]
-3 2 3
T
3 1](y|-5 1 |—5 3
2 3 -3 3 -3 2
adjA = (- |—1 3| 2 3|(_)|2 -1
2 31 -3 3 -3 2
-1 3|(—)|2 3| |2 -1
3 1 -5 1 -5 31
(9g_p — 15+3) —-10+9 T
= |- ¢3-6) 649 — (4= 3)
|-1-9 —-@+15) 6-5
7 12 -7 7 9 —10
adjA=1| 9 15 —-1| = adjA=112 15 -17
-10 -17 1 -1 -1 1
7 9 —10 7 9 -10
at=tl12 15 —17| = Aat=-1|12 15 -17
-1 -1 1 -1 -1 1

-7 -9 10
Al=|-12 —-15 17

1 1 -1

Example 1.4 If Ais anon — singular matrix of odd order,
prove that adj A is positive.

Let A be a non — singular matrix of order 2m + 1, wherem = 0,1,2, ...

Al # 0
ladjAl = A"

ladjAl = [A]P™171 = adjAl = |A]P™

|A|?™ is always positive,we get that |adj A| is positive.

7 7 =7
Example 1.5 Find amatrix Aif adj(A) =|-1 11 7 ]
11 5 7
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_|_
7 7 =7

ladjA| = [-1 11 7
11 5 7

ladjA| = 7(77 — 35)— 7(=7 — 77) —=7(=5 — 121)
= 7(42) — 7(—84) — 7(—126)
= 294 + 588 + 882

=1764 >0
7 7 =7
adjd=|-1 11 7
11 5 7
11 7» 11 }1_
/ 77—35 —35—49 49+77
5'~ 7‘ 3'* 5 o
= adj(adjAd) = |77+7 49477 7—49
; % ;', —5-121 77—-35 77+7
i 1’1’ 7 ny Ny

126 —42
—126 42 84

adj(adjA) =

42 -84 126]

126 —42
126 42 84

o
Il
-+

[ 42 —84 126]

1
adj(adjd)| = A=t
iV Vi7en

r 42 84 1267
42 42 42
acil| 8a 126 _ap|=s| B 126 22
T 42 B 42 42 42
—126 42 84 126 42 84
1 —2 3 42 42 42
A=+ 2 3 -1
-3 1 2
-1 2 2
Example1.6If adj(A) =1 1 2|,findA”
2 21
+ - +
-1 2 2
ladjAl 1 2
2 2 1
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ladjAl= —1(1—4)—2(1—-4)+2(2-2)
=—-1(-3)-2(-3)+2(0) =3+6+0=9>0

ladjA| =9
T —1 2 2
Al=+ adjA| = Al=+— 1 2]
JladjA| V9 5 1
11 2 2
Al=4+-11 1 2]
312 21

Example 1.7 If A is symmetric,prove that then adj A is also
symmetric.

since A is symmetric. AT = A
(adjA)T = adj(AT) = (adjA)T = adjA
s adjA is symmetric .
Example 1.8 verify the property (AT) = (A" 1) with A = [

4= [1 7]:> AT=[9

1
——adj(A"T)

@ =i

|AT| = |9 7| =14-9

|A] = 5 # 0 - inverse exist
adjamy =| 7 7!
-9 2
=27
_[2
a=| n

Al = 1 di(A
IAlclf()

2 9.
Al = 7|_14 9

|A| = 5 # 0 - inverse exist
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adj(AT) = [_71 I J
4T = %[—71 _29] = @7 =%[—79 _21]---(2)

From (1) and (2) (AT) " = (A~1)T

_ [0 -3 _[-2 -3 .
Example1.9If A = [1 4]andB = [0 _1] and verify that
(AB)"1= B~ 1471

a=li ]
=0 % =o0+3
|A| = 3 # 0 - inverse exist

AdjA = [—41 8

1 1rg4 3
1 . -1 _ =
A ——lAlade = A 3[_1 0]

_[-2 -3
B_[o -1

_1=2 =31_,_
BI=| _j|=2-0
|IB| =2 # 0 - inverse exist

agp=[y 5]

-2

B‘lzl%laij = 1= % PO
11— 1

s =5l Slxsll

=1[3—7 —2+5
6l3-14 -2+10

priat =7

=[] U5 Dl=as=[5N SU]= aes S5
|AB| = |_02 _37|= 0+6 =6

|AB| = 6 # 0 - inverse exist
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(

aver=[7 7

1 1 1y—7 -3
(AB)™1 =g i (A8l | = (B 1= 8[2 0]

AB)‘1=€[_2 _03] ...... (2) From (1)and (2) (4B)~! = B~14"1

Example 1.10: If 4 =

Hence, find A71,
4 3114 3
2
A=, sll2 s
16+6 12+15| 22 27
8+10 6+25 18 31

2 ] find x and y such that A% + xA + yI, = 0,.

A2+xA+y12 =02

P R A R i R
22 271 . [4x 3x1, [y 0] _ |0
18 31] [Zx 5x [ ]_[

22 +4x +y 27 + 3x ]_[0
| 18+2x  31+5x+y| Lo

184 2x =0 =2x=—18:>x=_7=> x=-9
Subsx =—-9in22+4x+y=0

224+4(-9)+y=0=>22-36+y=0 = —14+y=0
y =14

A2+XA+y12 =02

wherex = —9and y = 14

A% — 94 + 141, = 0,

To find A~ 1

A% — 94 + 141, = 0,
Multiply by A™1

A2X A1 —9Ax A1+ 14, x A1 =0

At

A—91+14A471 =0
14471 =91 —A= A7 =—(9I—A)

-5 21-6 2D
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1
-5l o[ 3=
1 _
AT =1y [—52 43]
etd =[5 ot
AT — [ cos 6 sin@
—sinf cos@
_ [cos 6 —sin 0] [ cos 6
~lsinf cos@ ll—sin6

[ cos? 6 + sin? 6

sin@ cos@ — cos O sin0

[; 9
w4 =[50 cosollsino

[ cos? 6 + sin? 6

—sinB cos @ + cos 0 sin

[} Y-

AAT = ATA =1,

A is orthogonal.

Example 1.11: Prove that [c:):
cos@ —sin0
Let A =
t4 [sin 0 cos@
AT = [ cos 60 siné
—sinf@ cos@
v _[cos8 —sinf
AA _[sinO cos 0 ”

cos? @ + sin% 0
B sin @ cos 8 — cos

=[y al=t

cosf sin 9] [cos 0

T
ATA = [ sinf cosBllsin@

—sin6

19-4 0-3
14l0-2 9-5

sin@
cos 6

cos B sin@ —sinB cos O

sin® @ + cos? 9 ]

—sin@

cos 0

—cosB@sinf +sin9€os€]

6 sin @ + cos? 0

0 -—sin@

0 cos@ |S orthogonal.

cos@ sin6
cos 0

cos 0 sinf@ — sinf cos 6

@sin® sin®0 + cos? 6

—sin@
cos 0

J
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cos? @ + sin% 0

—sinBcos 8 + cosfsinb

—cos0sinf + sin6 cos @

sin? @ + cos? 0

[t Y-

AAT = ATA =1, . Aisorthogonal.

6 -3 a
1
Example 1.12:If A=—-(b -2 6] is orthogonal, find a, b and c,and
2 ¢ 3
hence A7 1.
If A is orthogonal, then AAT = ATA = I,
1] € b 2
AT—7—3 -2 ¢
a 6 3
AAT = [,
1 6 -3 a 1 6 b 2] 1 0 O
;b—26x;—3—2c=010
2 ¢ 3 a 6 3l 0 0 1
16 —3 a][6 b 21 [1 0 O
29 b -2 6||-3 =2 ¢|=10 1 O
2 ¢ 3lla 6 31 [0 0 1
6 —3 al[e6 b 2] 1 0 O
b -2 6||-3 =2 ¢|=49]0 1 O
2 ¢ 3lla 6 3l 0 0 1

6b + 6 + 6a

_ , )
36 +94+a%2 6b+6+6a 12—3c+3a 9 0 0
b2 +4+36 2b—2c+18(=[0 49 0

0 0 49

12—3c+3a 2b—2c+18 4+4c%+9

45 + a? 6b+6+6a 12—3c+3a]l [49 0 O
6b + 6 + 6a b? + 40 2b—2c+18=[0 49 0]
12 —3c+3a 2b—2c+18 c?+13 0 0 49
45+ a® =49 | b2+ 40 =49 c2 +13 = 49
a’ =49 — 45 b% =49 — 40 c? =49 —13
a? =4=V4 | b*=9=V9 | 2=36=136

a=?2 b=3 c=6

1.Find the adjoint of (i) [_63 ;]
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(i) Let A = [_63 g]

+M11 _M12 T [2 —6]71
WA =] - My, +My, | T (T4 =3

adjd = [—26 :4]

OR
O VNS

2 3 1
1.Find the adjoint of the following: (ii) [3 4 1]
3 7 2
2 3 1
A=13 4 1]
3 7 2
- T
|4 1|(_)|3 1 |3 4|
did 7 2 3 2 3 7
B R I I
7 2 3 2 3 7
|3 1| (_)|2 1 |2 3
L 141 3 1 3 4l _
1T
8-7 —(6-3) 21-12 {1 -3 9
adjd=|—-(6-7) 4—3 —(14-9) =[1 1 -5
3-4 -2-3 8-9 | 1 1 -1
1 1 -1
adjA = -3 1 1
9 -5 -1
2 2 1
(l'l'l')§ -2 1 2
1 -2 2

ladj(kA) = k™ adj(A)]

12 2 1
A=zl-2 1 2
1 -2 2
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2.Find the inverse (if it exists) (i) [_12 4 ]

BLUE STARS ur.sec scHooL

1 2 =2 1
- 2+4 —-2-—-4
N2 2 1 -2 1\2
Y =><_> 2+4 4-—1
3 3
2 1 2 2 4—-1 244
1 2 -2 1
1[6 —6 3 L2
adj(A) ==|6 3 —6| = adj(A) =-x3]|2
9 9
3 6 6 1
2 -2 1
adj(A) =§ 2 1 =2
1 2 2

-3

(reta=[7 4]

Al = |_1><}3| =6-4

|A| = 2 # 0 - inverse exist

. [-3 —4
adJA—[_1 _y
1 11-3 —4
-1 _ H ﬁA_lz—
A IAIadJA 2[_1 _>
5 1 1
(ii)LetA=|1 5 1
1 1 5
5 1 1
|Al=[1 5 1|=525-1)-15-1)+1(1-5)
1 1 5

=5(24) —1(4) + 1(-4)= 120 — 4 — 4
|A| = 112 =+ (- inverse exist

AP

4 AN N\
N A x
BN "4 AN P4 AN
1 1 1’ AN \, ]‘ \1
4 Y
\, i
— e N/ \ b4
= / A N/
’ v, N/
7’ 7N\ hA
4 4 N, 7\
7’ 4

1 1 5

N\ OON,
’ ?/ Ay ! ’ N
B\ ®, , }
N , SN L AN
N, 4 N, 4
N/ N/
N,
I’ N, \\

11
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25—1 1-5 1-5 24 —4 —4
adjA= | 1-5 251 1-5 =>ade=’—4 24 -4
—4 —4 24
1-5 1-5 25-1
T 1 [24 -4 -4
Al=—adj(Q)| = A 1=—|-4 24 —4
Al U2 4 —4 24
{1 [6 -1 -1
-1
Al = — [—1 6 —1‘
28 11 -1 6
2 3 1
(iii) Let A=|3 4 1
3 7 2
2 3 1
Al=|3 4 1|=2(8-7)—-3(6—-3)+1(21—12)
3 7 2
=2(1)-33)+1(9) =2-9+9
|A| =2 =+ (- inverse exist
4' b ,3\ ,4‘
2 3 1 7 & S
A=1|3 4 1]=> ‘,, ’3“\
BRI
—4"// \\\I/, \\\3,//, \\4
8—7 7—-6 3—4 1 1 -1
adjA=| 3—6 4-3 3-2 |=> adjA=]|-3 1 1
21-12 9-14 8-9 9 -5 -1
I 1 1 -1
Al=—adjQ)| =>A41==-[-3 1 1
L) 9 -5 -1
cosa 0 sina
3.If F(a) = 0 1 0 |showthat[F(a)]™!=F(-a)
—sina 0 cosa

To find [F(a)]™?!
[F()] " =

IE(@)

adj F(a)

|

12
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in
cosa 0 sina

0 1 0
—sina 0 cosa

|F(a)| =

Expand along R,

|F(a)| = 1(cos? a + sin? a)
|F(a)| =1 # 0 -~ Inverse exist
cosa 0 sina

adj F(a) = 0 1 0
—sina 0 cosa

1 0 0 1

0 cosa —sina 0

0 sina cosa 0

1 0 0 1
cosa —0 0—-0 0—sina
adj F(a) = 0-0 cos?a +sin«a 0-0
0 +sina 0 -0 cosa—0

0 1 0

[cosa 0 —sina]
sina 0 cosa

[cosa 0 —sina]
adjF(a)=| 0 1 0
[sina 0 cosa
1[cosa 0 —sina I 0
[F@] == 0o 1 0 |=F@®l*=[o0 1
1 0 sina 0

L Sina cos a |

To find F(—a)
cos(—a) 0 sin(—a)
F(—a) = l 0 1 0 ]
—sin(—a) 0 cos(—a)

cosa 0 —sina
F(—a) = 0 1 0
sina 0 cosa - (2)

From (1) and (2) [F(a)]! = F(—a)

—sina
0
cos a

] (1)
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4164=[> 3 | showthat 42 34— 7I, = 0, Hence find 4”1,

A% = —51 —32”—51 —32]

25 —3 15-6

:[22 9
-5+2 —3+4] =3 1

sa=3x[2 =1 7

712=7><[(1) (1)]=[3 2]

R A

_[22—-15-7 9—9—012[0 0
-3+3-0 1+6-7/ 10 0
A2—3A_712=02
To find A~1
A2 —34-7,=0
Multiply by A™1
A2 X A1 —3AXx A1 —T7L,xA =0
A-31-7A1'=0 = _74-1=31-4
1
7TAl=-3/4+4 = A‘1=§(A—31)
g5 3 1 0
Al =— —3X
7(—1 —2] 3 [0 1)
145 3 3 0y_1r5-3 3-0
_7([—1 —2]_[0 3)_7—1—0 —2-3
1r2 3
-1 _ —
A _7[—1 —5]
1[-8 1 4
5.IfA=§ 4 4 7],provethatA—1=AT
1 -8 4
1
1[-8 1 4 A"l =—adj. A
A=§ 4 4 7 |A|
1 -8 4

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

|kA| = k™|A| where nis order of A

N3|-8 1 4
|A|=<§> 4 4 7
1 -8 4
Ll 86456 - 1(16-7) + 4(—32— 4
1 -8 4
1
8(72) — 1(9) + 4 = — 144
729[ (72) — 1(9) + 4(—36)] 729[ 576 —9 ]
_ ! [—729]
729
|A] = =1 # 0 - Inverse exist
adj(kA) = k™ ladj(A)
1[-8 1 4
A=g| 4 4 7
1 -8 4
4. 7» A ,4
1[-8 1 4 12—8 4&\;1&
A=3| 4 4 7 =<§> X 4
1 -8 4 } 4’ -x& ;l
i 4‘//, \\‘7'/, \\\4‘//, \\\\4
., 16+56 —32—4 7-16
=<1> 7-16 -32—4 16+56
9
—32—-4 1-64 —-32—4
72 =36 8 —4 -1
adj(A) =31 -9 =36 ]=> adj(A) = 1%9[—1 —4 8]
—36 —63 -36 —4 =7 —4
1[8 -4 -1
adj(A) =§ -1 —4 8
—4 =7 —4 1
A"l = —adjA
1 1[8 -4 -1 |A|
A_1=—><§ -1 —4 8
1 714 7 4

15
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1[-8 4 1
A-1=6 1 4 —gl...(1)
| 4 7 4

-8 1 4 -8 4 1
1 1
A= 5 4 4 7| = AT = 5 1 4 -8
| 1 -8 4 4 7 4 (2
From (1) and (2) L.H.S =R.H.S

6.1fA = [_85 _34] and verify that A(adj A) = (adj A)A = |A|I

Let A = [_85 _4]

3
|8 -4
al=| 5 |=24-20=14
adj.A=[g g
_ 18 —41[3 41_ 24 — 20 32 —32
A(adlA)'[—s 3”5 8l T | _154+15 —20+ 24

Aladj A) 24[3 2 (1)

. 3 48 —4 ~20 _
@ima=[3 ][5 S=|?*7%0 12+1z) 40
40 — 40 —20+ 24 0 4

@dima=4[; I .

1 0
an=ely 4l
From (1), (2) and (3)

A(adj A) = (adj A)A = |A|.1

3 2

TIfA = | ¢

1=l
_B 2

7 5
|A| =1+ 0 . inverse exist

A =[5 77

1Al | =15-14

] and B = [_51 _23] and verify that (AB)"1=B1471
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A‘lzﬁadJA = A1 1[_5 _2] = A7l= [_57 _2]
=[5 3]
LE P

|IB| = 13 # 0 - inverse exist

adis=[% ]

1 1r2 3
-1 = — -1 = —
B adijB = B 315 _1]

|BI
13[ —1]
Bmta™ 13[ —1”—57 _32]
:i 10-21 —4+49
3l-25+7 10-3
BA™ 13[_% 5 ------ (1)

1
(AB)~! = maou (AB)

7 slls 1= =150 it

B=jg Tyl = 148I= s Zaal ==77+90

|AB| = 13 # 0 .. inverse exist
o 1-11 5
Adj (AB) = |~ 15 7]

18
(AB)_lzﬁ[—18 7]
(AB)~! = 1r-11 5
13l-18 71 . (2)

From (1) and (2)(4B)"1=B"1471
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2 -4 2
Ex:8If adj(A) =|-3 12 —7].findA
-2 0 2
+ - o+
2 —4 2
ladjAl = [-3 12 —=7|=2(24 — 0) + 4(—6 — 14) + 2(0 + 24)
-2 0 2
= 2(24) +4(—20) + 2(24) = 48 — 80 + 48
ladjAl = 16 > 0
2 —4 2
adj(adjA) = |-3 12 —7]
-2 0 2
‘1.2 z 73, ;2‘
24 -0 0+8 28-24
Q % ;9« ;Q
< = adj(adjA) = |14 + 6 444 —6+14
—~4 2& .
’? ,;’ 0+24 8-0 24-12
|12 g g
24 8 4
adj(adjA) =120 8 8
24 8 12
1 1 [24 8 4
A== — adj(adjA) :>A=i—[20 8 8]
24 8 47
4 4 4
aeslfie 8 d]ouf 6
Bl EYR Y ‘o4 4
24 8 12
6 2 1 4 4 4
=+|5 2 2]
6 2 3
0 -2 0
Ex9.1f adj(4) = 2 ,find A1
-3 0 6
+ - 4+
0 -2 0
ladjA| = 2 -6
L3710 16

18
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ladjAl = 0(12 4+ 0) +2(36 —18) +0(0 + 6)
=04+2(18)+0=36>0

BLUE STARS iz sec scHoolL

(ladja] = 36
. 1 1 [0 -2 0
A7 =+ adjA| = A'=+—|6 2 -6
110 -2 0
Al = to|6 2 -6
-3 0 6
1 0 1
10. Find adj(adj(A)) if adjA=| 0 2 0].
-1 0 1
1 0 1
adj(adjA) = 2 0
-1 0 1
?. 0. ,0> A
— -0 0-—-2
1$ ;‘1 p 2—-0 0
‘, = adj(adjA) =| 0-0 1+1 0-0
0,\ ,\’1'}) 0-2 0-0 2-0
i 2,/’ \\\01, \\Q”, \\\2
2 0 -2
adj(adjA) = 2 0
-2 0 2
11. 4 _[ tan x] _show that ATA1 [cos 2x —sin Zx]
— anx 1 | sin2x cos2x
_ [ tan x]
—tanx 1
_ tanx| _ . . 5
IA] = |_tanx 1 =1 (—tan?x)
1Al = 1 + tan? x| A1 = Elladj(A)
—tanx
adj A = [tanx 1 ]
A1 = 1 1 —tanx]
1 + tan? x ltan x 1
[ —tanx]
tan x
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ATA—l — 1 — tan X] % 1 1 —tan X]
tan x 1 1+ tan? x ltan x 1

_ 1 [ 1 —tanx” —tan x]
1 + tan? x ltan x tan x 1

1 [ 1 —tan?x —tanx—tanx

1+tan2x_tanx+tanx —tan®x+1 | cos 24 =

1 [1—tan2x —2tanx ]

T 1+tan?x | 2tanx 1 —tan?x sin 24 =

1—tan? 4

1+ tan?A

2tan A
1+tan? A

1—tan’x —2tanx

_|1+4+tan2x 14 tan?x|_ [COS 2x —sin ZX]
| 2tanx 1 -tan?«x sin2x  cos 2x

1+tan?x 1+ tan?x

147

12.Find the matrix 4 for which A [ 5 _2] =]

4 [—51 —2] N [174 ;]

Let B = [_51 _32]

ap=[" 7= a=|"" 7]p

1
B~l= Eaou(B)

|IB| = =—-10+3

ME
IB| = =7 # 0 . inverse exist

aij=[_12 _53]
St P
A=l x5 5]

A=/7:i 1X_17’[_ _3]:“4 [ }][—21 —35]
N 2:11 Z:E _[3 ]

_|5
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13.Given 4 = [; _01],3 = [i _12] and C = [; ;] ,find a matrix X
such that AXB = C.

a=[y ole=f Tle=l; »
AXB=C = XB=A"1C = x = (A"1C)B™?

1 -1
|A|=|2 0| =0+2 = |A| =2 %0 - inverse exist

adj A = [—02 ﬂ

1
A1 =WadJA = |4-1 =l[ 0

BI=]2 7 =3+2

IB| =5# 0 - inverse exist
11 2
adj B = [—1 3]

B_1=|%|adJB = B~ = 5[11 3]

][ _ 0+ 2 0+ 2

1C——[
| —2+2 —2+42

25[0 0 :Z_M[(l) é

ceals

X=(A‘1C)B‘11

=[(1) 1]X§[11 g]

_1n 1(1-1 243
_E[ ][11 3]_ {0+0 o+0}

10 5_1
=zl 0_5%[0 0

£=[o o
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0 1 1 1
14.1fA=(1 0 1,showthatA‘1=E(A2—31)
110
01 1
A=[1 0 1
110
+ -+
01 1
IAl=f1 0 1/ =00-1)-1(0-1)+1(1+0)
11T 0 =o-1(-)+1(1) =1+1
Al =2+#0
~ Inverse exist
O x]y ,0
» ,X \
1$ ,0' ii’ ;1 0—-1 1-0 1-0
X — adjA=|1-0 0-1 1-0
,1» ;),/1 1-0 1-0 0—1
i 0/ \1/ \1/ AN 0
-1 1 1
adjiA=1 -1 1
1 1 -1
-1 1 1
A1 (ad]A) = Al==l1 -1 1
~ A 2117 1 4] e (1)
0 1 1j[0 1 1
A2=AxA = A*=(1 0 1/|]1 0 1
1 1 oll1 1 0
0+1+1 04+0+1 04140 2 1 1
A>=|l0+0+1 14041 1+0+0]|=A*=|1 2 1
0+1+0 1+0+0 1+1+0 11z
1 0 0] [3 00
3 =3[0 1 0]=0 3 0
o o 1l lo o 3

2 1 1 3 0 0 2—-3 1-0
A2-3I=|1 2 1|—|0 3 Of=|1-0 2-3

1-0 1-0

1 1 2

0 0 3

1-0
1-0|=
2—3

-1
1
1

1
-1
1

1
1
-1

22
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1 -1 1 1
—(A2-3D =51 -1 1
2 2 1 1 _1 ...... (2)

From (1) and (2) A~ = %(A2 - 3D
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Exercise 1.2

3 -1 2
Example 1.13: Reduce thematrix[—6 2 4| toarow
-3 1 2
— echelon form.
f R2+2R1 R3+R1
3 -1 27 R; = Ry + 2Ry 3 =1 2 6 2 4 -3 1 2
3 1 9 0o o0 4) | 6 —2 4 ~
0 0 8 0 0 4
1
R; — R; —=R, 3 -1 2 1
2 :[0 0 8] R3_ER2
’ 0o ()O(()) (4)
0 0
0 00
0 3 16
Example 1.14: Reduce the matrix|—1 0 2 5| toarow
4 2 00
— echelon form.
0 3 16 -1 0 2 5
[_1 0 2 5] RFieok [0 3 16
4 2 00 4 200
Ry —R;+4R, (-1 0 2 57 Ry—R3—zR, (—1 0 2 5
» 0 3 1 6 » 0 3 1 6
2
0 2 8 20 o o 22 16
-1 0 2 5 -
Rs =3k 1y 3 1 6 . 2_24—2_22}
0 0 22 48 _ 3 3 3
2
R3_§R2
R; + 4R
S0 0 0 2 8 20
4 20 SICORCNC
—4 0 8 20 0 2 § 4
0 2 8 20 22
0 0 3 16

24
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3 2 5
Example 1.15: Find the rank of matrices : (i) [1 1 2]

325] 3 3 6

LetA=|1 1 2

3 3 6
Ais amatrix of order 3 X 3.
~ p(4) <min(3,3) =3
The highest order of minor of Ais 3.

3 2 5
: 1 2 1 2 1 1
Itis |1 1 2({=3 -2 +5
=3(6—6)—2(6—6) +5(3—3)
= 3(0)—2(0) +5(0)=0+0+0=0
So,p(A) < 3. .
Next consider the second — order minors of A. |1 1| =3-2=1%#0
So,p(A) = 2.
4 3 1 -2
(ii)y|-3 -1 -2 4
6 7 -1 2
4 3 1 -2
LetA=|-3 -1 -2 4 ]
6 7 -1 2

Ais amatrix of order 3 X 4.
~ p(A) £min(3,4) =3

The highest order of minor of Ais 3.

+ - 4+
4 3 1 .
i R e B P R PG

= 4(1+14)—3(3+12) + 1(=21 +6)

= 4(15) —3(15) +1(—-15)=60—-45-15=0
+ - 4+
4 3 - B B _3 1
Pl R i B P B P

= 4(—2—28)—3(—6—24)—2(=21 +6)
= 4(-30) — 3(—30) — 2(~15)
=—-120+90+30=0
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+
4 1 —2 -2 4 4 -3 =2
3 -2 4| ‘1|6 2|_2|6 1
6 —1 2
= 4(—4+4) —1(—6—24)—2(3+12)
= 4(0) — 1(=30) — 2(15)
—04+30-30=0
+  _ 4
3 1 -2
1 -2 4 4 -1 -2
|1 2 4 _3| —1|7 2|—2|7 _1
7 -1 2

= 3(—4+4)—1(—2—28)—2(1+14)
= 3(0) — 1(=30) — 2(15)
=04+30-30=0

So,p(A) < 3.
Next consider the second — order minors of A.
4 —
| _1|=_4+9—5¢0
So,p(A) = 2.
Example 1.16: Find the rank of the following matrices which are in
2 0 -7 2 2 -1 ?)(2’_09
row — echelon form: (i) |0 3 (@)oo 5 1| (iii) 0 0 o
0 0 1 O 0 O 00 O
2 0 2 0 =7
(D0 3 1|=LetA= [0 3 1
0 0 0 0 1
A is a matrix of order 3 x 3. -~ p(4) <3
2 0 =7
The third order of minor of |A|=|0 3 = (2)3)(M)=6=%0
0 0 1
So,p(A) = 3.
Note that there are three non — zero rows.
2 2 -2 2 -1
(i) ] = LetA=]0 5 1]
0 0 0 O
Ais amatrix of order 3 x 3. =~ p(A) <3
-2 2 -1
The third order of minor of |[Al=]0 5§ = (=2)(5)(0) =0
0O 0 O

So,p(A) < 2.
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Next consider the second — order minors of A.
-2 2
A 5| — (=2)(5)= —10 % 0.So, p(A) = 2.

Note that there are two non — zero rows.The third row is a zero row.

6 0 -9 6 0 -9
[0 2 0] o LetA= 0 2 0
(iii) 00 o0 e 00 o0

0O 0 O 0O 0 O

Ais amatrix of order 4 x 3. - p(A) <3

The last two rows are zero row.
Next consider the second — order minors of A.

© 9= ©)@=12%0.50,p(8) = 2

Note that there are two non — zero rows.The third and fourth row
is a zerorow.

1 2 3
Example 1.17: Find the rank of the matrix [2 1 4| byreducing it
3 0 5
to arow — echelon form.
R, — 2R R; — 3R
R, — R, — 2R 2 1 3 1
1 2 3] pr_3p |1 2 32 1 4 3
2 1 4 3 3 ! |0 -3 -2 (—2) (;L) (—6) =) =) =)
0 -3 -2 0 -6 —4
Ry —R;—2R, [1 2 3
» |0 -3 - R; — 2R,
0 0 O 0 -6 —4
The last equivalent matrix is in row — echelon form. (6) ("2 (‘2
It has two non — zero rows. So, p(A) = 2. 0 0 0

2 -2 4 3
Example 1.18: Find the rank of the matrix [—3 4 -2 -1
6 2 -1 7

by

reducing it to an echelon form.

2 -2 4 31 p,—2k, [2 -2 4 3

-3 4 =2 -1 »|—6 8 —4 -2
6 2 -1 7. 6 2 -1 7
R2 _>R2 +3R1 e _

G, 2 -2 4 3
> 0 2 8 7
0 8 —-13 -2
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2 -2 4 3

R3 — R3 — 4R, Ry — Ry = (—15) | 2

0 0 —-45 —-30 0
The last equivalent matrix is in row — echelon form.
It has two non — zero rows. So, p(A) = 3.

-2 4 3
o 2 8 7 »(0 2 8 7
0 3 2

R, + 3R, Ry = 3R, Rs — 4R,
6 2 -1 7

=6 8 —4 2 5w eea 98B
6 6 12 9 6 -6 12 9 G ¢

=)
2 28

2
=)

0 2 8 7 0 8 —13 —2 o0 0 =45 —30

3 1 4
Example 1.19: Show that the matrix |2 0 —1] is non — singular
5 2 1

and reduce it to the identity matrix by elementary row
transformations.

31 4
LetA=|2 0 —1]
5 2 1
31 4
4 12 -1 |2 0
|A|=§ (2) _11 =3|3 11|_1|5 s ol

=3(0+2)—1(2+5)+4(4—-0)
=3Q2)-1(7)+44)=6—-7+16

=15 #0
so, A is non — singular.
1 1 1 4
3 1 4 R1—>§R1 3 3
2 0 -1 » (2 0 -1
5 2 1 5 2 1
/i 1 4 /1
R, = R, — 2R, 33 Ry — <—3) Ry
Rs =R —5R | g 2 1 2) " 0
> 3 3 >
0 1 17 0
\_. 3 3 ~

W e

Wl =

28
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R, — 2R, Ry — 5R; 8 -3-8 11
2 0 -1 5 2 1 T35 =3
B @ E, O E
) E § 5 20 5 6-5 1
3 3 33 ‘73773 3
2 11
0 -5 -% o 1 17 20 3-20 17
R1—>R1_1R2 4 1\ # 17
3 1 0 —= 10 =3
1 2 2 2
Rs = Rs =3k 0o 1 4 R3_)<_1_5>R3 11
R . > 01 —
15 0 O 1
1 1
R1—§R2 R3_§R2
1 4 4 11 8-11 1 17
1 3 5 | 3767 2 T3 o
SORONG -3 =10 =) &) 06 °
1 11 =—=— 1 —45 —-15
3 6 3 6 6 2
-1 o o —15
1 0 7 2
11
Ry =R +5R;3 1 0 O R1+5R3 R2_7R3
11
R2—>R2_12_1R3 0 10 10 _1 o1 2
1o 0 1 12 CHONS®
0 0 1 11
5 0 O -
1 0 0 01 0
1.Find the rank of the matrices by minor method: (i) [_21 _24]

Let A= [_21 _24]

Ais amatrix of order 2 X 2.
~ p(A) £min(2,2) =2
The highest order of minor of Ais 2.

29
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(iD)

2 -4
Itis |_1 2|=4_4:().So,p(A)<2.

Next consider the minor of order 1
2] =2#0 -~ p(A) =1

-1 3

4 —7‘

3 -4
-1 3

LetA=|4 —=7| ,Aisamatrixof order3 X 2.
3 —4

= p(Ad) <min(3,2) =2

The highest order of minor of Ais 2.

-1 3
-1 0

o1 =2
(‘”)[3 —6 -3 1

Let A = [;

-2 -1 0
-6 -3 1

Ais amatrix of order 2 X 4.
s~ p(A) <min(2,4) =2
The highest order of minor of Ais 2.

itis |3 2| =—6+6=0

Also, |:; (1)| =—140=-1#0

~ p(A) =2
1 -2 3 1 -2 3
(iv) [2 4 —6] = LetA=[2 4 —6]
5 1 -1 5 1 -1

Ais amatrix of order 3 X 3.

- p(A) <min(3,3) = 3

The highest order of minor of Ais 3.

Itis

12 3
2 g =l Tl Sl

=1(—4 + 6)+ 2(—2+30) + 3 (2— 20)
=1(2) +2(28) +3(-18)=2+56—-54=4%0
p(A) =3
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01 2 1
(v)[0243‘

8 1 0 2
0 1 2 1
Let A=|0 2 4 3| Aisamatrixof order 3 X 4.
8 1 0 2
= p(A) < min(3,4) = 3 .The highest order of minor of Ais 3.
+]0 1 2
Itis—{o 2 4| =0+0+8(4—-4)=0+0+8(0)=0
+18 1 0
+ - 4+
1 =2 3| _4|4 -6 2 —6 2 4
2 4 —6 _1|1 —|+2|5 —1|+3|5 1
5 1 -1 =1(—4+6)+2(-2+30) +3(2—20)
=1(2)+2(28)+3(—18)=2+56—-54=4+#0
= p(4) =3.
2.Find the rank of the following matrices by row reduction method;
1 1 1 3
5 -1 7 11 2
R, — Ry = 2Ry ( S o
e ch (11 1 3| () () () ()
1 1 1 3 R; — Ry — SR, 5 2 92 6
2 -1 3 4 » |0 -3 1 —2
5 -1 7 11 0 -6 2 —4 0 -3 1 -2
4 _ _
Ry — Ry — 2R, L1103 Ry — 2R, Rs — 5R,
»/0 -3 1 -2 0 -62 -4 5 -1 7 11
0 0 0 0O ®H OB =5 6 6 G
0 -6 2 —4 5 5 5 15
\.0 0 0 O 0O -6 2 —4
The last equivalent matrix is in row — echelon form.
It has two non — zero rows. So, p(A) = 2. R,—3R;, Ry —R;—R,
3 -1 2 1 -2 3
1z SNENENONONG
[t 71 2
1 -1 1 0 -7 5 0 -4 4
Ry — Ry
1 2 -1] RR—Ry-3r [ &+ 2 1 1 -1 1
3 -1 2 R3 — R3 — Ry 0 -7 5 =) =) B
1 -2 3| R, —>R,-r |0 4 4 1 2 -1
1 -1 1 0 -3 2 0o -3 2/

31
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1 2 -1 R, — 3R R; — Ry
.. |13 -1 2 g ! 1 -2 3 Ry — Ry
@] _5 3 3 -1 2 1 -1 1
A O O @®H e ) ) &)
- 36 -3 1 2 -1 1 2 -1
0 -7 5 0 —4 4 0 -3 2)
e _
1 2 -1 R, —>R,-3R, 12 -1 Ry —3R;3
3 -1 2| Re—R—R, | 0 =7 5 0 =3 2
»| 0 —2 4 =) B =
11 —21 i R, — R, — Ry 0 -3 3
\_.0 -3 2 0 0 1
1 2 =1 1 2 -1
R; — R; +4 0o -7 5 R, — R, — 3Ry 0o -7 5
1 0 -1 1 1 0 -1 1
0 -3 2 ) 0 0 -1
(1 2 =1 7R, — R, 2R, — R;
Ry —>7R;—R, | 0 =7 5 0 -7 7 0 0 -2
10 0 2 OHNONSG (6) (6) (E)
0 0 -1 ) |0 -7 5
M2 1) 0 2 092 0
Ry, — 2R, — R 0 -7 5 The last equivalent matrix is in
>0 0 2 row — echelon form.

\.0 0 0_J Ithasthree non — zero rows. So, p(A) = 3.

3 -8 5 2
(iii)] 2 -5 1 4 Ry + 2R,
-1 2 3 -2 2 -5 1 4
3 -8 5 2 R o R -1 2 3 =2]|-2 4 6 —4
[2 5 1 4‘ s 71 2 -5 1 4 0 -1 7 o0
-1 2 3 =2 3 -8 5 2
(" Rs+3R,
R, —R;+2Ry (1 2 3 —2) 3 -8 5 2
R3 b R3 + 3R1= 0 _1 7 0 _3 6 9 _6
0 -2 14 -4
< \0 -2 14 -4
Ry — Ry =+ 2 -z 3 -2 (1 2 3 =2
»| 0O -1 7 0 R; — R; — R, 0 -1 7 0

The last equivalent matrix is in row — echelon form.
It has three non — zero rows. So, p(A) = 3.

32
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Exercise 1.3

Example 1.22: Solve the following system of linear equations,
using matrix inversion method: 5x + 2y = 3,3x + 2y = 5.

5x+2y=3,3x+2y=5
HE[E

It is the form AX = B
A4=3 2]'X= ;]B = [g]
X=A4"'B
To find A~1: Az[g

_ 5 2| _40_¢s_
A|_|3 S|=10-6=420

A = 4
“de=[—23 _52] A1 lj\—l(adJA)
_1=%[_23 ]
X= A"1B
pl=:l% 5 [5]
[y]=_—69_+1205 4 ] 16 - 1]

[l=[]= x=-1y=4

Example 1.23: Solve the following system of equations,using

matrix inversion method: 2x41 + 3x3 + 3x3 = 5,x1 — 2x, + x3 = —4,

3x1—x2—2x3 = 3.
2x1+3x2+3x3 =5
—2x2 +X3_—4
_xZ_ZX3—3

ESIEN

It isthe form AX = B
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2 3 3 Xq 5
A=|1 -2 1| x=|x|.B=|-4
3 -1 -2 X3 3
X=A"'B
To find A™1:
2 3 3
Al=[1 —2 1
3 -1 =2

=2(4+1)—-3(-2-3)+3(-1+6)=10+15+15=40

|A] =40 # 0 .. inverse exist

2 3 3
A=|1 -2 1
3 -1 =2
(2 1 1 =2
1 -2 3 _1 441 -3+6 3+6
= | 342 —-4-9 3-2
3 3 2 3
—1+6 9+2 —4-3
-2 1 1 =2
5 3 9 L1
adj(A) =[5 —-13 1 A =madJ(A)
5 11 -7
1[5 3 9
Al=—|5 —-13 1
401c 14 —7
X= A"1B
X1 1[5 3 9115 X1 1 [25—12+27
X =ES —13 1 ||-4] = |x2 =70 25+4+52+3
X3 5 11 —711 3 X3 25 — 44 — 21
_40_
X1 1 40 X1 40 X1 1
_ 1] 80
xZ_E 80 | = [xn]l=—| = | = [x]|=]2
x3 _40 X3 40 451-)0 x3 -1

X1 = 1;x2 =2 and X3 = -1 - 40—
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-4 4 4 1 -1 1
Example 1.24: IfA=|-7 1 3|landB=|1 -2 —2] , find the
5 -3 -1 2 1 3

products AB and BA and hence solve the system of equations
X—y+z=4x—-2y—-2z=92x+y+3z=1.

—4 4 47111 -1 1
5 -3 —-1ll2 1 3
—4+4+8 4—-8+4 _—_4-8+12 8 0 0

= -7+1+6 7-2+3 —-7-249|=(0 8 0[=8I
5-3-2 -5+6-1 54+6-23 0 0 8
1 -1 1 —4 4 4

BA=|1 -2 =2 |-=7 1 3
2 1 3 5 -3 -1
44745 4—-1-3 4-3-1 3 0 0

=| —4+14—-10 4-2+4+6 4-—6+2 =|0 8 0|=8L
—8-7+15 84+1-9 g+3-3 L0 0 8
AB = BA = 81,

-8

Lap=lBa=1,= (a)B=B(sa)=1
g’ 8 P T A\8")" o

8

1 1 .

1
Hence,B~1 = §A

Writing the given system of equations in matrix form,we get
x—y+z=4
x—2y—2z=9
2x+y+3z=1

1 —1 17 4

[1 ~ _2] )] - ]

2 1 3 1Lz 1

X 4 X 4
B y]=H=> y|=B"1|9

VA 1 L7 1
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\y]=<§A>9 =>[y]=§[—7 1 3”9]

z 1 z -3 1111

X 1—16+36+4

-4 ms ] -2

z 20—-27-1
x=3,y=-2,z=-1

1.Solve the following system of linear equations by matrix
inversion method:

(i))2x+5y=—-2,x+2y =-3
2x +5y=-2
x+2y=-3

P | M

It is the form AX = B

a=[t Jlx=[le=

X=A"1B

To find A~1: Az[i
|A|=|i g|=4—5=—1¢0

|A| = —1 - inverse exist

adia=[2% 7]

_ 112 -5
Al__ di A -1 _ -1 _ -2 5
IAI(aJ ) |= A _1[_1 2]=>A =14 _2]

=17 2
=10l = 1]
(=[] =ty =s

(i)2x—y=83x+2y=-2
2x—y =28
3x+2y==2

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

2 -1

It is the form AX = B

- o=l

X=A"1B

a1 4 [2 -1
To find A .A—[3 2]
Al=]2 Tl=443=720
|A| = 7 - inverse exist

Adj.A = [_23 %]

(iii))2x+3y—z=9x+y+z=93x—-y—z=-1

2x+3y—z=9
x+y+z=9

L

[t is the form AX =B

2 3 -1 X 9
A=[1 1 1 ,X:[y],B= 9
3 -1 -1 z -1
X=A"1B
To find A~ 1
2 3 -1
A=(1 1 1]=2(—1+1)—3(—1—3)—1(—1—3)
3 -1 -1

=2(0)—3(-4)—1(—4)=0+12+4

|A| =16 # 0 - inverse exist
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1 1 1 1

-1 -1 3 -1 -1+1 1+3 3+1
= | 3+1 —-2+3 —-1-2
—-1-3 942 2-3

0 4 4 1
adj(A) = 1 —3] Al = IadJ(A)
4 11 -1 Al
1[0 4 4
A_1—1—6 4 1 -3
4 11 -1
X=A"'B
X 1 0+36—4
[4216 =1 36+9+3
z —4 11 —-36+99+1
=—48] =x=2y=3andz =4
z
(iv)x+y+z—2—0,6x—4y+52—31=0,5x+2y+Zz=13
x+y+z=2
6x — 4y + 5z = 31
S5x+2y+2z=13
1 1 1]rx 2
{6 —4 5][}/]=l31
5 2 21z 13
It isthe form AX = B
1 1 1 X 2
A=16 —4 5 ,X=[y],B= 31
5 2 2 z 13
X=A4"1B
To find A™1:
1 1 1
|Al=16 -4 5|=1(-8—-10)—-1(12 — 25) + 1(12 + 20)
5 2 2

=1(—18) — 1(~13) + 1(32) = —18 + 13 + 32
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|A| = 27 # 0 . inverse exist

—4 5 6 —4
5 2 5 9 —-8-10 2-2 544
= |25—-12 2-5 -5
1 1 1 1
12420 5-2 —4—-6
| -4 5 6 —4
—-18 0 9
oy 1
adj(A) = [ 13 -3 1 ] A1 = —adj(A)
32 3 -10 |Al
1[-18 0 9
-1
A =5 13 -3 1
32 3 -10
X= A"'B
X7 1 [-18 0 9 ”2]
yl==—|13 -3 1 |]31
2l 2713 3 _qolli3
X1 1 [-36+0+117 X 1] 81
y|==—| 26 —93 + 13 =>H=— —54
2l 2764 +93 - 130 zl 27| o7
_x_ 3
y =[_2] = x=3,y=—-2andz=1
L7 ] 1
-5 1 3 1 1 2
2.1fA=1|7 1 -5|andB=1|3 2 1|, findthe products
1 -1 1 2 1 3

AB and BA and hence solve the system of equations
x+y+2z=13x+2y+z=72x+y+3z=2.

-5 1 371 1 2
71—5[321]

1 -1 112 1 3

AB =

-5+3+6
= 7+3-10
1-3+2

—5+2+3 -10+1+9

7+2-5 14+1-15
1-2+1 2-1+43

0 4 0

[400
0 0 4

]=4I3
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11 25 1 3
BA=13 2 1 [ 7 1 _5]
2 1 311 -1 1

—5+7+2 1+1—-2 3-5+2 4 0 0
= -15+14+1 3+2-1 9-10+1 =[O 4 0]=4I3
—-10+7+3 2+1—-3 6—-54+3 0 0 4

AB = BA = 41,

1 1
Thatis, |=A|B=B|-A|=1
ais, (34)5=5(34) =1

1
Hence, B~ 1 = ZA

Writing the given system of equations in matrix form,we get

1 1 2]x 1

226

2 1 31z 2
X 1 X 1

B[y] = [7‘ = [y] =B"1|7

VA 2 z 2
X 1 1 Xx1 1[5 1 31
-Gl - 647 4 Ak
z 2 z 1 -1 1112
X1 1|-5+7+6 x1 1] 8

[y =z|7+7-10]= [y =z| 4

z 1-7+2 z —4

x=2,y=1z=-1
3.Aman is appointed in a job with a monthly salary of certain
amount and a fixed amount of annual increment.If his salary was
Rs.19,800 per month at the end of the first month after 3 years of
service and Rs.23,400 per month at the end of the first month after

9 years of service, find his starting salary and his annual increment.

(Use matrix inversion method to solve the problem.)
Let the man's starting salary be Rs.x and his annual increment be Rs. y.

By the given data x + 3y = 19800
and x + 9y = 23,400.

The matrix form of the given system of equations is

3 B

It is the form AX = B
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2=y ol =[] = 23000

X=A"1B

) 1. 1 3
To find A .A—[l 9

|A|=|1 3:9—3=6¢0

|Al =6
gja=[" 7 A7 = (adl )
e Al
lro -3
-1 _ _
4 _6[—1 1]
X= A"'B
-x'=1[9 —3] 119800
yl 7 6l-1 11123400
X :}[178200 — 70200 :}[—}98600 18000
¥l ™ 61-19800 + 23400/ 6l 3600 1600
X7 _ [18000
= — = =
M [ 00 | = x=18000,y = 600

Hence the man's starting is Rs. 18000 and his annual increment is Rs. 600.

4.4 men and 4 women can finish a piece of work jointly in 3 days
while 2 men and 5 women can finish the same work jointly in 4 days.
Find the time taken by one man alone and that of one woman alone
to finish the same work by using matrix inversion method.

one man alone be x days and one women alone be y days.

1
man's one day work = — and woman's one day work =
X

The matrix form of the given system of equations is

-

It is the form AX = B

LIk R[F
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1

= e f]o-

N N

3
1
4

X=A"'B

4 4
To find A .A—[Z 5
N . 1
|A|_|2 |=20-8=1220
IA] = 12

adj A = [_52 _44]

1 1 _
A= —(din) | = at=—[°

N “12l-2 4
X= A"1B

1 1 1 5
21 _41l3 o 13
x[{_ 115 4113 x{_ 113
4_12[—2 2|1 MU=
y 4 Ly 3
1 5—3 27 2/)(1
x|_ 1173 | L3237 2|6
117 12|-2+3] 12f1 lxi
y 3 3l 3712

1 1
x| |18
{7 |1
yl 136
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5.The prices of three commodities A,B and C are Rs.x,y and z per
units respectively. A person P purchases 4 units of B and sells two
units of A and 5 units of C.Person Q purchases 2 units of C and
sells 3 units of A and one unit of B. Person R purchases one unit of
A and sells 3 unit of B and one unit of C.In the process,P,Q and R
earn Rs.15,000,Rs.1,000 and Rs.4,000 respectively.Find the prices
per unit of A,B and C .(Use matrix inversion method to solve the
problem.)

The prices of three commodities A, B and C are Rs.x,y and z per units
—4y + 2x + 5z = 15000 ,—2z+3x+y =1000,—x + 3y + z = 4000

2x —4y + 5z = 15000
3x+y—2z=1000
—x + 3y +z = 4000

2 —4 57 15000
3 1 =2 H =1 1000
-1 3 1llz 4000
It is the form AX = B
2 —4 5 x 15000
A=[3 1 =2 ,X=H'B= 1000
103 1 z 4000
X=A"B
To find A~1:
(2 -4 5
A=|3 1 -2
-1 3 1
2 —4 5
|A| = 31 é —12 =2(1+6)+4(3—-2)+509+1)

=2(7)+4(1) +5(10) =14+ 4+ 50
|A| = 68 # 0 - inverse exist

1 -1 3 1+46 15+4 8-5
2—3 245 15+ 4
9+1 4—6 2+12
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7 19 3
adj(A)=[-1 7 19
10 -2 14 -
1 [ 7 19 3] A_l = Kadj(A)
Al = =sl-1 71 |Al
10 -2 14
X = A"!B
X1 ¢ [7 19 3 7][15000
y|=z5|-1 7 19| 1000
7] 10 -2 14ll 4000
X1 1 [105000 + 19000 + 12000 X1 1 [136000
y| = 25| ~15000 + 7000 + 76000 | = H = | 68000
z. | 150000 — 2000 + 56000 z 204000

6
X 2000
[y] = 11000
Z

3000

x = 2000,y = 1000 and z = 3000
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Exercise 1.4

Example 1.25: Solve, by Cramer’s rule,the system of equations
X1 — X2 = 3,2x1 + 3x2 + 4-x3 = 17,x2 + 2x3 =17.

X1 — Xy + 0x3 =3

2x1 + 3x2 + 4‘X3 =17

0x1 +x2 +2x3 =7

+ - 4+
1 -1 0
2 3 4
0

=12)+14)=2+14
A=6
~ A+ 0,the system has unique solution.
+ -+
3 -1 0
17 3 4
7 1 2
=3(2)+1(6)=6+6

Ay,= 12

A= =1|i’ ‘2*|+1|(2) §|+0=1(6—4)+1(4—0)

Ay, = =3|i LZL|+1|177 LZL|+0=3(6—4)+1(34—28)

+ - 4
1 3 0
2 17 4
o 7 2

=1(6) —3(4)=6-12=—6
Ay, =—6

2

Ay, = =1|177 g|—3|g g|+0=1(34—28)—3(4—0)

+ - o+
1 -1 3
2 3 17
o 1 7

=1(21-17)+1(14-0) + 3(2-0)
=1(4)+1(14)+3(2)=4+14+6
Ay, = 24

Brs = g 177|+3|(2) ?i

3

- 1|§ 177|+1|

~ By Cramer’s rule
Ay, 12
-1 = x;, =—
X1 A 1 6

x1=2
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—— Xy = —
Xy = A = X3 6
x, =—1
x5 — 24
= — Xy = —
X3 A 3 6
X3 = 4
=~ The solutionis x; = 2,x, = —land x; = 4

Example 1.26:In a T20 match, Chennai Super Kings needed just 6
runs to win with 1 ball left to go in the last over. The last ball was
bowled and the batsman at the crease hit it high up.The ball
traversed along a path in a vertical plane and the equation of

the path isy = ax* + bx + ¢ withrespect to a xy — coordinate system
in the vertical plane and the ball traversed through the points

(10,8),(20,16),(30,18), can you conclude that Chennai Super Kings
won the match? Justify your answer. (All distances are measured in
metres and the meeting point of the plane of the path
with the farthest boundary line is (70,0).)
The pathy = ax? + bx + ¢ passes through the points (10, 8), (20,16), (40,22)
So,we get the system of equations
100a + 10b+c =8
400a + 20b +c =16
1600a + 40b + ¢ = 22
+ -+
100 10 1 1 1 1
A= 1400 20 1|=1000(4 2 1
1600 40 1 16 4 1
2 1 4 1 4 2
= 1000 —
[1|4 1l 1 16 al+ 1l 4D
= 1000(1 (2 - 4) - 1(4—16) +1(16 - 32)
=1000[1(—2) — 1(—12) + 1(—16) ]
=1000[—-2+ 12— 16] = 1000[—6]
A=-6000
+ - +
8 10 1 4 1 1
8 1 2
Aqg=116 20 1[=20(8 2 1 =20[4|42L 1| —1|11 1|+1|181 4B
22 40 1 11 4 1

— 20[4 (2-4)—1(8-11)+1(32 - 22)} = 20[4(=2) — 1(=3) + 1(10) ]
= 20[~8+4134110] =20[5]
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A, = 100
+ - 4+
100 8 1 1 4 1
A,=|400 16 1|=200|4 8 1
1600 2 1 16 11 1

=200[1|181 1|_4|146 1|+1|146 181D

= 200( 1 (8 —11) — 4(4—16)+ 1 (44 — 128)
— 200[1(=3) — 4(—12) + 1(=84) | = 200[—3 + 48 — 84]
— 200[—39]

A, = —7800

100 10 8
400 20 16
1600 40 22

A, =

+ - o+
1 1 4
4 2 8
16 4 11
"

=2000\1|421 181|_1|146 181|+4|146 AZLB
= 2000( 1(22 - 32) — 1(44— 128) + 4 (16 — 32)]

= 2000[1(—10) — 1(—84) + 4(—16) ]= 2000[—10 + 84 — 64 ]
= 2000[10]

= 2000

A, = 20000

~ By Cramer’s rule

Ay _ 100 1
=N —6000 ~ %7 60
Ay ~7860"° 13
p=—L=ph=—n — b=—
—6000 19 10

A, 20600 10 10

(=X D> c=—8 = (=—"7

47
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13 10

1
~ The equation of the pathisy = — 5x + Ex -3

When x = 70,we get y = 6.50, the ball went by 6 metres high over the
boundary line and it is impossible for a fielder standing even just
before the boundary line to jump and catch the ball. Hence the ball went
for a super six and the Chennai Super Kings won the match.

1.Solve the following systems of linear equations by Cramer’s rule:

(i)5x—2y+16=0,x+3y—7=0
5x — 2y =-16
x+3y=7

A=|5 —2|

A=15+2 = A=17
Since A # 0, the system has unique solution

ae=|700 | =48+ 14
7
A, =-34
5 —16
=l 75
Ay:35+16 = A, =51
~ By Cramer’s rule
—34
S N V7
A 51
y=2 =y=1;=[Y=3
Lox=—=2 Y =

3 2
i) —+2y=12,—+3y =13
aox y T3

1
let —=a
X

The given equations become
3a+2y =12
2a+3y =13

a=;

3
N=19454/=5(A=]
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Since A # 0, the system has unique solution

12 2
13 3

_ 3 12
vy~ l2 13
A,=39-24 = A, =15

— 26

~ By Cramer’s rule

A 10 1
a=Xa=>a=?=2=> x = —
A 15
y A y 5 =Y
x—z,y—

2.In a competitive examination,one mark is awarded for every

correct answer while 1 mark is deducted for every wrong answer.

A student answered 100 questions and got 80 marks. How many
questions did he answer correctly ?
(Use Cramer’s rule to solve the problem).

Let the number of question Answered correctly = x

The number of question Answered wrongly =y
~x+y=100..(1) 1
Marks awarded for a Correct answer = 1 and one wrong answer = — 7

(1><x)+<—%><y>:80

y
X — Z = 80
Multiplying by 4,
4x —y =320 ...(2)
x+y =100
4x —y =320
- |4 —1|

A=—-1-4= A= -5

Since A # 0,the system-has.unique.solution
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_|100 1
Ax =350 _1|_ —100 — 320
Ay = —420

_|1 100
By = |4 320

A, =320-400 = Ay =—80

~ By Cramer’s rule

A, —420
=X =D x=—
=

-5
x =84
A, —-80
—_ ) = = —
Y= Yy="¢
y =16
~x=84,y=16
3.A chemist has one solution which is 50% acid and another solution
which is 25% acid. How much each should be mixed to make 10 litres
of a40% acid solution? (Use Cramer’s rule to solve the problem).
Let x and y be the amount of solution containing 50% and 25% acid.
From the given data, x +y = 10 ...(1)
50% of x +25% of y = 40% of 10
50 N 25 40 (10)
100” " 1007 ~ 100
50x + 25y = 400
+ 25
2x +y =16 ...(2)
111
A= |2 1|
A=1-2 = A=-1
Since A # 0, the system has unique solution
A = |10 1
* 116 1

=10—-16 = Ay =—-6

L 10| _qp_0g=> A = —4a
By=|, 15| =16-20= 14,

~ By Cramer’s rule

X A X —1 X
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A
y=x = y=g7 ¥=4

6 litres of solution containing 50% acid and 4 litres of solution
containing 25% acid must be mixed to make 40% acid solution

4.A fish tank can be filled in 10 minutes using both pumps A and B
simultaneously. However,pump B can pump water in or out at the
same rate.lf pump B is inadvertently run in reverse,then the tank
will be filled in 30 minutes. How long would it take each pump to fill
the tank by itself ? (Use Cramer’s rule to solve the problem).

The time taken by pump A to fill the tank by itself = x minutes

The time taken by pump B to fill the tank by itself = y minutes

1
So,the part of the tank filled by pump A in 1 minute = o
1
The part of the tank filled by pump B in 1 minute = ;
1
The part of the tank filled by pump A & B in 1 minute = 10
1 N 1 1
T x y 10
If the pump B runs in reverse, then the tank will be filled by both pumps in
30 minutes.
In this caise, the part of the tank filled by both pumps A & B in 1 minute
~ 30
11 1
“x y 30
1 1
let —=aand —=»b
X y
+b= L 10 10b =1
a =10 = 10a + =
b= ! 30 30p=1
a =30 = 30a — =
A=|10 10 1= A=—-600
30 —-30
A=-300-300
Since A # 0, the system has unique solution
11 10
B = |1 -30

= —30-10. =4y ==40.]
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10 1
30 1

A, =10-30 =[A4y=-20 |
=~ By Cramer’s rule

Ay = |

Aa: _—40=> _1
=N “T 00 *T15
—20 1
T e
A —600 30
—1—1=> 15
@ x 15 =
y 30

Pump A will take 15 minutes to fill the tank by itself
Pump B will take 30 minutes to fill the tank by itself

5.A family of 3 people went out for dinner in a restaurant.The cost
of two dosai, three idlies and two vadai is Rs.150.The cost of the two
dosai,two idlies and four vadais is Rs.200.The cost of five dosai,
four idlies and two vadais is Rs.250.The family has Rs.350 in hand
and they ate 3 dosai and six idlies and six vadais.Will

they be able to manage to pay the bill within the amount they had ?

Let The cost of one dosai = Rs.x
The cost of one idly = Rs.y
The cost of one vadai = Rs.z
The given equations are
2x + 3y + 2z =150
2x + 2y +4z = 200
5x + 4y + 2z = 250

+ - +
aelz 2 al=22 35 deof? 2
5 4 2
— 2 (4 —16)—3(4=20) +2 (8—10) = 2(—12) —3(~16) + 2(-2)
= —24+48—4
A =20

~ A+ 0,the system has unique solution.
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+
150 3 2 2 4] _1200 4 200 2
Ay=1200 2 4 =150|4 2_3|250 2+2|250 4
250 4 2
= 150 (4 — 16) —3(400 — 1000 ) + 2 (800 —500)
= 150(=12) — 3(=600) + 2(300) = —1800 + 1800 + 600
A= 600
r - o+
2 150 2
Ay= 12 200 4
5 250 2
_ 1200 4 2 4] |2 200
_2|250 2_150|5 21+ 2|5 250

= 2 (400 — 1000) — 150(4—20) + 2 (500 —1000)
= 2(—600) — 150(—16) + 2(=500)
= —1200 + 2400 — 1000

BLUE STARS ur.sec scHooL

A, = 200
+ - o+
2 3 150
5 4 250 |4 250 5 250 |5 4

=2 (500 — 800) —3(500—-1000) + 150(8—-10)
= 2(—300) — 3(=500) + 150(—2)= —600 + 1500 — 300

A, = 600

= By Cramer’s rule

A, 600
X=A =T %" 0
A, 229 Ly =10
Y= 20
A, 600
= — = - =30
Z A=>Z 20: Z

= The cost of one dosai = Rs.30
The cost of one idly = Rs. 10

The cost of one vadai = Rs.30
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The cost of 3 dosai and six idly and six vadai = 3(30) + 6(10) + 6(30)
=90+ 60 + 180
= Rs.330

Since the family has Rs.350 in hand, they able to manage to pay the bill.
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Exercise 1.5

Example 1.27: Solve the following system of linear equations, by
Gaussian elimination method : 4x + 3y + 6z = 25,x + 5y + 7z = 13,
2x+9y+z=1.

4x + 3y + 62z =25

x+5y+7z=13

2x+9y +z=1.
Transforming the augmented matrix to echelon form

R2_4‘R1

4 3 6|25 R1<_,215713 . 3 6 s
L 5 7/13 AR K | [ S NS
2 9 1|1 2 9 111 4 20 28 52
R,>R,—4R, (1 5 7| 13 0 —17 =22 =27
R3_>R3_2R1; _ _ _

0 22| e

~ T B 2 9 1 1

R,»R,~(-1) (1 5 7|13 ) = = )

Rs>Rs+=(=1) |0 17 22|27 c 10 14 2
0 1 13125 0 -1 -13 -25

17R3_R2
1 5 7 13 0 17 221 425

> 0 17 22 27

0 0 199|398
0 0 199 398

The equivalent system is written by using the echelon form:
x+5y+7z=13..(1)
17y + 22z =27 ...(2)
199z = 398 ...(3)

From (3),we get
(3),we g 398

199z =398 =2 = o5 =(z=2)
subs z =2in (2)
17y + 22z = 27= 17y + 22(2) = 27

17y + 44 = 27 = 17y = 27 — 44

—17
17y=—17=>y=7=

subsy=—1landz=2in (1)
x+5y+7z=13=x+5(-1) + 7(2) = 13
x—5+14=13 = x+9 =13

55
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x=13-9=(x =4

= The solutionisx =4,y=—-1landz =2

Example 1.28: The upward speed v(t) of arocket at time tis
approximated by v(t) = at?> + bt + ¢,0 < t < 100 where a,b and c are
constants. It has been found that the speed at timest =3,t =6,
andt =9 seconds are respectively, 64,133, and 208 miles

per second respectively.Find the speed at timet = 15 seconds.
(Use Gaussian elimination method.)

Since v(3) = 64,v(6) = 133,v(9) = 208
t=3;v(3)=a3)?+3b+c
v(3)=9a+3b+c
9a+ 3b +c = 64
t=6;v(6)=a(6)?+6b+c
v(6) =36a+ 6b +c
36a+ 6b +c =133
t=9;v09) =a(9)?+9b+c
v(9) =8la+9b +c
81a+ 9b + ¢ = 208

9a + 3b +c = 64
36a + 6b + c = 133
8la+9b + c = 208
Transforming the augmented matrix to echelon form

64‘ B RZ_)R2_4R1 9 3 1 64‘

9 3 1
(48] =|36 6 1/133 R Rs=9Ry 1o 6 3| -123
81 9 1208 | 0 —18 -8 |—-368
R, >R, +(=3) (9 3 1] 64 Ry = 4R,
R3; - R3 + (—1) 36 6 1 133
» |02 14 o SO S
0 18 8368 36 12 4 256
9 3 1| 64 0 -6 -3 -—123
R 2R =92 1o 2 1| 41 Rs — 9R,
0 0 -1l -1 81 9 1 208
- = O )
Ry — 9R, 81 27 9 576
0 18 8 368 0 —18 -8 —368
ONOHOI®
0 18 9 369
0 0 —1 -1
56
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9 3 1|64
»|0 2 1141
0 0 1] 1
Writing the equivalent equations from the row — echelon matrix, we get

9a+3b+c =64 ..(1)
2b+c=41-(2)
c=1 ..(3)
subc=1in(2)
2b+c=41=2b+1 =141
2b=41-1
40

2b:40=>b=7=> b =20

R3; - (=1R;

subsb=20andc=1in(1) 9a+3b+c = 64
9a + 3(20) + 1 = 64

9a+60+1=64= 9a+61=064

3
9a = 64— 61= 9a =3 =a=6

1
4=3

t =15;v(t) = at? + bt +c

Wherea=§,b=20andc=1

1
v(15) = 5(15)2 +20(15) +1
1 75
v(15) = 5/><2/25+ 300+ 1
v(15) = 75+ 301= v(15) = 376

1.Solve the following systems of linear equations by Gaussian
elimination method:
()2x—2y+3z=2,x+2y—z=3,3x—y+2z=1

2x—2y+3z=2

x+2y—z=3

3x—y+2z=1

The augmented matrix is

2 =2 3 2 R1 o R2 2 -113
[AIB]=|1 2 -1|3|— —*|2 -2 3|2
3.-1 211 3 -1 211
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RZ_)RZ_ZRI 1 2 _1 3
Rs 2R3 =3R: 19 —6 5|-4

0 -7 51-8

R2_2R1 R3—3R1 6R3_7R2
IS 53234 1 S E
=) = H O = = H G - -

2 4 -2 6 3 6 -3 9 0 —42 35 -28
0 -6 5 —4 0 -7 5 -8 0 0 -5 =20

1 2 -1 3

R3_>6R3_7R2; 0 —6 5 _4

BLUE STARS ur.sec scHooL

0 0 —-5[-20
The equivalent system is written by using the echelon form:
x+2y—z=3 ..(1)
—6y+5z=—-4 ..(2)

—5z=-20 -.(3)
From (3),—5z = =20
—-20
z=— =

subsz=4in(2)—6y + 5z =—4
—6y+5(4)=—-4= —6y+20=—-4
—6y=—-4—-20= —6y=—24
—24
y="¢ =
subsy=4andz=4in(1)x+2y—z=3
x+2(4)—4=3=>x+8—-4=3
x+4=3—=>x=3—-4
~ The solutionisx =—1,y=4and z = 4
(ii))2x—4y+6z=22,3x+8y—52=27,—x+y+2z=2
2x — 4y + 6z = 22
3x +8y — 5z =27
—x+y+2z=2
The augmented matrix is

58
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1
[A|B] = 38527]—’ 3 8 5|27
-1 1 212 -1 1 2|2
R, >R,—3R; (1 2 3] 11 R, — 3R,
R; > R; + Ry 0 2 —4|-6 3 8 5 27
0 3 5113 S HER
1 _4 —
R, - =R, 1 2 3|11 0 2 -4 -6
2 . 1 -2|-3
3 5113 R+ Ry
-1 1 2 2
1 2 31 11 1 2 3 11
Rs 2R3 3Ry 1o 1 —2| -3 0 3 5 13
0 0 111 22
. . . . R3_3R2
The equivalent system is written by using 0 3 5 13
the echelon form: SN ONORS)
x+2y+3z=11..(1) 0 3 -6 -9
y—2z=-3..(2)
1z =22..(3) 0 0 11 22
From (3)11z = 22
_22:> —
zZ=17 zZ =
subsz=2in(2)y—2z=-3
y—22)=-3=y—4=-3
y=-3+4=[y=1]
subsy=1landz=2in(1) x+2y+3z=11
x+2(1)+3R2)=11=>x+2+6=11
x+8=11
x=11-8= [x =3

~ The solutionisx =3, y=1and z=2
2.1f ax* + bx + cis divided by x + 3,x — 5,and x — 1, the remainder
are 21,61 and 9 respectively.Find a,b and c.
(Use Gaussian elimination method)
Let P(x) = ax?+ bx + ¢
Given: P(x) divided by (x + 3) and leaves the remainder 21
~ P(-3) =21
a(=3)2+b(-3)+c =21
9a —=3b+¢c =21 59
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Given: P(x) divided by (x — 5) and leaves the remainder 61
~ P(5) =61
a(5)?+b(5) +c=61
25a+5b+c =61
Given: P(x) divided by (x — 1) and leaves the remainder 9

a()?+b(1)+c=9
a+b+c=9
= The system of linear equations: Ry —25R,
9a —3b+c =21 2_5 _5 _1 E)l
=) (=) (=) (=)
25a+5b+c =61 25 25 25 225
atbtc=9 0 —20 —24 —164
The augmented matrix is
9 -3 1217 Ry ©Rs r 1 109
[AIB] =25 5 1|61 —> |25 5 1|6l
1 1 119 9 3 1] 21
SR — e
1}52%1};2_5}521?1 1 1 Rs — 9R,
3 3 ! |0 —20 -—-24 |-164 9 _—3 1 21
= = = G
0 —12 9 9 9 8l
1
Ry = 2R (1 1 1 0 —-12 -8 —60
) »| 0 -5 —6[—41
R; - =R — — —
3 7413 \0 3 2 15 5R, — 3R,
0 —-15 -10 =75
1 1 1 9 = + )
R3_)5R3_3R2 > 0 -5 —6 —41 0 -—15 —18 —123
0 O 8 48 0 0 8 48
The equivalent system is written by using the echelon form:
a+b+c=9 ..(1)
—5b —6c = —41 ..(2)
8c =48 ..(3)
From (3),8c = 48
48
=2

subsc = 6in(2) —5b — 6¢c = —41
—5bh—6(6) = —41 = —5b —36 = —41

-5
—_5

60
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subsb=1andc=6in(1)a+b+c=9
a+1+6=9=a+7=9

a=9-7> [a=2

~ The solutionisa=2,b=1andc =6

3.An amount of Rs.65,000 is invested in three bonds at the rates of
6%, 8% and 10% per annum respectively.The total annual income
is Rs.5000.The income from the third bond is Rs.800 more than
that from the second bond. Determine the price of each bond.
(Use Gaussian elimination method.)
Let the income of the first bond = Rs.x
The income of the second bond = Rs.y
The income of the third bond = Rs.z
x+y+z=65000
(6% of x) + (8% of y) + (10% of z) = 5000
6x 8y 10z
100 " 100 T100 0%

6x + 8y + 10
Xt oy % = 5000 = 6x + 8y + 10z = 500000
100 =~ by?2
3x + 4y + 5z = 250000

The income from the third bond is Rs.800 more than that from the
second bond (10% of z) — (8% of y) = 800

10z — 8y

— - =800 = —8y + 10z = 80000
100 =~ by 2

—4y 4+ 5z = 40000

1 1 1| 65000
The augmented matrix is[A|[B] = |3 4 5| 250000 ]
0 —4 5[ 40000
R, — 3R,
o R 3R 1 1 1165000 3 4 5 250000
2 7Ry =om =) = ) G
> 012155000 33 3 195000
0 —4 5140000 0 1 2 55000
R; + 4R,
1 1 1 65000 —
R, - R, + 4R, 0 4 5 40000

»|0 1 2| 55000 | |0 4 8 220000
0 0 131260000) |0 o0 13 260000
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The equivalent system is written by using the echelon form:
x+y+z=65000 ..(1)
y + 2z = 55000 - (2)
13z = 260000 ... (3)

From (3),13z = 260000

260000
= = |z = 20000

zZ =
subs z = 20000 in (2) y + 2z = 55000
y + 2(20000) = 55000 = y + 40000 = 55000

y = 55000 — 40000 = |y = 15000

subs y = 15000 and z = 20000 in (1) x+y +z = 65000
x + 15000 + 20000 = 65000
x + 35000 = 65000

x = 65000 — 35000 = |x = 30000
=~ The price of the first bond = Rs.30,000
The price of the second bond = Rs. 15,000
The price of the third bond = Rs. 20,000
4.A boy is walking along the path y = ax* + bx + c through the
points (—6,8),(—2,—12),and (3,8). He wants to meet his friend at
P(7,60).Will he meet his friend? (Use Gaussian elimination method)
The pathy = ax? + bx + ¢ passes through the points (—6,8), (—2,—12),
and (3,8)
(—6,8):y =ax?+bx+c
Xy
8 =a(=6)>+b(~6)+c = 36a—6b+c=8
(=2,-12):y =ax? + bx + ¢
XY 12=a(-2)%2+bh(=2)+c = 4a—2b+c=—12
(3,8): y=ax?+bx+c
X
Y 8=a@@)?+bB)+c= 9a+3b+c=8
36 —6 1| 8
The augmented matrix is [A|B] = | 4 -2 1|-12
9 3 1] 8
36 _6 1 8 R2 i 9R2 - Rl 36 —6 1 8
[AB]= |4 -2 1|-12 | Rs24Rs =Ryt o _12 8|-116
9 3 18 0 18 3| 24
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1 36 —6 1| 8
42, 0 -3 2|-29
1

RyozR, WO 6 11 8

36 -6 1| 8
Ry 2Rs +2R, 1 o —3 2| —29
0 0 5/ —50

e = Rs + 2R, 36 f§3_4Rl32

(36) (—%8 (9) —108 0 6 1 8 O & M

PG RNC -
36 -6 1 8 0 -6 4 58 36 =6 18
0 _12 8 —iic 0 0 5 -50 0 18 3 24

The equivalent system is written by using the echelon form:
36a—6b+c=8 ..(1)
—3b+ 2c =—-29 -..(2)
5¢ = —50 -.(3)
From (3), 5¢ = =50
-50
(===
subsc=—10in (2) —3b + 2¢ = —-29
—3b+2(—-10) = —29 = —3b—20=-29
—3b=-29+20=>-3b=-9

b=— =|b=3]
subsb=3andc=-10in (1) 36a—6b+c =8
36a—6(3)—10=8 = 36a—-18—-10=8

36a — 28 =8 = 36a =8 + 28

36
36a=36=>a=%=>

y=ax?+bx+c
wherea =1,b =3 and c = —10
~|Equation of the pathisy = x? + 3x — 10

Substituting x = 7,iny = x? + 3x — 10

y=72+3(7)-10= y =49+ 21— 10 =y = 60]

Thus, the path passes through the point P(7,60).
Hence, the boy will meet his friend.
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COMPLEX NUMBER
EXERCISE 2.1

ot
N,

Divide the exponent by 4
= 1.

No remainder: answer is i
Remainder of 1: answer is it = i.

Remainder of 2: answer is i? = —1.

i3

Remainder of 3:answer is i® = —i.

Sumof: i+i?+i3+i* =i~A—i+14 =0

Using division algorithm find the value i"

i" 4) n (q
n=4q+ k _k
(" =tk =tk = (1).0F =k

Complex Number System

\\

~

(fractions, decimals)

/ Integers \

(. -1,-2,0,1, 2, ...)

Irrationals
Whole no fractions
(0, 12..) pi, e
Natural
& (1, 2, ...)

Reals \ ] \
Imaginary

Rationals \ i, 2i, -3-7i, etc.

.
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Example 2.1: Simplify i)i’ ii)i’?° iii)i~19%4 + 2018
102
iv) 2 v) L% ... 40 4)7 (1 4)729(182
4 4
3 32
i) i’ _33
i7=1i3=-i 8
i) i7%9 1
i =il=i 4)1924(481  4) 22(())18(504
16
lll) i—1924 + i2018 E _18
i_1924 + i2018 324 1_62
=it =14 (-1) 4
=1-1=0 0
102

iv) Z in
n=1

=i+i2+i3+i*..

+ i97 + i98 + l'99 + ilOO + i101 + i102

—f A —ff At et A=A+ A+i—1=—1+i

v) i %3 ... %0 4)820(205 nm+1) )
8 14243+ ... = = -
— 14243+ .. +40 0 2
20
— (820 — ;0 — 1 _20 40(40 + 1)
0 14243+ .40 = ————

Simply the following :

;1947 | 1950 - :20(41)=820/

1.1 +1i
— (1947 4 1950 = j3 4 ;2
=—i—1=—(+1)
;1948 —1869

2) e - 487 486 487 467
= {194 — e *1'1948 4[ 1947 4[ 1950 4l 1869
=0 —iTt=1- - 16 16 16 16

L . 34 34 35 26
—1-Sx-=1-— 32 32 32 24

ll_ i i2 28 27 30 29
—1— =1+ 28 24 28 28

65
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12
3. 2 in
n=1

12

Ein =i+ i2+i3+i*+ ... ..0%0+i10 411 412
n=1
=4 -1 —4+A+ ... 4 —1—-4 41
12
o
n=1
1
4 z59+i5—9 14
{ 1 1 1 4| 59
i+ =it =it — =i 4
i59 i3 —1i i —
19

I
|
|
|

X

|

I

|

|

I
|

=-l-—g=—iti=
5.0 i%i3 ... {2000 500250
§i2§3 ... ... §2000 _ ;14+2+3+:+2000 4I 2001000
— j200100 = 0 =1 200
10
4 1000 I g
_2600(2000 + 1) 0
1+24+3+4+ ... 2000 =
4 20
0
=1000(2001) —
- = 2001000  /

10
6 2 in+50
n=1

=i51+i52+i53+i54+i55+i56+i57+i58+i59+i60
=3 4+i%+i+ P+ P+ 04+ 24340

= JHA+i—A—F+X+i-1—-i+1=—i+1

=1—-1i

i1+50 + i2+50 + i3+50 + i4+50 + i5+50 + i6+50 + i7+50 + i8+50 + i9+50 + i10+50

66
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EXERCISE 2.2

Example 2.2: Find the values of the real numbers x and y if the
complexnumber 2+ i)x+(1—-i)y+2i—3andx+ (-1+2D)y+1+i
are equal.

Let zy =Q+Dx+ (A —-i)y+2i—3
=2x+ix+y—iy+2i—3 =2x+y—3+ix—iy+2i
Z1=2x+y—-3+i(x—y+2)
Zy=x+(=14+20)y+1+i=x —y+i2y +1+i
Zy=x—y+1+i2y+i
Z,=x—y+1+i(2y+1)

Z1 =2

2x+y—-3+ilx—y+2)=x—y+1+iQ2y+1)

Equating real and imaginary part

2x+y—-3=x—-y+1, x—-y+2=2y+1

2x+y—3—x+y—1=0, x—y+2-2y—-1=0
x+2y—4=0..(1) x—3y+1=0..(2)
Solving (1) and (2)

()= %+2y—4=0
- =)
2)=/x—3y+1=0

5
5y—5=0 =>5y=5z3’:§=>
Suby=1in(1) x+2y—4=0
x+2(1)—-4=0=>x+2—-4=0

x—2=0 =[x=2]

~x=2,y=1
1. Evaluate the following if z=5—-2iandw = -1 + 3i
)z+w ii)z—iw iii)2z+ 3w iv)zw v)z% + 2zw + w? i) (z + w)?

Given: z=5—-2i,w=—-1+ 3i

i)z+w
z+w=5-2i+(-14+30))=5-2i—1+3i=4+i
ii) z—iw

z—iw=5-=2i —i(—1+3i)

=5-2i+i—-3i®* =5-2i4+i—-3(-1)=5-2i+i+3
=8—i
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iii) 2z + 3w
=25-20)+3(—-1+3i))=10—4i —3+9i
=7+ 5i
iv) zw
zW = (5 — 2i)(—1 + 3i) = =5 + 15i + 2i — 6i?
=-5+4+17i—-6(-1) =-5+17i+ 6
=1+17i

v) 2% + 2zw + w?
=(5-20)%+2(55-2)(-1+3i) + (=1 + 3i)?
=524+ 2D?*=-2GB)RD+2(1+17)+ (=12 + (31)? + 2(—-1)(3i)
(=1 (-1

=25+4i>—-20i+2+34i+1+9i%—6i
AT AN S SR LTI T (5 2i)(—1+30) = 1+ 17)
=25—4-20i+2+34i+1-9-6i
=28—13+34i— 260 = 15+ 8i
vi) (z + w)?
=[5—-2i—1+ 3i]?
=4 +i)? =4%>+20)4) +i?
=16+8i—1 =15+ 8i
2.Given the complex number z = 2 + 3i,represent the complex
numbers in Argand diagram.i) z,iz and z + iz, ii) z,—izand z — iz
i)z,izand z + iz §A
leen:.z=2.+31 _ (-1 _ iz —1+5f z
iz=i(2+3i)=2i+3i? =-3+2i % xy
X X
z+iz=2+3i—-3+2i=—-1+5i < ALY
ii)z,—izand z — iz ~: > R
Given: z =2 + 3i 31 v
—iz =—i(2 + 3i) o z
=—2{—3i*=-2{+3=3-2i /\u;
z+(—iz)= 2+3i+3-2i =5+4+; \.
< 757 >
2r
,—iz
v

3.Find the value of the real number x and y if the complex numbers
B-Dx—2-iy+2i+5and2x+ (-1 + 2i)y+ 3 + 2i are equal.

Letzy =B—-i)x—Q2—-i)y+2i+5

=3x —ix—Qy—iy)+2i+5
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=3x—ix—2y+iy+2i+5=3x—-2y+5+i(—x+y+2)
z, =2x+ (—1+20))y+3+2i
=2x—y+i2y+3+2i =2x—y+3+i(2y +2)
Given z; = z,
3x =2y +5+i(—x+y+2)=2x—y+3+i(2y +2)
Equating real and imaginary part
3x—2y+5=2x—-y+3, —x+y+2=2y+2
3x—2y+5—-2x+y—3=0,—x+y+2-2y—-2=0
x—y+2=0 —x—y=0..(2)
x—y:—z (1)
Solving (1) and (2)
(H= —y=-2
@)= —K=y=0

—2y=—2 =>y=Z
y=1
Suby=1in(1) x—y=-2

~x=-1y=1

69
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EXERCISE 2.3

Properties of Complex number

1. Commutative Property under addition:
Z1+ 2y =2, + 274
Under multiplication
2123 = 2374
2.Associative property under addition:
(z1+23) + 23 =21 + (2, + z3)
Under multiplication
(2122)23 = 21(2,23)
3. Additive inverse:
z+(-2)=—z+2z=0

Multiplicative inverse of w & z. | |, = =
zw=wz =1 z

4. Multiplication distributes over addition:
21(23 + 23) = 2123 + 7473
1.If zy =1-3i,z = —4i and z3 = 5 Show that
i) (z1 + 22) + 23 = 21 + (22 + 23)
ii) (z122)23 = 21(2223)

Given:zy =1—3i,z, = —4i,z3 =5
0)(zy+2) +23 =21 + (2, + 23)
L.HS

(Zy+Z,)+7Z3=[1—-3i—4i]+5
=1-7i4+5 =6-7i
R.H.S
zy+(zy+23) =1—-3i+[—4i+ 5]
=1-3i—4i+5=6—-7i
LHS=R.H.S
ii) (z122)z3 = 21(2223)
L.H.S
(2122)23 = [(1 — 31)(—4D)] (5)
= (—4i + 12i?) (5)
= (—4i+12(-1))(5)
= (—4i—12)(5) = —20i — 60
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R.H.S
71(2223) = (1 = 3D)[(—4D)(5)] = (1 — 3i)(—20i) = —20i + 60i?
= —20i + (—60) = —20i — 60
L.HS=R.H.S

2.1f zy =3,z = -7iand z3 = 5 + 4i Show that
i) 21(2z2 + 23) = 2123 + 2123
ii) (z1+25)z3 = 2123 + 2523

Given:zy = 3,z = —7i,23 =5+ 4i
i) 21(z3 + 23) = 2123 + 2123
L.H.S
z1(zy + 2z3) = 3(=7i+ 5+ 4i)
= 3(5 — 3i)= 15 — 9i
R.H.S
Z1Zy + 2123 = (3)(—=7i) + 3(5 + 4i)
=—-21i+15+12i=15-9i

L.HS=R.H.S
ii) (z1 +23)23 = 2123 + 2,23
L.H.S

(z1 + z5)z3 = [3 — 7i][5 + 4i]
= 15+ 12i — 35i — 28i?
=15 —23i —28(-1)
= 15— 23i+ 28 =43 —-23i
R.H.S
Z1Z3 + Zpz3 = 3(5 + 4i) + (—70)(5 + 4i)
=15 + 12i — 35; — 28i?
= 15— 23i — 28(-1)
= 15—23i+28=43 — 23i
L.HS=RH.S
3.1fzy=2+15i,zp=—-3—4i,z3 =1+ find the additive
and multiplicative inverse of z,z, and z3 [(a + ib)(a — ib) = a® + b?]
zy =2+5i
Additive inverse of z; is — 2 — 5i
1 1 (2 = 5i)

Multiplicative inverse of z, is — = - =
p [z Zy 22+ 50 (24+50)(2 —5i)
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2-5i 2-5i 2-5i
22452 4425 29

Zy = -3 —4i
Additive inverse of z, is 3 + 4i
1 1 1
Multiplicative inverse of z, is — = - =
P [l = 3 = ara
-1 3—4i —1(3 — 4i)

= X =
34+4i 3-—4i (3+4i)(3—4i)
-3+ 4i —3+4i_—3+4i

~32142° 9+16 25

Z3=1+i

Additive inverse of z3is — 1 —1.

o 1 1
Multiplicative inverse of z3 is g =11
1 1—i 1—i
=——X—— =
I+i 1-1 a+d@a-i
1= 1
12412 2
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EXERCISE 2.4

Example 2.3: Write inthe x + iy form hence find its real

5—-12i

and imaginary part |(a + ib)(a — ib) = a® + b?|
3440 (5+120 _ (3+4D(5+120

(5-12i) (5+120)  (5-12i)(5+ 12i)

15 4+ 36i + 20i + 48i2

52 + 122
15 + 360 + 20i + 48(—1)
- 25 + 144
__15+56i—-48 _56i—33 560 33
x4_0,_ni§§_klf¥i 169 169 169 169
169 ' 169

Example 2.4: Simplify: (1 al i>3 — (1 _ i>3

| 1=y 1+ [+ ib)(a—ib) = a® + b7
nma1+%:(1+0044)_(1+02
-0 A-Da+i 12412
- P+2(0)@+i* y+2i-4 Zi |
141 B 2 7!

1—i @A-D@A-i) (1-i)?

1+i  (A+DA-1) 12412

12 -2 +i*? A1-2i—-4 —2i

141 - 2 z
NE NE:
1+ 1-—1i ] , i
=—i—1=-=2i
z+3 1+4i
Example 2.5: If S ti- 2 , find the complex number z
z+3 1+4i

PR = 2(z+3) =1+ 4i)(z—-50)

22+ 6 =2z —5i+4iz—20i* = 2z+4+6 =2z—5i+4iz—20(-1)
2Z+6=2z—504+4iz4+20 = 27— 7z=—_5i4+4iz+20—6
z=-5i+4iz+14 = z—4iz= -5+ 14

—5i+4

1—4i) = —5i+14 = z=
z( i) 5i + RAM 73
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, (S 1A+ 4D  —5i—20i%+ 14+ 56i
(1—-4i)(1+40) 12 + 42
_20+14+51i _ 34+51i
 1+16 17
34 51i _
Z=1—7+1—7:>Z=2+3l

VA
Example2.6: If z; =3 — 2iand z, = 6 + 4i find Z—l
Given: z, = 3 — 2i,2, = 6 + 4i 2
7z, 3-20  (3-2)(6-4i) 18 —12i —12i +8i?

z; 6+4  (6+4i)(6—4i) 62 + 42
18 —24i +8(-1) 18 —24i—8
36 + 16 52
_10-24i 10 24 5 6
~ 752 52 52" 26 13

Example2.7: Findz1,if z= (2 + 3i)(1 - i)
Z=2+30)1-10
=2—2i+43i—3i? =2+4+3i—2i—3(—-1)

=2+i+3
z=5+1
z‘l_lz 1
z 541
1(5 — i) 5-i  5-—i
T G+0)G—i) 52+12 25+1
5—i 5 1
~726 26 '26

10 10
Example 2.8 : Show that i) (2 + i\/§) + (2 - i\/§) isreal

(19+9)\"®  /g8+i\"® N
i) T 1+ ispurelyimaginary.

zispurelyrealif and only if z =2z

D(2+iV3) +(2-i3)

Let z = (2+i\/§)10+(2—i\/§)10 z1+2; =21 +7;

z= (2 + i\/§)10 + (2 — i\/§)10 — (2 + l-\/g)lo n (2 _ i\/§)10
7 =2 iV3) (2 +ir3)
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Z=(2+1V3) +(2-iv3)

=zisareal

C(19+9)\"®  /8+i\"5 -
it) 5 _ 3 “\1x2i z is purely imaginary if and only if z = —z

LR AN R
R T 1+

19+49i  (19+9i) (5+3i) 95 +57i +45i +27i?

5-30 (5-3)(5+30) 52 4 32
_954+102i+27(—1) _ 95+ 102i — 27
2549 34

2
68+ 1020 48 ‘levi _
34 Ea @ DAt

19 + 9i ,
5_3i=2+31
8 + i B+)(1—20) 8- 16i+i—2i
1+2i  (1+200-20) 12 4 22 ,
_ 8-16i+i—-2(-1) _ 8-15i+2 _ 10—151’_@_3&
- 144 5 - 5 5 A5
8 + i ,
T TAL

L (19 + 9i>15 (8 + i>15
5—3i 1+
z=2+30)" - (2-3)"
Zz=2+3)15-(2-30)B=2+3i)15 -(2-3)
z=2-3DP-Q2+3D)® = —z2=—2-3)¥ 4+ (2+3)1
-z=2+3)"” -2-3)"
—z = z is purely imaginary.

1.Write the following in the rectangular form:
i) (5+9i) + (2 —4i)

zZ1+2z, =21+ 2,

=G+9)+2—-4i)=(G+90)+ (2 —4i)
=5—-9i+2+4i =7-5i
75
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... 10-5i
W etz
10-5; (10-5))(6—2i) 60 —20i —30i+ 10i°
6+20  (6+20)(6—2) 62 4 2
_ 60 —50i — 10 50 — 50i
T 36+4 40
50(1—i) 5 5 5
=T 6 TaU YT
oms, L
ut)31+2_i
T4 = 3i+
2—1i 2—1i
241
2-02+10)
= Bih ot g4 2
22 +12 5
—15i+2+i —-14i+2 2 14
- 5 -~ 5 "5 s5¢
2.If z=x+ iy, find the following in rectangular form.
. 1
i) Re <;)
z=x+1iy
Re(z) =x,Im(z) =y
1 1
;=x+w
B x—1iy _x—ly
G+ i—iy) XY
1 X iy
z x2+y? x%+y?
1 x
Re<z>=x2+y2
ii) Re(iz)

Z=x+1y (1)
iz = i(x/=#iy) =ix +i%y
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Z=IXx—y=>iz=—-y+ix
Re(iz) = —y
iii) Im(3z + 4z — 4i)
z=x+1iy
3z+4z—4i=3(x+iy) +4(x+iy) — 4i
=3(x+iy)+4(x—iy)—4i
=3x+ i3y +4x — idy—4i
=7x—iy—4i=7x —i(y +4)
3z4+4z—-4i=7x— i(y+4)
Im(B3z+4z—-4i))=—-(y+4)
z
3.1fzy=2—-1i,z, = -4+ 3i, find the inverse of z,z, and =
Z3
Given: z1 =2—1,z, = —4 + 3i
Z1Zy = (2 - l)(_4‘ + 31,)
= —8 + 6i + 4i — 3i?
=—-8+10i+3 =-5+10i
Z1Zy = —(5 - 101)

Inverse of z,z,

1 _ 1 -1 —1(5+100)
71z, —(5-10i) (5-10i) (5 —10i)(5 + 10i)

—5-10i -5-10i —5-10i
524102 254100 125

5 a0 -1 2
175 175 25 25

25 25

Z1
Inverse of —
Z2

<é>_1_ Zo  —4+3i  (—4+3)(2+10)
A

Zy 2—i  2-D2+)
—8 —4i+6i+3i> _=8 +2i—3
= 22_|_12 441

11420~ 2.

—+ i

-~ § 5 5
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1 1
4.The complex numbers u,v and w are related bya = > + '

ifv=3—4iandw = 4 + 3i. find uinrectangular form

1 1 1 1 w+v vw

—_— =4 —_= _ = — =

u v w u wv w+ v

Lo B—4DU+3) _ 12+9i— 16i— 12i
(4 + 30) + (3 — 40) 7 —i
12 —7i+12 24 —7i

T 77—

_(24-7D)(7+1) 168 +24i —49i—7i* 168 —25i+7
(7—i)(7+i)7_ 72 4 12 4941
_175-25i _175 25
50 557 50,

71,

u—z 21,

5.Prove the following properties:
i)zisrealif andonlyifz=1z
Letz=x+iy,z=x—1y
xX+iy=x—1y
x+iy—x+iy=0

i2y=0=(y=0]

z=x+iy = z=x+0

Z=X
zisreal

. z+z zZ—7

ii) Re(z) =— and Im (z) =7

Letz=x+iy,z=x—1iy
z24+7=x+tWy+x—

Z+E_2x_
2 2~

Z+zZ=2x =

zZ+Zz

= Re(2)
2 z-7
Im(z) = T

Letz=x+1iy,z=x—1iy
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Z—E=)(+iy—/+iy
z—z 2y

zZ—ZzZ =2y = = =
Y 20 2

y

Z = Im(2)
Zl = 1Mm\z

6.Find the least value of two positive integer n for which (\/§ + i)n
i) Real ii) Purely imaginary.

(\/§+i)2=(\/§)2+2(\/§)i+i2=3+2\/§i—1
(V3+i) =2+2v3i = (V3+i) =2(1+3i)
(V3+0) = (V3+i) (V3+1) = (V3+i)’ = 2(1+31) (V3 +1)
(V3+i) =2(V3+i+3i+V3i%) = 2(V3+i+3i —V3)
= 2(i + 3i)
(V3 + i)3 = 2(4i)
(\/§ + i)3 = 8i is purely imaginary .. Least value of n is 3.
(V3+i)’ (V3+i)” =688
(\/§ + i)6 = 64i* = 64(—1) = —64 is real
=~ The least value of nis 6.
7. Show that i)(2 + i\/§)10 —(2- i\/§)10 is purely imaginary.
Letz=(2+i3) —(2-iv3)" =7 =h -1

z=(2+i3) - (2-w3)" z=-2
=(2+iV3)" - (2-i3)"
7=(2-i3)" = (2+i3)"° = Z=-(2-13)" +(2+i3)"

_7 = (2 + i\/§)10 — (2 — i\/§)10=> —z = z is purely imaginary

(19 -7i 12+ 20 — 5i\ ,
ii) 911 — isreal.

12 12
19 - 7i 20 — 5i _
L = zispurelyrealif andonlyif z=2z
etz <9+i> +<7—6i> p y f yif
(=D

19-7i (19-7009 -0 171 —19i— 63i + 7i?

Take: = =
9+i O+i)(9—-1i) 92 4 12
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171-82i—7 164—82i 164 /8/2

- 81 + 1 82 8 8l 2!
19 —7i ,
ox; 27t
(-1
20—-5i _(20=5()(7+6{) 140 +120i— 35i — 30i*
Take: e = T—eDT+ 6D 746
140 + 120i — 35 +30 170 + 85i /1/76/8’5
B 49 + 36 =" g5 85 g5l 2Tl
20 — 5i _
7_6i=2+1

L (19—71’)12_'_(20—51')12
9+i 7 — 6i
z=02 -2+ @2+
Zz=0Q-D12+QR+12 =2-D12+2+)1?
Zz=0Q+D2+QR-D?2 =>z=Q2-D2+Q2+D" =z

zZ=2zisareal
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Exercise 2.5

Example2.9: If zy =3+ 4i,z; =5 —12iand z3 = 6 + 8i find
1211, 1221, 1231, |21 + 221, |22 — 23], |21 + 23]

Given: z; =3+ 4i,z, =5—12i,z23 = 6 + 8i
|z,| = |3 + 4i] =\/32+42 =v9+ 16 =+/25

|z =5

|z, = |5 — 12i] =+/5%+ (—=12)? =25+ 144 = V169
|z,| = 13

7] = 16+ 8il =67 + (8)F =36+ 64 = VI00
|z5| = 10

|z, + z,| = |3+ 4i+5— 12i]
= |8 — 8i| = /82 + (—8)2 = V64 + 64 = V128

=V64x2 =8V2
|z, + 25| = 8V2
|z, — z3| = |5 —12i — (6 + 8i)|
=|5—-12i— 6 —8i| = |-1 — 20i|
=J(-1)? + (—20)% = V1 + 400 = V401
|z, — 23| = V401

|zy — z3| = |3 +4i+ 6 + 8i|= |9 + 12i]
=92 4+ 122 =81 + 144 = V225
|z; — z3] =15

2+i
Example 2.10: Find the following i) ‘ |
—1+2i
i(2+1)3
i) |(1+10)(2 + 3i)(4i — 3)| iii) ((l-l-—l))z‘
| 2+
Ol gy T
2+ 12+ V22 +12 z| |zl
—1+2il -1+ 2i J(=12 + (2)2

Vi +1 \/_E
5
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i) |1+ D (2 + 3i)(4i — 3)| l1212,| = |24]]2,]]
= |(1T+ )2+ 3i)(4i — 3)]

=1 =012+ 3il|4i — 3| = |T+i||2 + 3i||4i — 3]
= 11 +il12 + 3ill4i - 3| = (V12 + 12) (V22 + 32) (42 + (=3)?)
= (VI+1)(V4+9)(V16 +9) = V2 x V13 x V25

=2 x13%X5=5V26

|z| = |z

iz + 93 |z"| = |z|"
i) [———=
(1 + )2
i2+D% i+ )7 7| _lal
aA+0%| - [a+07 z| |zl
3
lill2 +i)P _ V12 (22 + 17)
(1 +0))2 (,/12+12)2
3 3
_1(V4+1)  (V5)  VExV5xV5 5y
- 2 — = e
VI+1)" (V2)©  V2xV2 2
Example 2.11: Which one of the pointisi,—2 + i and 3 is farthest
from the origin.
lil=v1%2=1
—2+i|=+/(-2)2+12=va+1 =5
3] =+/32 = —2.41
The farthest point from orginis 3. ] .
—4 -3 -2-1 T2 ®7 5 7
Re
e
-2
-3
Example 2.12:If z,,z, and z3 are complex numbers such that
1 1 1
|z1| = |z3| = |2z3| = |24 + 25 + 23| = 1, find the value of |[—+ —+ —
Zy 2 Z3
_ 2
Izl =1= 2] =1 |z,] = 1=|z,|%=1 |z3] = 1=|z3]%=1
— _ —_ - _ _ _ _ 1
ZlZl_l:Zl_Zl Zzzz=1: ZZZZ Z3Z3=1:23=g
1 1 1 _ _ _ Z_1+Z: Zq +Z2
—+—+—| =171 +7; +7Z5| = |z + 2z, + z3|
Z1 22143

zl = |z
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1 1 1
Z1  Zp Z3

= |Z1 +Z2 +Z3|:1

|z|? = zz

Example 2.13:If |z| = 2,show that3 < |z+3 +4i| <7
|z + 3+ 4i| < |z| + |3 + 4i]
ZT

1 Zy

< 2+4++32+42
<2+4+V25

||Z1 + 2| < |z | + |Zz||

|x + iy| = x? + y?

<2+5

lz+3+4i| <7 ..(1)

|21 = 23] 2 ||1] = ||

1z + 3 + 4i| = ||z| — |3 + 4i]|

> |2- /32 + 4]
> |2 —V9 + 16
> |2 — V25
> ]2 - 5]

|z + 3+ 4i| = |-3|

|z +3 +4i| = 3] (2

From (1) and (2) 3<|z+3+4i| <7
V3

1

V3

Example 2.14: Show that the points 1, —3 +i— and —-—i— are

2

2

2

the vertices of an equilateral triangle

1 3 1
——+1l—, 23 =

Letzy =1, z, = > -

=
i
-
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1 V3|3 B |(L3Y, V3\~
Z3_Zl|:‘_§“7_1‘_ R A 2
9 3 |12
4 4 |4
|Z3_Z1|=\/§
|Z1—Zz| = |Zz—Z3| = |Z3_Z1|

~ Given points form a equilateral triangle.
Example 2.15: Let z4,z, and z3 be complex number such that
|z4| = |z3| = |z3]| =r>0and z; + z, + z3 # 0.
Z1Zy + Z9z3 + 2324

rove that 2 _ .o
p Z1+ 2, + 23 |z|* = zz
|z1| = |z;| = |z3] =7 721+ =2+ 2
|Z1|=7”:>'|Z1|2 =72 zl = |z
r2
ZIZ:T'Z:) 1 ==
Z1
Similarly
r2 r2
Zp=—, Z3=—_—
Z) Z3
r2 r? r2 Z1 ||
Zl+Zz+Z3=:-|-:+: —_] = ——
Z1 Zp Z3 Z2 |2,

[Gz+zz+zzJ

Z9Z2 + Z1Z4 + Z1Z
Zl+ZZ+Z3=T2<2 3 143 1 2)

Z12973

ZyZ3 + Z1Z3 + Z1Zy 2 |Z2Z3 + Z173 + Z1Z2|

|2y + 25 + z3]= |72

Z1Z9Z3 217,735

, 12223 + 7123 + 212,

NI
I
N

|Z1 +ZZ +Z3|=T'
1212, 23]

o 2223 + 2123 + 212,

|z4|122|23]

|zy + 2z, + 23| =71

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

_ 2 2223 + 2123 + 2125|  |2p25 + 2123 + 2,7,
FXYXT B r

|z12; + 2523 + 21 23]

|Zl +Zz +23|

|Z1+Z2 +Z3| =

r
_Nzyzy + 7523 + 2175

|Z1 +ZZ +Z3|

2

Example 2.16: Show that the equation z* = z has four solutions

72 =7 2" = |2
22| = [2] i

; Z| = 2|
1212 = |z|

1zI? =1zl =0 = |z|(|]z| - 1) =0
|z| =0; |[z] -1=0

z=0; |z| =1
IzZ2=1 = zz=1
1
Z=1=22=—=>Z3=1
VA VA

It has 3 non — zero solution, hence including zero solution, there are
four solutions.

1. Find the modulus of the following complex numbers

o 2i
Oy AN
2i |_ 12i]  V0Z+22 V4 Z,|  1Z,]
3+4il |3+4i] V3Z2+42 9+ 16
V25 5
2—i 1-—2i
) N
WDt 1
_2—i+1—2y_Q—4x1—0+(1—mx1+0
140 1-—i 1+ -10)
(-1 -1
2-2i—i+*+1+i-20-2i% _2-3i—-1+1-i42
Bl 12 + 12 141
B S SO
7 —E—Zl—2—21—|2—21|

=\[22 4 (2)2 = A4 = V8.5 2V2
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(iii)(1 — )10
(1= D=1 -i'° .
= (\/ 12 + (—1)2) = (\/m)lo 7n| = |7|n
_ (\/5)10 _ (\/§)2><5= 25 — 37
(iv) 2i(3 — 4i) (4 — 3i)

= |2i(3 — 4i)(4 — 30)| = |2i||3 — 4i||4 — 3i]

= (\/02 +22) (\/32 + (—4)2) (\/42 + (—3)2)

= (V4)(vV9 +16)(V16 +9) = 2(V25)(V25)

=2(5)(5) =50
2.For any two complex numbers z, and z,, such that |z,| = |z,| = 1 and
zZ1+z
Z1Z, + —1,then show that 1 ™2 isareal number
1+ Z1Zy
2 _ —
Given |z;| =1and |z,| =1 |z|* = zz
Z1 + Zy .
To prove : —— is a real number
1+ Z1Zy
|z ] =1

1
211 =1 =27 =1= 21 ==
1

Similarly z, = —

1,1 At~
Z1+z,  Z; 7 _ Z1 Z3
1-I—zlzz_1+éxé B 1-|-_1_
o 1 2 1 2z 2z,
Z1+ zy |Z|2=ZZ
L G+h
i+l 1477 |z +Z = 2Re(2)|
ZrZ;
_ @G+ 7)A +2120) I+ mzm+ Tt 2127,
A4z )0 +z2) T 1+ziz+ 71 Z9 + 2121227,

71tz + 75 + 27|

14 2.2, + 71 Z5 + 2112|252 where |z;| = 1 and |z;| = 1

7 + (D247, +2 (D) 7tz 42, vz 21 t7 217
14 z2, 47272, + (D22 142z, 4772, + 1 2+ 2,2, + 212,
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_ 2Re(z1) + 2Re(z;)
2+ 2Re(z,2,)

3.Which one of the points 10 — 8i,11 + 6i is closest to 1 + i.
Given points : 10 — 8i,11 + 6i S 4

1+il=vy12+12=V1+1=V2 11+ 6
|10 — 8i] = /102 + (—8)2 = V100 + 64 = V164 /J:i o

< » e
|11 — 6i] = /112 4+ (6)2 =121+ 36 =157

~ 11+ 6iisclosestto1 +1i.

is a real number.

4.1f |z| = 3,show that7 < |z + 6 — 8i| < 13.

v 10 — 8i
Given:|z| = 3 lz, + 25| <|z| + 2]
|z + 6 —8i| < |z] + |6 — 8i]
<3+.62+(-8)2 =|z+6-8i|<3++36+64
|z+6—8i| <3+V100 = |z+ 6 —8i| <3+ 10
lz+6—8i| <13 ..(1)
|z +6—8i| = ||z| — |6 — 8il|
>3- /62+ (=8)2| = |z + 6 — 8i] > |3 — 36 + 64|
lz+6—8i| > |3—-+/100| = |z +6—8i] > |3 — 10|
z+6—8i|=|7| = |z+6—-8i|>7 ..(2)
From (1) and (2) 7 <|z+ 6 —8i| <13
5.If |z| = 1,show that 2 < |22 — 3| < 4.
Given:|z| = 1,|2% — 3| Uz + 25| < |z1| + |2,]]
|z%2 + (=3)| < |z?| + |-3] z"| = |z|"
<lzI* +3 |z — 25| 2 ||z1] = |2,

<(12+3=1z2+(-3)|<1+3
|z2 -3 <4..(1)
22 = 3| = ||z%| — |-3]| = 12°=3] = [(D* - 3]
|z2=3|>|1-3] = |22 -3| = |-2|
122 =3] =2 ..(2)
From (1) and (2) 2<|z?>-3|<4
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2
6.1f |z — ;| = 2,show that the greatest and least value of |z| is V3 + 1

and V3 — 1 respectively.

lzy + 25| < |z1] + |2,]]

2 2 2 2
z| =z——+—-|=|z]| < |z—=|+ |-
Z VA Z Z
2
where z——‘=2
VA

2 2|z| + 2
7| S24+— = |gle< &
d 2] = ==

1z|2 < 2|z| + 2 = |z|? = 2|z| <2
1zI2 = 2|z| + 12 <2+ 12 = (Jz| —-1)? <3
IzZl-1<+V3 = |z|-1<3 1zl -1<—V3
|zl <1-v3, |zl <1+V3
1-V3<|z|<1+3

7.1f z1,z, and z3 are three complex numbers such that |z,| = 1,|z;| = 2
|z3| = 3 and |z{ + z, + z3| = 1,show that |92,z + 42123 + z,23| = 6
Given:

1
|21|=1, |21|2:1:le:1 = Z=Z_
1
— _ 4
|zp| =2 = |ZZ|2=4=>ZZZZ=4=>ZZ:Z
|z3] =3 = |23/ =9 = 2323 =9 = Z:Z_
3

Show that: 921z, + 42,23 + z,23| = 6

1 4 9
—+t=+=

Z1+ Z, + 5| =
|1 2 3| Z 7, 7

7,75 + 47775 + 97,7,

Z1 Zp Z3

ZyZ3 + 4 Z12Z3 +9 Z1Zy |Z2Z3 + 4 Z12Z3 +9 21Z2|

Z122Z3 712,73
1212223| = |Z325 + 4 7123 + 9 712, 1z = [2]
|212,23] = |2223 +4z,23 + 92122|
z1l1250125] = |2325] + 142125] + (92,2, |2122] = |21 12|

1(2)(3) = |zy23 + 42123 + 97,2, |

6 = |9leZ + 4‘2123 + Zzz3|
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8.1f the area of the triangle formed by the vertices z,izand z + iz is
50 Square units, find the value of |z|. ~4

3

Area of a triangle = 50 _ 7
iz

1 : :
5 X base X height = 50 @{,9/@/ N @
% o

» Re

iz

I
N
4

1
EX |Z| X |lZ| =50

1 1
5x|z|><|z|=50 = EX|Z|2=50

|z|2 = 100 = |z| = V100
|z| =10
9. Show that the equation z3 + 2z = 0 has five solutions.
z3+22=0
z3 = -2z = |z3| = |-2Z| _
z|® = |-2]|z] = |z|* = 2|7| =12
|z|° = 2|z]|
|3 = 2|z| =0 =1z|(|zI1> —2) =0

|zl =0, |z]*-2=0

2
z=0, |z2=2=2z=2=72=—
z
_ 2 _
subz=—inz3+2z=0
z
2 4
z3+2<—>=0=> z34+-=0
z z
4
Z3:——=}Z4=—4

Z
It has 4 non — zero solution and one zero solution, there are five solutions.

10. Find the square roots of (i) 4 + 3i

VaT By e, 'Z' ¢
= / |b|

Letz =4+ 3i

|z| =4 + 3i|]=v/4?+32=Vv16 +9=V25=5

Applying formula for square root.

[3_1_M]
VIt 3i= /5+4 = /5 4 bl 13”3
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(ii) — 6 + 8i

|z| + a b |lz| —a
Va+ib== + i
T2 ThYpld 2

Let z = —6 + 8i
|z] = |—6 + 8i| = /(=6)% + (8)2 = V36 + 64 = V100 = 10

Applying formula for square root.

szr( 10+(—6) 10 — (- 6)) 1]
- ’ 2 |b|4’

_ 10 -6 |10+ 6 — 4 4 |16
== 5 + (1)i 5 =+ §+L -
— +(vZ+ iVB)

(iii) — 5 — 12i

lz| + a b |lz| —a
T . b
va+i + > +l|b| >

Let z= —6 + 8i
lz| = |-5 — 12i] = \/(=5)2 + (—=12)2 = V25 + 144 = V169 = 13

Applying formula for square root.

: ,13+(—5) ,13_( 5) IbI 12 12| R
—5—121=i< # |b| > = -1
f _ 8 ,18
=i< = 65+(— Di 13+5> i(\/;—i 7)

—iW9) = £(2 - i3)
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Exercise: 2.6

Example 2.18 Given the complex number z = 3 + 2i,represent the
complex numbers z,iz and z + iz and in one Argand diagram.
Show that these complex numbers form the vertices of an isosceles
right triangle.

A

Given:z =3+ 21 fm C 145

iz=1i(3+ 2i) = 3i + 2i? _2+3;<

=3i+2(-1) 5% 3 ',,'

iz=3i—2 ‘\\\ 2:,' //A3+21
z+iz=3+2{+3i—2 1
z+iz=1+45i -4-3-2-10 1T 2 34 5 Re=
Let A,B and C be z,iz and z + iz respectively :;
AB = |B — A| i

=|-2+3i— (3 + 2i)|

=|-2+4+3i—3—2i] =|-5+i]

=J(=5)2+12 =25+ 1=V26

AB =26 = AB% =26

BC = |C — B|
=|14+5i—(=2+3i)| =|1+5i+2—3i
=342 =J(3)2+22=V9+4

BC =13 = B(? =13

AC = |C — Al
=|14+5i—B+2)| =|1+5i—-3-2i|
=[-2+3il =,/(-2)2+32 =V4+9

AC =13 = AC? =13
AB? = BC* + AC*
BC = AC ,AABC is an isosceles right triangle

Example 2.19: show that |3z — 5 + i| = 4, represent a circle.

] 3z 5 i
3z—-5+i|l=4= 3|== _Z 4| =
3 313 =4
5 i i 5 i 4
3Z—§+§=4=> Z_E_*_i:i Z—|l=-—=] ==
3 3 3 3 3 3

It is of the form |z — zy| = r. Hence it is a circle

51 , 4
Centre=|—,— | radius= —
33 3
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Example 2.20: Show that |z + 2 — i| < 2,represents interior points
of acircle.Find its centre and radius.

Consider:|z+2—i| =2

lz—(=24+1i)| =2
Centre = -2 +i=(-2,1)
radius = 2

|z — (=2 + i)| < 2,represents the points of interior points of a cricle.
Example 2.21: Oftain the cartesian form of the locus of z in each
following(i)|z| = |z — i| (ii)|2z—3 —i| =3

Dlz| = |z -]

Letz=x+1y

lx +iy| = |x +iy—i| = lx+iyl=Ix+i(y—1)|

Jx2 +y2 = x2 + (y — 1)2 — x2+yZ=x2+(y—1)2
Squaring on both sides.
xt2+y?=x?4+y2-2y+1

=~ The locus is Straight line
(ii)|12z—-3—-i| =3
Letz=x+1iy
2(x +iy)—3—i|=3
|2x + 2iy—3—i|=3 = |2x -3 +2iy—i|=3
2x —3+i(2y —1)|=3

J@x—3)2+@Qy—-1)2=3
Squaring on both sides.
(2x)? =220+ 3+ 2y)* - 22+ (1* =9
4x2 —12x+9+ 4y —4y + 1
4x% + 4y —12x — 4y +10=9

4x% +4y? —12x — 4y +10—9 =0
4x% + 4y? —12x — 4y + 1 =0 -~ The locus is a cricle.

= (2x—-3)>+QR2y—-1%?=9

i
- = 1.Show that
Z+ 4i

1.If z=x+iyis acomplex number such that

the locus of z is real axis.

z=x+1y
z—4i x+iy—4i

| o St
z+4i x+iy+4i
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x+iy=D|_ 5 i -l _
x+i(y+4) lx —i(y +4)|

\/x2+(y—4)2 = \/x2+(y—4)2=‘/x2+(y+4)2
\/xz + (y + 4)7' Squaring on both sides.
x2+(y—4)?2 =x%+ (y + 4)?
x2+y2-2(0)4) + 4% =x?2 +y?2 - 2(y)(4) + 42
x2+y2—-8y+16=x*>+y2 -8y +16
+y? -8y +16—xt—y* -8y —16=0
—8y—-8y=0= —-16y=0

y=20

~ The locus of Z is real axis or x — axis.

2z +1
2.If z=x+iyis acomplex number such that Im <lZ n 1) =0

Show that the locus of zis 2x* + 2y*> + x — 2 = 0.

22+ 1
Given:Im ( > =0

iz+1
2z+i  2(x+iy)+1 2x+i2y+1 2x+1+i2y

Take: = — _ = =
iz+1 ilx+iy)+1 ile-_;'lz)y+1 —y+1+ix

_(2x+1)+i2y 1—-y)—ix
(- y)+ix ><(1—3/)—L'x

(-1
__(2x—+])(1——)0-—ix(2x—+])-+i2y(1——y)——i22xy
- (1—y)? +x?

B Cx+1D)A—-y)—ixQRx+1)+i2y(1 —y) + 2xy
- (1 - )%+ x?
@x+ DA -y +2xy+i[2yQ-y) —x@x+ 1]
- (1 —y)* +x?
Cx+1)A—-y)+2xy i[2y(1—-y)—x(2x+1)]
- +

(1-y)* +x? (1-y)*+x?

2z+ 1
Im | - =0
iz+1
2y(1—y) —x(2x+ 1)
(1—y)2+x2‘/_'0 = 2y(1—-y)—x@2x+1)=0

2y —2y2—2x2—x=0 = —2x*> -2y —x+2y=0
26 +2y3+x—-2y =0
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3.0btain the cartesian form of the locus of z = x + iy in each of the
following cases.

(D)[Re(iz)]* = 3
iz=i(x+iy)=ix+i%y
=ix—y
iz=—-y+ix
Re(iz) = —y
[Re(iz)]* =3 = [-y]* =3
y*=3
(i)Im[(1—-i)z+1]=0
Letz=x+1iy
A-Dz+1=0-Dx+iy)+1
=x+iy—ix—i’y+1=x+iy—ix+y+1
=x+y+i(y—x)+1
1-Dz+1=x+y+1+i(y —x)
Im[(1-i)z+1]=0
y—x=0=>-x+y=0=>x—-y=0
(lid|z+i| = |z — 1]
Letz=x+1iy
|x +iy +i|=|x+ iy — 1|
Ix+ily + D] =1[(x -1 + iyl
\/x2+(y+1)2=\/(x—1)2+y2
Squaring on both sides.
x2+(y+1)2%2=(x—-1)2%+y?
x2+y?2+2y+1=x%2—2x+ 1+ y?
X2+ y? 42y 40— x4+ 2x —A — y*=0
2y +2x=0
<+ by 2
x+y=0

(iv)z=z"1

_ 1 _
z=—= zz=1
z

z|*=1
2
lx + iyl?’=1 = (\/x2 +y2) =1

x2+y2=1
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4.Show that the following equations represent a circle, find its
centre and radius.
Dz—2-1i|=3
lz—-(2+i)|=3
itisof the form |z — zy| = r. Hence it is a circle
Centre= (2+1i) = (2,1)
radius = 3
(i)|2z + 2 — 4i| = 2
2z+2—-4i| =2 = 2|z+1-2i| =2
VA
lz4+1-2il === |z4+1-2i|=1
VA
lz—(—1+2i)|=1
itis of the form |z — zy| = r. Hence it is a circle
Centre = (—1+ 2i) = (—1,2)
radius = 1
(ii))|3z— 6 + 12i| = 8
3z -6+ 12i| =8 = 3|z—2+4i| =8

.8 8
lz-2+4il =35 = |z = 2 —4D)| =

itisof the form |z — zy| = r. Hence it is a circle
Centre=2 —4i = (2,—4)

] 8
radius = —
3

5.0btain the cartesian equation for the locus of z = x + iy in each of
the following cases:

(D|z— 4] =16
Letz=x+1iy
lx+iy—4|=16= |x — 4+ iy| =16
V-2 +y2=16
Squaring on both sides.
x2—2(x)(4) + 4% +y2=256 = x*—8x+ 16+ y? = 256
x> —8x+y?+16 =256 = x2+y2 —8x+16—256=0
x%2 +y%2 — 8x — 240 = 0 Which is a cricle.
(i)|z—4]>-1z—1|*> = 16
Letz=x+1iy

= (x—4)?+y? = (16)°
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lx +iy— 4> — [x+iy—1]> = 16
|(x —4) +iy]? = |(x = 1) +iy|* = 16
2 2
(Va=92+y?) -(Va-D7+y2) =16
x—4)2+y2—[(x—1D*+y?] =16
x2—8x+16+y?—[x2—2x+1+y?]=16
X2 —-8x+16+y?—x>+2x—1—y?* =16
—6x+15=16 = —6x+15—-16 =0
—6x—1=0 = 6x+1=0 .~ Thelocus is Straight line
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THEORY OF EQUATION — EXERCISE 3.1

Example 3.1 If a and B are the roots of 17x* + 43x — 73 = 0, then
form a equation whose roots area + 2 and 3 + 2

If a and B are the roots of 17x% +43x—73 =0
Leta=17,b = 43,c = =73

Sum of the roots : a+’3=_é =_E
17
+g= 43
AV,
c 73
product of the roots : aﬂ=a=> 0(,/3=_ﬁ

To form a Quadratic equation whose roots are a + 2 and 3 + 2
Sumof theroots =a+2+3+2

=at+fB+4
43 _
_ 24 43+68=§
17 17 17
S th t —25
um of eroots =

product of the roots= (a + 2)(B + 2)
=af+2a+2+4 =af+2(a+p)+4

73 43 __73 8
—TotATw) Tt T
_Z73-86 , 159 = -159+68
17 - 17 = 17
91
product of the roots = -
Quadratic equation : x* — (sum of the roots)x + product of the roots = 0
, 25 91 _,
ST AT A

multiply by 17 on both sides
17x% —25x—91 =0
2.1f o and B are the roots of 2x? — 3x — 5 = 0, form a equation whose roots are
a? and B2.
If a and B are the roots of 2x> —3x—5=0
a=2b=.-3,¢c =-5
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b 3
Sum of the roots : 0(+B=—5=>o(+[3:E

C 5
product of the roots : AP = o= ap = -

To form a Quadratic equation whose roots are a? and >

Sum of the roots = a? + 32
(a+B)?% = a? + B2+ 2aB

= (a+B)* - 2a
( ZB) P (a+ B)? — 2af = o? + B2
B 3 ) 5 _9 .
—\2 2)”a"
— )+20 — @ s Sum of the roots : = —
4 4 4

product of the roots = o2

2
- @r=(F) =2

2
25
=~ product of the roots = T

Quadratic equation: x? — (sum of the roots)x + product of the roots = 0

x? —ﬁx +2—5 =
4 4
multiply by 4 on both sides
4x2—4x§x+4x§=0
4 4

[ 4x% — 29x + 25 = 0]

Example 3.4: Find the sum of the squares of the roots of
ax* +bx3+cx* +dx+e=0

Let a, B,y and § be the roots of ax* + bx® + cx?+dx+e =0
b
Yi=za+B+y+6 =—-
a

c
Zz=aﬂ+ay+a6+ﬁy+ﬁ6+y5=a

d
X3=afy + aBd + ayd + Byd = —
Xy = afysd =E
a
To find a? + B2 + y2 + 62
98
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a?+B*+y*+8%=(a+PB+y+8)>*—2(af+ay+ad+ By +B5+vyd)

_(_b " 2(5)_32 2c b? — 2ac

(a+b+c+d)?=a®+b*+c*+d*+ 2ab + 2ac + 2ad + 2bc + 2bd + 2cd
=a?+b%?+c?+d?*+2(ab+ ac+ ad + bc + bd + cd)

(a+b+c+d)*—2(ab+ac+ad+bc+bd+cd) =a? + b2+ c? + d?

Example 3.5: Find the condition that the roots of x> + ax* + bx + ¢ = 0
areintheratiop:q:r
x3+ax?+bx+c=0
a =1,b=ac =bd=c
Givenroots are intheratiop : q : r

.Assume the roots as pA,qA and rA
So= pA+qi+ri— 2o _%_ _,
a 1
pA+qgrl+1l=—a
Ap+qg+r)=—a = 1= —4
p+tq+r
d c
23 = (D@D = ——=-7=—c
(D@D () = —c
Bpqr=—c = 3= —<
pqr
—a
subAl = ———
ptqg+r

3

—a —c #ad o

] 5o

ptq+r pqr +q+r pqr
alpgr=c(p+q+71)3

Example 3.6: Form the equation whose roots are the squares
of the roots of the cubic equation x3 + ax* + bx + ¢ =0

Let a, B,y be theroots of x3+ax?> +bx+c=0
a =1,b=a,c =bd=c
—a

b

c b
Zzzaﬂ+,8y+ya=5= =b =|af+By+ya=>b

1

99
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d

To form the equation whose roots are a?, 32, y*
2= a? + B +y* = (a+B+y)* —2(aB + By +ya)
[(a+b+c)2 =a2+b2+c2+2(ab+bc+ca)J

(a+b+c)?—2(ab + bc + ca) = a? + b? + ¢?
%, =(-a)?=2b = %, = a? —2b
%, = a?B? + B*y? +y%a? = (af)? + (BV)? + (ya)?
= (af + By + ya)*=2[(aB)(By) + (BY) ya) + (ya)(ap)]

= (aB + By + ya)* = 2aBy[B +v + «a]
= b?—2(—c)(—a) = b? — 2ca

%, = b% —2ca
I3 = a’B?y? = (aBy)? = (—c)? = c?
23 = Cz

Hence the required equation : x3 — Xx*> + ,x— 23 =0
x3 — (a? = 2b)x? + (b —2ca)x —c? =0

Example 3.7 : If pisreal,discuss the nature of the roots of the
equation 4x* + 4px+p + 2 = 0 in terms of p

4x2 +4px+p+2=0
a=4, b=4p, c=p+2
Disciminant : A= b? — 4ac
A= (4p)* — 4D +2)
= 16p* — 16(p + 2)
=16p? —16p —32 =16(p? —p—2)
=16(p+1) (p—2)
A<O0if —1<p<2 (Imaginary roots)

A=0if p=—1orp=2 (equalroots)
A>0if —o<p<—-lor2<p< o (distinct real roots)

EXERCISE 3.1

1.If the sides of a cubic box are increased by 1,2,3 units respectively
to form a cuboid,then the volume is increased by 52 cubic units. Find
the volume of the cuboid.

let a be the side of a cube then its volume is a3
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If the sides of cube is increased by 1,2, 3 units
it becomes cuboid then volume of cuboid is a3 + 52

Sides of a cuboid are (a + 1), (a + 2), (a + 3)
volume of cuboid = a3 + 52
(a+D(a+2)(a+3)=a3+52

cuboid
a

a

(@?+2a+a+2)a+3)=a®+52
(> +3a+2)(a+3)=a3+52

a+3a?+2a+3a’°+9a+6 =a+52
2B+ 6a?+11a+6=a5+52

cuboid

a+3

a+ 2

6a’?+1la+6—-52=0 N

+ X
(@ —2)(6a+23) =0 1/\_276
a—2=0, 6a+23=0 _9
a=2, 6a = —23 __]&vz 23;«»’
23 B o
a=—" (a—2) (6a + 23)

Volume of cube = 3 = 23

Volume of cube = 8 cubic units

Volume of cuboid = o3 + 52

Volume of cuboid = 8 + 52 = Volume of cuboid = 60
2. construct a cubic equation with roots (i) 1,2 and 3
Leta=1,=2,y=3
S, =a+B+y=1+2+3
2, =6
T, =af+pBy+vya
=R +2B)+B)(1)=2+6+3

T, =11

3 = aBy = (1H()(3)

S, =6

Required equation : x* — (a + B +y)x* + (af + By + ya)x —afy =0
or

x3_21x2+22x_23=0
x3—6x*+11x—6=0
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(i)1,1and — 2
Leta=1,=1y=-2
T, =a+B+y=1+1-2
2, =0
T, = af + By +ya = (1)(1)+ 1(-2) + (=2)(1)
=1-2-2=1-4

%, =-3
Z3 = afy = (1)(1)(-2)
5y =2

Required equation : x3 —Z;x? + Z,x— 23 =0
x3—0x2=3x4+2=0
(iii) 2,—2 and 4 x3—-3x+2=0
Leta=2,=-2,y =4
Zi= atBay=2-2+44

Zl = 4‘

¥, = af + By +ya = (2)(=2) + (=2)(4)+ 4(2)
=—4-8+8

22 = —4

23 =afy =2(—-2)(4)

X, =-16

Required equation : x3 —%;x%? + Z,x — %3 =0

x3—4x?>—4x+16=0
3.1f a, B,y are the roots of the cubic equation
x3 + 2x% + 3x+ 4 = 0, form a cubic equation whose roots are

(i) 2a, 2, 2¥ (i) %%% (iti) — a,—B,—y

Let a, B,y are the roots of x3 +2x*+3x+4 =0
a =1b=ac =bd=c
b -2
X = oc+B+y=—a =0 = a+pf+y=-2

=3=af+py+ya=3

Q|

¥, =aB+By+ya=
d
Y3 =afy = Bt afy = —4
(i) 2a,2B,2y
S, =2a+2B8+2y=2(a+B+vy)=2(-2)
Y= —4
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%, = Qa)(2B) + (2B)(2y) + (27)(2a) = 4af + 4By + 4ya
= 4(af + By +ya) = 4(3)

z, =12
I3 = (2a)(2B)(2y) = 8(aPy) = 8(—4)
Ty = —32

Cubic equation : x3 — x> +3,x—23=0
x3—(—4)x*>+12x+32=0
x3+4x*+12x+32=0

V)lll
i) —,—,—
a By
1 1 1 BY +ay + « 3
1= —+—=-+4+-—= i B=—
a B v afy —4
v 3
1”4
o EAYEANEAYEATE: 1y _t 1 1 yt+atf
2 \e)\B) B\ TG \a) T By v T apy
at+tf+y -2
afy T —4
Z_1
)
1\/1\/1\ _ 1 1
= =)z 2)=—=—
a)\B)\y apy —4
: 1
3 4
Cubic equation : x3 — 3 x*> +3,x—%3=0
RSO I
TR Ty

multiplying both side by 4
4x3+3x2+2x+1=0

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

(iii) - a, _ﬁ! w4
Li=—a-f-y=—(a+p+y) =—(-2)
T, =2

L =(Fa)(=p) + (=B (-y) + (-V)(-a)

=af + Py +ya

T, =3

Y3 =—a X=X~y =—aqfy=—(—4)

S, =4

Cubic equation : x3 — Z;x> + Z,x — %3 =0

x3—2x2+3x—4=0
4.Solve the equation 3x3 — 16x%? + 23x — 6 = 0 if the product of
tworootsis 1
Let a, B,y are the roots of 3x3 —16x?+23x—6=0
a=3,b=-16,c =23,d =—-6
Given product of two roots = 1
af =1
b —16 16 16
Bla=atfty=—- <3> 3 atpty=—..(1)
23

23

c
ZzaB=O(B+,3Y+Y“=E

d 6
23aBy:O(BY:—a=§=2 = aBy =2 ...(3)

subaf =1in (3)
I1Xy=2=y=2
16
suby=2in(1)a+B+y=?
16 16
a+B+2=" = a+Pp=—-2
3 3
16 -6 10

3 =a+8=?

a+B=

10
B=?—aina[)’=1

10 10—-3
a(;—a>=1=>a< 3 a>=1=>a(10—3a)=3

10a —3a?=3= 100 —3a?-3=0= —3a2+10a—3=0
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a?—-10a+3=0 = (Ba—1)(a —3)=0 + X
—10 9

3a—1=0,a—-3=0

3a=1, g=3 —lea —3_9%
«= W A
3 Ba-1) (a—3)

a=3,B=§,y=2

5.Find the sum of squares of roots of the equation
2x* —8x3+6x2-3=0
Let a,B,v, 8 be the roots of the equation 2x* —8x3 + 6x> —3 =0
a=2,b=-8c=6,d=0,e=-3
b -8
21a=a+B+y+6= —az _<7>
at+pB+y+d=4

c
Zap =0(B+0(y+0(5+,8y+66+y6=a

2
af+ay+ad +py +B6+y6 =3
(a+b+c+d)?=a?+b?+c?+d?*+2(ab+ac+ad+ bc+ bd + cd)

(a+b+c+d)?>—-2(ab+ac+ad + bc + bd + cd) = a® + b? + ¢ + d?

a’+ B> +y*+6% =(a+B+y+8)>-2(aB+ay+ad+ Ly + BS+yd)
=42-23)=16—-6 =10
a’+p%+y*+6%=10

6.Solve the equation x3 — 9x* + 14x + 24 = 0 if it is given that two
of it roots are in the ratio 3 : 2

Let a, B,y are the roots of the equation x3 — 9x? + 14x + 24 = 0
a=1b=-9.c=14,d = 24

a:f=3:2= a=3k, =2k

b -9
i = O(+B+Y=—a=— EE =9

a+B+y=9 = 3k+2k+y=9
Sk+y=9 = y=9-5k
22=aB+By+ya=§=14
af + fy + ya =14 105
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(Bk)(2k) + (2k)(9 — 5k) + (9 — 5k)3k = 14
6k? + 18k — 10k? + 27k — 15k? = 14
—19k? + 45k — 14 =0

+ X

(k—2)(19k—7)=0 —38k —7k
k—2=0,19%—-7=0 . )Ajgﬁ 19{{2
k=2, 19%=7=k=15 (k—=2) (19% —-7)

whenk =2 = a=3(2),=2(2), y=9-5(2)
a=6,=4,y=-1

7 = «=3(g5).#=2(5) :
Whenk:E=>a— 19)’ = 19:]/=9—5(E>

21 14 35 171-35 136

=19 P19 Y= 79 TV T T 19 T o
21 14 136
ST CIR AT

7.1f a, B,y are the roots of the polynomial equations

a
ax3 + bx* + cx + d = 0 value of Zﬂ_y in terms of the coefficients
Let a, B,y are the roots of the equation ax®+ bx?+cx+d =0
—b
a a

c c
Laf =af+ By tya=-= a,8+,6’y+ya=a
a

2 2 2
Tofindz:i =i+£+l= atpty
Py By ay ap afy

squaring on both sides

2 2

>=> a2+,82+y2+2(a[3+,8y+ya)=ﬁ

(a+B+v)2=<7
where a,8+,6’y+ya=§
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c\ b? 2c  p2
2 4 p2 4 42 N_? o 2,p2,,2,.%5_ D7
o+ p+y +2(a) 2= Gy =
b? 2c b? — 2ac
Q>+ B24y2= " _ 0 g24p2y 2 —— 200
B 2 " a“+p°+y 72
b? — 2ac
Zi:“2+[)’2+y2 _ a? _bZ—ZaCX_/i(
By aBy —d 7 d
— a
a

a _ 2ac—Db?
Z ﬁ "~ ad
8.1f a, B,y and § are the roots of the polynomial equation
2x* + 5x3 — 7x* + 8 = 0 find a quadratic equation with
integer coefficient whose rootsarea + f# +y + 8 and affyd

a,B,v, 8 be the roots of the equation 2x* + 5x3 —7x>+0x +8 =0

a=2,b=5c=-7,d=0,e =8
__b_ 5 5
21=a+B+Y+8__E=_§=>0(+B+Y+5=—E

e 8
Iy=afyd=—-=—o=—4 = afyd=—4

To form a quadratic equation whose roots are — 2 —4

Sum of the roots = —5_4 :_5_8 =_E
2 2 2

5
product of the roots = —3 X —4=10

x% — (sum of the roots)x + product of the roots = 0
13 13
x? — > x+10=0 = x2+7x+10=0
X 2
2x2+13x+20=0
9.If p and q are the roots of the equation Ix>* + nx +n =0

n
show that B+ g+\/:=0
q |p l

p and q are the roots of the equationlx?* + nx+n =0
n
sumof theroots: p+q = 7 - (1)
n
product of the roots : P4 = Y. (2)
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_ P ja, m _vP_ VT
L.H.S—\/;+\/;+\/; _\/ﬁ-l_\/f-l_\ﬁ

VOBV + VayaVl + Vnpyva
VP X g X V1

pVi+ gVl + \Pqn (p + VI +/pqn
- Jpal Jpal

n
ptq=—7andpq=

S

— X[

10.If the equation x> + px + q = 0 and x* + p'x + q' = 0 have
pa —-ra a-4q
— or —
—q p—Dp
Let a be a commonroots of x* +px+q=0andx*+p'x+q' =0
a*+pa+q=0..(1) and a? +p'a+q =0..(2)
solve (1) and (2)
+pa+q=0
=) = )
+p'a+q =0

a common root.Show that it must be equal to

pa—p'a+q—q =0
alp—p)=q —q

N :az—(q,—q) = =171

p—p - —p) p'—p
11. Formalate into a mathematical problem to find a number such
that when its cube root is added to it,the result is 6 .

Let x be a number
Cube root of a number is added to a number = 6

Yx+x=6
B +x=6 = x/3=6-—x

x=1(6—+x)3
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x=63—3(6)%(x) +3(6)x% —x3
x =216 —108x + 18x? — x3
x—216+108x —18x%>+x3 =0
x3 —18x%+109x — 216 = 0

12.A 12 metre tall tree was broken into two parts. It was found that
the height ofthe part which was left standing was the cube root of
the length of the part that was cut away. Formulate this into a
mathematical problem to find the height of the part which was

cut away.

Let x be the height of the part
x =312 —x
x3=12—x

33 +x—-12=0

109
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Exercise 3.2
Example 3.9 Find a polynomial equation of minimum degree with
rational coefficients, having 2 — V3 as a root

If one of its root is 2 — V3 .s0 other root is 2 + V3

Sum of the root =2—)@/+2+)E/

Sum of the root = 4
Product of the roots = (2 — \/5)(2 + \/§)

2
=(2)?-(V3) =4-3=1
Product of the roots = 1

x? — (sum of the root)x + product of the root =0
x2 —4x+1=0

Example 3.9 Find a polynomial equation with integer coef ficients,

V2 .
— asaroo
V3
N2 . V2
Since |— is aroot of the equation. Hence x — |— is a factors
V3 V3

’\/E
To remove the outermost square root.we take x + |— as another factor

V3
vz V2 , V2
The product of their factors|x — |— [[x+ [—=| =0= *"—%=0
p f f N Ne V3
. . . . , V2
Still we didn’t achieve our goal.So we include another factorx® + \/_§
2
2|, . V2 V2
Hence the product is x> ——=|[x*+—=| =0 = (x?)? - <—> =0
p [ N N (x%) 7
. 2_O - 3x4—2_0
3T 3
3x*—2=0

is a required polynomial equation with the integer coef ficients.
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Eg:3.11 Show that the equation 2x*> — 6x + 7 = 0 cannot be satisfied

by any real values of x.

Equation:2x* —6x+7=0
a=2,b=—-6c=7

A= b? —4ac
A= (-6)*—4(2)(7)
=36—-56=-20<0
~ A< 0,The roots are imaginary numbers

Example 3.12 : If x* + 2(k + 2)x + 9k = 0 has equal roots, find K.
Equation: x*>+2(k+2)x+9k =0
a=1,b=2(k+2),c =9k
Given equation has equal roots .. A= 0
b? —4ac =0
[2(k +2)]? —4(1)(9%k) =0= 4(k+2)*-36k=0

4[k% + 22 + 2(k)(2)] — 36k = 0 = 4[k? + 4 + 4k] — 36k = 0

4k? + 16+ 16k —36k=0 = 4k?—-20k+16=0
+4
k?—-5k+4=0
k—-1)(k-4)=0=k=1=0k—-4=0

k=1k=4

Example 3.13: Show that if p,q,r are rational the roots of the
equation x* — 2px + p?> — q* + 2qr —r? = 0 are rational

Equation : x*> —2px +p? —q* +2qr —1r2 =0
a=1,b=-2p,c=p?—q?+2qr—r?
A = b? — 4ac
= (=2p)* = 4(D(P* - ¢* + 2qr — 1?)
=4p? —4 (p? —q* + 2qr — 1%
= Ap? —AD? + 4q% — 8qr + 4r% = 42 — 8qr + 412
= 4(q* — 2qr + r*)= 4(q — r)? > 0 which is a perfect equare.

Hence the roots are rational.
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Example 3.15: If 2 + i and 3 — V2 are roots of the equation
x® — 13x° + 62x* — 126x3 + 65x% + 127x — 140 = 0. find all roots

Givenrootsare 2+ iand 3 — \/E,
2 — i and 3 + V2 are also roots of the equation
Hence the factors are
[x— Q2+ D], [x—2-=1)] [x — (3 — \/E)], [x — (3 + \/5)] are factors
The product of their factors
[x— Q2+ D][x—2—-1)] [x—(3—\/§)][x—(3+\/§)] =0
x2—Q2-Dx —QR+iDx+Q2+)2-1)]
[x2-(3+V2)x—(3-V2)x+(3-V2)(3+V2)] =0
[x2 — 2x +4x — 2x —jif + 2% 4+ 1?]
[x2 —3x—ﬁ/—3x+)é/x+32—(\/§)2] =0
(x2—4x+5)(x*—-6x+9-2)=0
(x2—4x+5(x%?—-6x+7)=0

x* —6x3 + 7x% —4x3 + 24x% — 28x + 5x2 —30x + 35 =0
x*—10x3+36x%2 —-58x+35=0
Dividing the given polynomial by this factor

x> —3x—4

x* —10x3 + 36x% — 58x + 35| 6 — 135 + 62x4 —126x3 4+ 65x% + 127x — 140

(/){l +) - ) ( )
—10x° + 36x — 58x3 4+ 35x2

—3%5 + 26x* — 68x3 + 30x2 + 127x
+) (= NS ( )
335 4 30x* 2 108x° + 174x2 S 105x
— 4x* 4+ 40x3 — 144x% + 232x — 140

CONG (+) ) (+)
—4x% 4+ 40x3 — 144x% + 232x —140

0
The other factoris x> —3x —4 =10
x+1Dx—-4)=0
x+1=0,x—-4=0
x=-1,x=4
The roots of given polynomial equationare 2 +1i,2 —i,3 + \/f, —1and 4

112
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1.If kisreal,discuss the nature of the roots of the polynomial
equation 2x* + kx + k = 0 in terms of k.

2x2+kx+k=0
a=2,b=k,c=k
A= b?—4ac
=k? — 4(2)(k)

A= k*—-8k = A=k(k—28)
When k < 0, (A > 0) the polynomial has real roots
When k = 0,k = 8, (A = 0) the polynomial has equal
When 0 < k < 8,(A < 0)the polynomial has imaginary
When k > 8, (A > 0) the polynomial has real and distinct.

2.Find a polynomial equation of minimum degree with rational
coefficients, having 2 + V3 i as aroot

If one of its root is 2 + V3 i .So the other root is 2 — V3i
Sum of the roots = 2 +/J§/i + 2 —/gi
Sum of the roots = 4
Product of the roots = (2 ++3 i)(Z -3 i)
=224 (V3) =4+3=7
Product of the roots =7
Required equation: x?> — (sum of the root)x + product of the roots = 0
x2 —4x+7=0

3.Find a polynomial equation of minimum degree with rational
coefficients, having 2i + 3 as aroot

If one of its root is 3 + 2i.So the other roots is 3 — 2i
Sum of the roots = 3 +2i + 3 =2i
Sum of the roots = 6
Product of the roots = (3+2i)(3—2i) =3%2+22 =9+4
Product of the roots = 13

Required equation:
x%? — (sum of the root)x + product of the roots = 0

x> —6x+13=0
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4.Find a polynomial equation of minimum degree with rational
coefficients, having V5 — V3 as a root

If one of its root is V5 — /3 .so other root is V5 + V3
Sum of the root =5 —;@1\/5%
Sum of the root = 2v5

Product of the roots = (\/E - \/§)(\/§ + \/§)
=(V5) —=(V3)'=5-3=2
Product of the roots = 2
x? — (sum of the root)x + product of the root =0
x2 —2V5x+2=0= x242=2V5«x
(x2+2)2= (25 x)z
x* + 2x%2(2) + 2% = 4(5)x?
x*+4x? +4=20x>= x*+4x>+4-20x>=0
x*—16x2+4=0
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Exercise 3.3

Example 3.16: Solve the equation: x* —9x* + 20 =0
x*—9x2 420 =0 _J’/\;)
(x2)2—-9x24+20=0
Lety = x*
y2—9y+20=0=(y—4)(y-5)=0
y—4=0y-5=0=y=4Y=>
Now x? = 4, x2=5=x=V4 x=1V5
x =42
The solution of given equation 2,—2,v/5,—/5

Example 3.18: Solve the equation: 2x3 + 11x* —9x — 18 = 0

Sum of the coefficient of odd terms
= Sum of the coef ficient of even terms

—1isaroot of the equation and Hence x + 1 is a factor of the equation
Divide 2x3 + 11x?> —9x — 18 by x + 1
2x%+9x—18
Fx3 2 _Qy —
x+ 1| 2x° +11x°—9x — 18

(Z_)()
x3 + 2x?

- The other factor is 2x*> + 9x — 18 = 0

+ X
(x+6)(2x—3)=0 = x+6=0,2x~3=0 9/\_36

x=-—6, 2x =3 6
3 2 —3X

x =3 257

2 X X

3
~ The roots of the given equation are — 1, —6,5

115
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Example 3.22: It is known that the roots of the equation
x3 — 6x% — 4x + 24 = 0 are in arithmetic progression. Find its roots
Let a, 5,y be the roots of the equation form an A.P.
a=a—d,f=ay=a+d
Given equation : x3 — 6x2 —4x +24 =0
a=1b=—60c=—4,d=24

b 6
sum of the roots: X =- =I=6
a+p+y=6
a—d+a+a+d=6=3a=6
a=2
Hence f = 2

d
Product of the roots:¥; = — 2

—24
23 =T=—24 = aﬁ)/: —24

aAaX2Xy=-=-24 = ay =—-12
(a—d)(a+d) =-12 = a?> —d? = —12 wherea = 2
22-d2=-12 = 4—d?=-12 = —d*=-12-4
_d?=-16 = d? =16 = d =16
d =14
a=a—-d=2—-4=-2

y=a+d=2+4=6
The roots of the equation are —2,2,6

1.Solve the cubic equation : 2x3 — x?> — 18x + 9 = 0 if sum of two of
its roots vanishes.

Given equation : 2x3 —x?> —18x+9 =10
a=2,b=-1,c=-18,d =9

Let a, 5,y be the roots of the equation.

Given sum of two of its roots vanishes :a+ [ =0

B=—a
b 1
Sum of the roots : Z oc=0(+[3+y=—a=> a+B+y=§
1
1 1 where f = —«
%—%+y=5$ yzi

d
Product of the roots: Z afy =— 2
3
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9 1
a,[?y=—§ Where[)’=—aandy=§
t_ 2 =>o:2><1—2
ax—axi——z Z/_Z
=9 = a=vV9 = a=43
suba=3inf=—-a=p=-3

~a=3,=-3,y=1/2
4. Determine k and solve the equation 2x3 — 6x?> + 3x + k = 0 if one of
its roots is twice the sum of the other two roots.

Equation:2x3 —6x? +3x+k =0
a=2,b=-6,c=3,d=k
let a, B,y are the roots of the equation
Given:one roots = 2 X sum of the other two roots
a=2(B+v)

Sum of the roots : Y.« =77
6
21:§=3 $21:3
a+p+y=3..(1)
26+y)+B+y=3=3B+y)=3
B+y=1 ..(2)

Subf+y=1in (1) a+B+y=3
a+1=3= a=3-1

a=2
3
The sum of product of two roots: 22=a=§
3
a,B+By+)/a=§ where a = 2
3 3
2'34_'3],4_2)/:5:}2[3"'2]/"',8)’:5
3
28 +7)+fy = Wwheref+y =1
3 3 3—4 1
2 +By=5=Pr=5-2 = fy=——= Py=—=
2 2 2 2
d k
The sum of product of all roots: Y3 = )

k

afy = -3

k 1
afy = 2 where a = 2, By = =2
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2 2
5 _ 1 p+y=1
=72 B=1-y
1
_ — = —_ 2:——
1-py= Y=y >

2y =2y =—-1= 2y =2y +1=0

2242y +1=0= 2y2-2y—-1=0
a=2b=-2,c=-1

—b+w/b2—4ac Zi\/4_4(2)(_1)
y=—— = v =
2a 2(2)
2+V4+38 2 £V12 _21+V4x3
y=—= = y= = V=—"7 "
4 4
2+2V3 _, _4(1i\/§)=>y:1i_\/§
4 2
1+v3 2-(14v3) 2-1+vV3 1++3
ﬁ:l—yﬁﬁzl_ = (_\/—)z =
2 2 2 2
1++3
p=—
1++V3 1++3

~ Therootsarea = 2,8 = > Y =

5.Find all zeros of the polynomial
x® — 3x> — 5x* + 22x3 — 39x% — 39x + 135 if it is known that 1 + 2i and
V3 are two of its zeros.

Given zeros of the polynomial are 1 + 2i and V3

2

1—2i and —+/3 are also zeros of the polynomial.
The factors are [x — (1 + 2i)],[x — (1 — 2i)] ,(x — \/§), (x + \/§)
Hence the product of the factors
[x — (1 +20)][x — (1 = 2D)](x — V3)(x + V3)
[x =1 = 20][x = 1 + 20 (x — V3)(x + V3)
a b a b
(- 12+ @7 - (V3)'] = @ = 2x 4 140G - 3)
=(x%2-2x+5x%—-3)=x*—2x3+5x2—3x?+ 6x— 15
=x*—2x3 +2x% + 6x—15
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Dividing the given polynomial by this factor: X* —2x* + 2x* + 6x — 15
x2—x-9

x* —2x3 +2x* + 6x — 15| x5 — 3x5 — 5x* + 22x3 — 39x2 — 39x + 135

=), P = (+ )
/(6—2x + 2x* (+)6x — 15x2

—x5 — 7x* + 16x3 — 24x% — 39x

+ . =) (+) (+)
( »)(5 + 2x* —2x3 —6x2 E|-)15x
—9x* 4+ 18x3 — 18x% — 54x + 135
+H =) ) )
—9x% +18x3 — 18x2% — 54x + 135

0
~ The other factorisx> —x—9=0
a=1,b=-1,c=-9

~b+Vbh: —4ac _, L 1++/12 — 4(1)(-9)

X =

2a 2(1)
1+V1+36 1++37
X = 5 ="
1++/37 1-+37
X = ,
2 2

6.Solve: (i) 2x3 —9x> +10x —3 =0
Sum of the coefficient =2—-9+10—-3=12—-12=0
. (x — 1) is the one of the factor of the given polynomial
Divide: 2x3 —9x2 + 10x —3 by x — 1

2x%2 —T7x+ 3
x—1| Zx3—9x% +10x — 3
()(+)
2x3 — 2x2

—7/2+10x

+)

/7§c +7x
3x—3
=) )
3x —3

0

we_get the other factor.is 2@ =0 119
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2x—1)(x—-3)=0= 2x—-1=0, x—3=0 + x
1

Th Zf h p l l 1 —1 3 2V562 y;
e roots of the given polynomial are 1,—,
9 y 2 (2x — 1) (x — 3)

6.(ii)8x3 —2x2-7x+3=0
Sum of the co.ef ficient of odd terms=8—-7 =1

Sum of the co.ef ficient of eventerms = —2+3=1
Sum of the co.ef ficient of odd terms

= Sum of the co.ef ficient of even terms
~ (x + 1) is one of the factor of the given polynomial.
hence x = —1 is one of the root
Divide: 8x* —2x* —7x+3byx +1

8x% —10x+ 3

a1 /8/x(—)2x —7x+3

/86C + 8x?

—/1’6x( 3 7x
(+) +
—10x? — 10x
3x+3
= =
3x+ 3
0

we get the other factor is W =0
_l_

X
(4x—-3)2x—1)=0 > 4x—-3=0,2x—1=0 —10/\24

4x =3, 2x =1 -3 14y
3 1 42 ¥
X=pr=; s &

(4x—3) (2x—1)

13
~ The roots of the given polynomial are — 1,5,1

7. Solve the equation: x* — 14x*> + 45 =0
x*—14x2+45=0= (x?)2 —14x2+45=0

Lety = x?
y2—14y+45=0= (y—-9)(y -5 =0 =y—-9=0,y—-5=0
y=9 y=5
Now x?2 =9, x> =5 = x =49, x=%V5
x =33

The solution of a given equation 3, 23/4/5,-4/5 120
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Exercise:3.5
Example 3.25: Solve the equation: x3 — 5x* —4x +20 =0

Here 2 is aroot of the equation. Hence x — 2 is a factor of the polynomial
Divide x3 — 5x2 —4x + 20 by x — 2
x> —3x =10
x—2| 45 —5x%—4x+20
(;)(3 (i_)ZxZ
—342 — 4x
+H =
—3%2 + 6x
—10x + 20

+) )
—10x + 20

0

~ The other factorisx? —3x—10=0

x=5x+2)=0 + x
x—5=0,x4+2=0 _?/\—10
x=5x=-=2 -5 2

The solutions are 2,—2,5

Rational theorem:
Let apx™ + -+ a;x + ag with a,, # 0 ay # 0.1f Z with G.c.d (p,q) =1

p = factor of ag

q + factor of a,
Example 3.26: Find the roots of 2x3 + 3x*> + 2x + 3

a, =2:+(1,2
n £(1,2) p + factor of a,
ap =3:4(1,3) — =
q = factor of a,
p *(1,3) 1 3 1 3
- = =i_li_li_)i_
q *+@,2) 17172 72

are the possible rational roots of the polynomial
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ﬂ?ational polynomial

roots P(x) = 2x3+3x% +2x+3 P(x) |Root/not aroot

1 2+3+2+3 =0 not a root

-1 —-2+3—-2+3 +0 not a root

3 2(27) +3(9) + 2(3) + 3 # 0 not a root
2(-27)+3(9)—-6+3

-3 not a root
\_ = 54427 6+3 #0 %

Rational polynomial
roots P(x) =2x3+3x%>+2x+3 P(x) |Root/not aroot
1 1 1 1
Z =2(Z)+3(Z)+2(=)+3 £ 0 not a root
: (5)+2(:)+2(2)
=2 ! +3 1 + 2 1 +3
1 a 8 4 2
2 1 3 #0 not a root
=——+4+-—-1+3
4 4
3 3\ /3\* /3
2 =2(§> +3(§> +2(§>+3 # 0 not a root
3 3\’ 3\? 3
i =2{—=] +3|—=| +2|—=)+3
Z 2 2 2 =0 is aroot
=2 27 + 3 0 3+3
a 8 4

BLUE STARS ur.sec scHooL

3
- 3 is a rational root

X = _E = 2x = =3
2x +3 =0is a factor of the given polynomial

To find other factor Divide:2x3 + 3x? +2x +3 by 2x + 3
x? +1

2x +3 ?3+§7/Z+2x+3
(A
x3 + Bx?
X +
(—)z(—)f
x +'3

0 122
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Example 3.27: Solve the equation 7x3 — 43x* = 43x— 7
Equation: 7x3 —43x?> —43x+7 =0
This is an odd degree reciprocal equation of Type I.
—11is aroot of the equation and have x + 1 is a factor.
Dividing the polynomial 7x3 — 43x? — 43x + 7 by the factor x + 1
7x*—50x+7

e+ 1| 7E—43x2 —43x+7
? =)
x3 + 7x?
—50x% — 43x
CIINED)
—}Y'/WCZ—SOX n %
5% 5\
R —7
7x +7 —1x a9y
0 77;(‘(9; 752
- The other factor is7x*—50x+7 =0 7x-1) (x=7)
u
(7x—1D(x-7)=0= 7x—-1=0x—7=0
Ix=1,x=7
_1
*=7

Solution of the given equations are — 1,;, 7.
Example 3.28:Solve the equation: x* — 10x3 + 26x* —10x+1 =10

x*—10x3+26x> —10x+1=10

+ x?
10 1 1 10
x*=10x+26——+—==0= x2+——10x——+26 = 0
X X x2 X

, 1 1
x*+—=—-10lx+-|+26=0
X X

1 1
Lety=x+;then x2+ﬁ=y2—2

2
y? = (x+=) = 2ox2 4 Lo (L
X Yo = x2
1

1 2 — A2
y2=x2+ﬁ+2=>y —Z=x"t5
y2—2-10y+26=0 = y* =10y +24 =0

y-6)(y—-4)=0=>y-6=0,y—4=0
y=6y=4

123
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Case(i)y =6
x?+1
X

—6 = x*+1=6x

1
xX+—-=6 =
x

x’—6x+1=0
a=1b=-6,c=1

[ —bi\/ibz—élacJ L . 62 —2®
X =

2a 2(1)
6 ++V32 6 V16 X2
= = X =—-
2 2
6142
T2
x=342V2,3-2V2

Case (ii)) y =4

X

— x=3+2V2

X

x2+1
x

1
Xt-o=4 = —4 = x*+1=4x

x> —4x+1=0
a=1,b=—-4c=1

{ —bi\/bz—é}aCJ
X = =

4+./16 —4(1)(1)
X =

2a 2(1)
4412 4+2V3
x: —_
2 2
x=2+V3 = x=2++3,2-3

3 3
3.Solve: 8x2n — 8x 2n = 63

3 8 3 1
8x2n —— =63 = 8| x2n —— | = 63

x2n x2n

3
Let y = xn —2/\24
1 8(y%—1 —
8<y_;>=63=> G*-1 _ 8

. 63 1y —64y
8y2—8 =63y = 8y2—63y —8=0 83;2 Ay
By+ DO -8 =0=8y=-1y=8 B+ -8
PR
Now y = x2n
A 1os
8,x2n_8

124
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\2" \"
x=(—§> ,x = (220 = x=<Z> X = 4"

a b 6a
4Solvezf+3f —+—
X 2
2\P+3\F _+_:zj f ”*6“
a X
3

2 2
2 g+ F - - :b6a
a
X
Lety=\[%
3 b2+6a% _, 20+ b2 + 6a>
A= " ab

2aby? + 3ab = b%y + 6a*y = 2aby? — b*y — 6a’y + 3ab =0
2aby? — b%y — 6a’y + 3ab = 0 = by(2ay — b) — 3a(2ay — b) = 0
(2ay —b)(by—3a)=0=2ay—b=0,by—3a=0

2ay=b by=3a = y =2 5a
ay = ) = oa =—, e —
y by Y =57 Y=
Case(i) y =5
X b X b2 bz
—_— = et —_-
a 2a = Z W *
squaring on both side
3a
Case (ii) Yy = 5
f:?’_a X 9a? 9a3
a b T GTHr T YT RT

Squaring on both side

5.Solve the equations (i) 6x® — 35x°> + 56x* — 56x* +35x — 6 =0
The polynomial equation :6x® — 35x° + 56x* — 56x% + 35x — 6 = 0
(Middle is zero)

Which is an even degree reciprocal equation of Type II.
So 1.and —1 are two solution.
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Hence (x — 1) and (x + 1) is a factor of the polynomial.

The product of the factor=(x —1)(x +1) = x%2 -1

Dividing the polynomial by the factor x*> — 1
6x*—35x3+ 62x%2 —35x + 6

x2—1| 6x°—35x>+56x*—56x%+35x—6

=), &)

646 — 6x*
_35%° + 62x*
+ ()
—35%5 + 35x3
_67x* — 35x3 — 562
=) D
_62x* — 62x?
— 35x%3 + 6x% + 35x
+
—/3%’ + 35x

6= 6
=) )
6x%2— 6

0

5.Solve the equations (i) 6x* — 35x3 + 62x* —35x+ 6 =0

6x* — 35x3 + 62x% — 35x + 6 as a factor Dividing this factor by x?
and rearranging the terms we get

6x* — 35x3 + 62x% — 35x
+ 6 x2

=0

, 35 6 , 6 35
6x? —35x+62——+—=0= 6x“+—5—35x——+62=0
X X X X

2 1 1 _
6|x +F — 35 X+; +62=0 + %
1 —35 300
Lety—x+; _5 ~10

=150 —20y

y2=<x+1>2= y2=x2+x—12+2&)(;(> 2% 3%

x

) @y—-4)  3y-10)
2 _ 9,24 —

y2=x2+ﬁ+2=>y 2=x"+73

6(y?—2) —35y+62=0 = 6y>—12—-35y+62=10

w0=0 = (y—-5)3y—-10)=0
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2y =5, 2y =10

+ X
5 10 _/\4
YT YT ~2

5 —1x X
Take :y == —
ake:y =3 2/
1 5 x24+1_5 ) (x-2)
X+-—=7 = =5 = 2x?+2=5x (2x — 1)
x 2 X 2
W=O= Q2x—1Dx—-2)=0 =2x—-1=0,x—2=0
2x=1,x=2
1 + X
x=3 _1V\9
10 —1x N
Takingy = — — <
3 3;f 3x2,
et 0 x?+1 10 Bx=1) (x-3)
X 3 X 3

3x? +3 = 10x = W3=o

Bx—-1)(x-3)=0=3x-1=0,x—3=0

3x=1,x=3
_1
=3

Hence the solutions are 1,—1, 2,5, 3,§
5.(i)x*+3x3-3x-1=0
The polynomial equation is an even degree equation of type 11
and the middle term is zero
~x =1and x = —1 are solution
Hence the product of the factor= (x — 1)(x+1) =x2 -1
Divide the polynomial by the factor x*? — 1

x2+3x4+1
x2—1| A*+3x3—-3x—-1
-) (+

— x?2

3%3 + x% — 3%
=) B
3%3 —3x
x? -1
=) )
x?—1
0

127
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~ The other factorisx>+3x+1=0
a=1,b=3,c=1

_—bi\/bz—4ac
= 2a
L3 +./32 —4(1)(1) _ —3+V9—4
2(1) N 2
—3+4/5 —3++v5 =3-+/5
x=—— " = x= )
2 2 2
, —3+4++5 -3-+5
The solutions are 1,—1, > ) >

6.Find all real numbers satisfying 4* — 3(2**2) + 25 =0
4% —3(2%%2) 425 = 0
(2H)* =3(2%(2H+25=0
(2%)2 —12(2%) +32 = 0
Lety = 2%
Y2 —12y+32=0= (y—8) (y—4) =0
y—8=0y—4=0

y:8,y=4
Take:y =8
2x=:2x=23
Take:y =4
2X =4 = 2% =22
x=2

7.Solve the equation: 6x* — 5x3 —38x* —5x+6 =0

1
if it is known that 3 is a solution

Equation: 6x* —5x3 —38x2 —5x+ 6 =0

Given 3 is aroot of the equation and 3 is also a root of the equation.

Hence thefactors are (3x — 1), (x — 3)
Product of the factors :(3x — 1) (x —3)=0
3x~9x  +3=0
3x2—10x+3 =0
Dividing the given polynomial by 3x* — 10x +3 =0
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2x2 +5x+2
3x2 — 10x + 3| 6% —5x3 —38x2 —5x + 6

/6(7 + =
x* — 20x3 + 6x2

_15x3 — 44x% — 5x
=) ) =)
/1’5?3 —50x% + 15x

6x%>—20x+6
RGO
6x% —20x+ 6

0
The other factor iS@Z =0 N
X
2x+1D)(x+2)=0 5 4
2x+1=0,x+2=0 14 G
2x=-1, x=-2 J?
1 P (x +xz)
X =—= (2x+ 1)
2)
1 1
~ The solutions are — 2, — > 3,§
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Exercise: 3.6

Descartes Rule
The number of positive roots, number of negative roots and number of
non real complex roots for a polynomial over R

Statement of Descartes Rule

The concept of change of sign in the coef ficients of a polynomial

The polynomial :2x7 — 3x° — 4x5 + 6x3 — 7x + 8

Sign of coefficient : +,—, —, +,+,—, +

Definition : 3.2
The number of sign changes,we get some information about the roots
of the polynomial using Descartes Rule.

Theorem: 3.7

If P is the number of positive zero of a polynomial p(x) with real

coefficient and S is the number of sign changes is coef ficient of P(x)
then S — P is non negative even integer.

The theorem state that the number of positive root of a polynomial P(x)
cannot be more than the number of sign changes in coef ficient of P(x).

The dif ference between the number of sign changes in the coef ficient of
P(x) and the number of positive roots of the polynomial p(x) is even.
Attainments of Bounds
(a) Bounds for the number of real roots
The polynomial : p(x) = x5 — 2x* — x + 2
+I T +
101
~ p(x) has 2 sign changes
m =2
The number of positive roots of the polynomial 2 or 0
p(—x) = (—x)°-2(-0)* — (—x) + 2

p(—x) = —x> —2x* + x + 2

IV +; +
010
~ p(—x) has 1 sign changes
k=1

The number of negative roots of the polynomial 1
The polynomial p(x) = x* + 5x3 + 7x2 + 5x + 6
p(x) has no sign changes
m=20
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p(—x) =x*—5x3+7x2-5x+6
+,— 4=+
1111
p(—x) has 4 sign changes
By Descrates rule
p(x) has no positive roots

p(—x) has 4 or 2 or 0 negative roots.
Bounds for the number of Imaginary (Non real complex) roots
using the Descartes rule,
To find number of Imaginary roots.
Let m denote the number of sign changes in coef ficient of p(x)
Let k denote the number of sign changes in coef ficient of p(—x)
Let p(x) of degree n
~ The number of Imaginary roots=n — (m + k)
Example 3.30: Show that the polynomial 9x° + 2x° — x* — 7x* + 2
p(x) = 9x% + 2x5 — x* — 7x? + 2

+, o+ =+ o+
N NS
1 1

p(—x) = —9x% — 2x° — x* — 7x? + 2

) ) ] U

1
Positive | Negative | Total No.of | Imaginary
roots roots roots roots
2 1 9 9-3=6
0 1 9 9-1=8

Example 3.31: Discuss the nature of the roots of the following
polynomial

(i) 22018 + 1947x1950 + 1548 + 26x° + 2019
p(x) = x2018 + 194751950 4 15x8 + 26x° + 2019

+, o+ o+ o+ 4+
p(—x) = x2018 + 194741950 + 15x8 + 26x° + 2019
+, o+ 4+ o+ O+

Positive | Negative | Total No.of | Imaginary
roots roots roots roots
(m) (k) n
0 0 2018 2018
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(i) x5 — 19x* + 2x3 + 5x% + 11

Let p(x) = x> — 19x* + 2x3 + 5x% + 11
+ - f 4
N

1 2

p(—x) = —x°> — 19x* — 2x3 + 5x% + 11

No.of possibilities

Positive | Negative | Total No.of| Imaginary
roots roots roots roots
M k n
2 1 5 5—-3=2
0 1 5 5—-1=4

1.Discuss the Maximum possible number of positive and negative
roots of the polynomial equation
9x% —4x8 + 4x7 —3x0 +2x° +x3 + 7x2+7x+2=0

Let p(x) = 9x° — 4x® + 4x7 — 3x® + 2x> + x3 + 7x%2 + 7x + 2

+, ) +; ) +I +I +; +; +
1 2 3 4
p(—x) = —9x°% — 4x8 — 4x7 —3x® —2x° —x3 + 7x?> - Tx + 2
) ) ) ) ) ) +; Y] +
No.of possibilities \1/ 2 3
Positive Negative | Total No.of Imaginary
roots roots roots roots
m k n
4 3 9 2
2 1 9 6
0 1 9 8

2.Discuss the Maximum possible number of positive and negative
zero of the polynomials x> — 5x + 6 and x*> — 5x + 16. Also draw
rough sketch of the graph.
— .2
Let p(x) ;,x —_S,x + 6+ N o
\1)\2/ _EA 6
p(x) has 2 sign changes
p(—x) =x?>+5x+6

+, +, + 132
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p(—x) has no changes
x> —5x+6=0
x—3)x—-2)=0
x—3=0, x—-2=0

x=3, x=2
No.of possibilities

Positive Negative | Total No.of| Imaginary
roots roots roots roots
M k n
2 0 2 0
0 0 2 2
yﬂ

2\/3 > x

Q(x) =x®>—-5x+ 16

+; ] +

N NS

1 2
Q(x) has 2 sign changes
Q(—x) = x*>+5x + 16
+, +, +

Q(—x) has no sign changes

No.of possibilities

Positive | Negative | Total No.of Imaginary
roots roots roots roots
M k n
2 0 2 0
0 0 2

x> —5x+16=0
a=1b=-5c=16

—b + Vb2 — 4ac
X =
2a

133
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L 5+(=5)2-4(1)(16) _5+ V25 — 64

2 2 yu
5+vV-39 5%+iv39 16
x e —
2 2

The roots are imaginary
hence the does not intersect x — axis > X

3.Show that the equation x° — 5x° + 4x* + 2x? + 1 = 0 has atleast 6
imaginary solution.

Letp(x) = x® — 5x° + 4x* + 2x%2 + 1
A A
1 2
p(x) has 2 sign changes.
p(—x) = —x° +5x° + 4x* + 2x% + 1

- + o+ o+ o+
N

1
p(—x) has 1 sign changes.

No.of possibilities

Positive | Negative | Total No.of | Imaginary
roots roots roots roots
M k n
2 1 9 6
0 1 9 8

4.Determine the number of positive and negative roots of the
equation x° — 5x8 —14x”7 = 0
Let p(x) = x° — 5x8 — 14x7
+: ¥ -
N
1

p(x) has 1 sign changes
p(—x) = —x° — 5x8 + 14x7
_’ _) +
N _“

The number of possibilities

Positive | Negative | Total No.of | Imaginary
roots roots roots roots

(m) (k) n
1 1 9 7 134
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5.Find the exact number of real roots and imaginary of the equation
x% +9x7 + 7x> + 5x3 + 3x
Let p(x) = x° + 9x7 + 7x> + 5x3 + 3x
+, + o+ o+ 4+
p(x) has no sign changes.

p(—x) = —x° — 9x7 — 7x°> — 5x3 — 3x

) ) ) )

p(—x) has no sign changes.
The number of possibilities

Positive | Negative | Total No.of | Imaginary
roots roots roots roots
(m) (k) n
0 0 9 9
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| nver se Trigonometric Functions
Exercise: 4.1
The inverse sine function and its properties
The inverse sine function is defined by
y = sin"lx or arcsinx if and only if siny = x.

The domain of y = arcsinx is [-1,1].

T T
The range of y = arcsinx is 55
sin: [—E E] — [-1,1]
Lo2’2 ’
n 1 [-1,1] — _rr
sin™: , 55
T T
The restricted domain [— i) is called the principal domain

of sine function and the values y = sin"1x
[-1,1] are known as principal values of the functiony = sin™1x

Amplitude and Period of a graph

The amplitude of y = asinx

amplitude = |a|

21
The period of y = asinbxis m

To solve the equation sinx = 5

1
To findx: x = sin™! <E>
one has to find all values of x in the interval (—o, o)
T T

one has to find unique value of x in the interval | — E'E]

1
Example:4.1 Find the principal value of sin™! (— E) inradian

and degree

1 T
L t = si 1 —= 0 =
et y = sin 1( 2) 30 U:\X180
siny:—E w6
6

siny = Sin(—3O°)
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o T
y =-30= ~% Sincey € |—= 2]
o . . m :
The principal value of sin™?! (— 5) is — g radius this corresponds

to —30°
Example: 4.2 Find the principal value of sin"1(2).if it exist
Domainof y = sin"tx is[-1,1] and 2 & [—1,1]

~ sin~1(2) does not exist

1
Example:4.3 Find the principal value of (i) sin™! (\TE)
1
Dsin™!|—
s ()

1 1
Let y = sin™! <—> Since—€ [-1,1
vz) Snee g € -0
) 1
siny = —

V2
siny = sin45’
T T

s T
Yy =45 =— Since 25

3
sin~1 (sin (_ g)) = _g [Slnce ——€|—= Z]J
(iii) sin™1 (sin (%")) (st ©x180° e N
Slnce_g[_zz 6 ° -
2°2 sin150°= sin(180° — 30°)
sin~! (sin <5?ﬂ>)= sin™1 (sin (n - g)) \ = sin30" = smg )
= sin~? (sin (%))
= %Sinceg € —57

Example: 4.4 Find the domain of sin™1(2 — 3x2)
Domain of sin~!x is [-1,1]
-1<2-3x2<1

—1-2<2-3x%=2<1,=2
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—3<-3x*<-1 a<l|x|<b
[x € [-b,—a] U |a, b]]

1. Find all the values of x such that (i) — 10w < x < 10w and sinx = 0
(ii) — 8w < x < 8mand sinx = —1

sinx=0=x=nm,n€l

sinf = sina
n € [-10,10]= n=0,%1,+2,%3,..+£ 10 0 =nr+ (—1)"a,n€Z

ii) sinx = —1 T T
( )_ ) ) Domain for sin: ——,—]
sinx = —1 = sinx = sin(—90°) 2°2
T
smyf sm( 2)
sinf = sina
T
Here O = x,a = -5

x=nm+ (—1)" (—%) =x=nn+ (-1)"(-1) (—)
x =nm+ (—1)"* (g) ,nEl
x = nm + (—1)"*! (g) ,nEl
n=20 o i
0= O+ D™ (5) =0+ 1" (5)
n=1 T -
x =1m + (—1)1*? (E) =1+ (—1)2 (E)
=n+E_2n+n
22
3
=7
n=2 - T
x = 2m + (—1)2*1 (5)22’”(—1)3 (E)
T 4m—m
=20 ——= =
2 2
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T

_3

T
3 = _77t
n= x—2
4= It
n= x—2
£ = _117‘[
n= X = >
117
n=6=x=—-

[
x = (4n — 1)5 n=0,+1,+2,+3,4
Ex:2 Find the period and amplitude of

(i) y =sin7x
y = a sinbx
Herea=1land b =7
Amplitude = |a| = 1| =1
period =2_7T=2_7T_2_T[
bl 171 7
(ii) y = —sin <1 x)
3
y = a sinbx
Hereaz—landbz%
Amplitude = lal=|-1]=1
period =2—ﬂ=2—n =2—n =27t><E
- I B
= 6n
(iii) y = 4 sin(—2x)
y = a sinbx
Herea=4and b = -2
Amplitude = |al= |4|= 4
periods = 2—n= 2—ﬂ= o =T
bl |-2] 2

1
3.Sketch the graph of y = sin <§x>

Amplitude = |al = |1}-=1
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od 2m 2m  2m 3
perio _W_T —T—anI
3 3 Va
= 6n yzsin(%x)

p— ’ 1
y =sin|zx

whenx =0, y = sin(0)

y=0 X
1 4n 5 T +
when x = 3m, y = Sin 3 X 37T>
y = sin(m) 28
y=0

2w
Ex:4 Find the value of (i) sin™! [sin <?>]

Lety = sin™ ! [sin 2—7T Sincez—n & [—E z 2t 2x180°
3 3 2°2 == =120
T
— cin—1]cs _ =
y = sin [sm (n 3)]

y = sin™1 [sin g]

sin120° = sin(180° — 60°)

2 . W
sin—nzsin60 = Sin—

Sle[-II 3 ’
Y =3 2’2

(ii) sin™?! [sin <5—n>]
4

Lety = sin™! -sin o Sinces—n ¢ [—E T
A 4 2’2
- b :
y:sin‘1 Sin(ﬂ-l-z)] (5_7t_5><180 kg
) - 4 4
N R L :
y =sin~!|—sin 4] L =225
_ / R S A
y = sin~! [sin (_%)] sin 225 = sin(180° +457)
- = —sin45 = —sin—
T T 4
y=—7E€ [——,— h
4 22 sin(—0) = —sin0d

5.For what value of x does sinx = sin" 1 x?

The only solutions
sin0=0 and sin"10=0
.~ sin0=sin"10
Hencex =20 140
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x*+1
6.Find the domain of the following f(x) = sin‘1< o >
The Domain of sin™'x is [—1,1]
x?+1
2x
x2+1 x*+1
< -
- 2x ' 2x
—2x<x*+1, x*+1<2x

-1< <1

0<x*+1+2x, x24+1—-2x<0
X2 42x+1>0, x>—2x+1<0
(x+1)?=>0, (x—1)%<0

x+1=0, x—1<0
x=>-1,..(1) x<1..(2)

From (1) and (2) Domain = [—1,1]

[
(i) g(x) = 2sin”!(2x - 1) -

-1<2x—-1<1
—14+1<2x—-1+4+1<1+1
0<2x<?2
2
0<x<1
Domain = [0,1]
7. Find the val in1|sin 2" cos ™+ cos -sin "
.Fin e value of sin™" |sin 9 cos9 cos 9 sm9
Let i [sin " “s o i 2 2 x 180°
ety =sin" " |sin—cos—+ cos —sin— T
y=st Mg €999 9 *MY St _eXI0 60
sinA cosB cosA sinB 3 3
|sin(A + B) = sinA cos B + cos A sin B] =120
— ein—1 . STC n — . 67-[ o
y=sinogsin{ gt g |l =sin7sin{ - )| | sin120°= sin(180" — 60°)
T
21 = sin60'= sin—
y = Sin_l <Sln_> Since 2_77: e I:_E E s 3
3 3 2’2

wy =sin~! [sin (n — g)] sy =sin”! [sin g]

_77,'E T T
Y =3 22
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Exercise: 4.2

V3
Example 4.5: Find the principal value of cos™! <7> .
V3 V3
Lety = cos™! \/—5 = cosy = —- SINC€ — € [~1,1]
2 2 2
T
cosy = cos30° = cosy = cosa
.mom 0
Y=< since € [0,m].
V3\  m
Thus, the principal value of cos™! (7> is g
Example 4.6: Find (i) cos™! (— i) (ii) cos™1 (cos (— E))
7 V2 3
T
-1
(iii) cos (cos (?» cos(180° — @) = —cos6O
cos™'x: [-1,1] - [0,7] Cos45° = —
. V2
1
(i) cos™t <— —) cos(180 — 45°) = ——
2 ( TR
1 1 cos(135°) = ——
Lety = cos™! (— —) = cosy = —— V2
V2 TR :
3m 27 T 3
COSYy = cOS— o w _
4 180° 4
3 3
Y= sinceTE[O,n] %4
T
'y _1 _
(ii) cos (cos( 3)) T 7% 180°
- ?=T=7X30°=210°
— rne—l r
Lety = cos (cos (3))
T s (0,7]
==, since - € [0, 5 5 5
Y73 L3 cos 210° = cos(360° — 150°)
T
(iii) cos™?! (cos (—)) \ 57
6 = cos 150 = cosz
1 m ) T
Lety = cos (cos (?)) since —~ ¢ [0, ]

5
y = cos™ ! <cos <2T[ — g))

142
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y = (,'OS_1 (COS <5?7T>> since 5_7T = [0 T[] ;5%66 5 T 5
6 ) ° % - = —
180°

5n 6
-2 36
y 6 6
. m\ T \3
since cos (?> = cos (n + E) =-
_ 51 5
= cos|\ and - € [0, 7]
. ] 2+ sinx
Example 4.7: Find the domain of cos™1 (T) )

By definition,
the domainof y = cos ™ x is —1 < x < 1or |x| < 1.This leads to

2 +sinx o )
—1STS1Whlchlssameas —3<2+sinx <3.

So,—5 < sinx < 1reduces to — 1 < sinx < 1,which gives

s s
—sin"1(1) < x < sin~1(1) or -3 <x< ok

2°2

1. Find all the values of x such that (i) — 6w < x < 6w and cosx =0

2+ sinx T T
Thus, the domain cos™?! <T> is |——,—

(i) —5m<x<5mand cosx =1
cosx =0 = x =cos™ 10

s
x=(2n+1)5,n51 cosO = cosa
O=2ntrt+ta ,n€Z

since —6mr < x < 61
n=0+1,+2,43,+4,+5
(ii) cosx =1
cosx = 1= cosx = cos0°
cosf = cosa
Here =x,a =0
x=2nr+0
x =2nm,n€l
since —5m < x <57
n=0%1+%2
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2.State the reason for cos™! [cos (— %)] * — %
cos™! [cos (— g)] + —% Domain of cos x = [0, 7]

i
Since 3 ¢ [0, ]

3.Is cos™1(—x) = m — cos™1(x) true? Justify your answer.

Lety = cos™ ' (—x) [cos(l80° —0) = —cos@]
COSy = —X= X =—COSYy

x=cos(m—y)=coslx=m—y

1

Yy =T —COS "X

cos™1(—=x) = m — cos™1(x)
1
Ex: 4: Find the principal value of cos™1(=]|.

2
1
Let y =cos™?! <§>

1 Si = €[-1,1]
cosy = > ince > ,
cosy = cos 60°

B
y =60 =§E[0,7T]

1 s
Principal value of cos™! (§> is 3

1 1
5.Find the value of (i) 2 cos™! <§> + sin~1 <E>
1 1
()
= 2 cos™*(cos 60°) + sin~*(sin 30°)

= 2cos™ ! (cos E) + sin~1 (sin g)
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(ii) cos™1 <%> + sin~1(-1)

sin90" =1
1 in(—90°) = —
cos™! <—> + sin~1(-1) sin(~90°) 1
2 T
sin (_E) =—-1
T
_ -1 = . . T
= cos [COS 3] +sin™! [sm (— E)]
_r_r 2m—3m T
3.2 "7 ¢ 6
(iii) cos™1 [coszcosl — sinzsinl
7 17 7 17
Lety = cos™?! [coszcosl — Sinzsinl
Y 7°9%17 7517
cosA cosB sinA sinB
cos(A+ B) = cosAcosB —sinAsinB
_ _1 [ (7T 4 T )]_ cos-1 [COS 177 + 77'[]
Bl VAT 7] I 119
_ 241
Y =119
. . . - |x|_2 -1 1_|x|
6.Find the domain of (i) f(x) = sin 3 + cos 2
|x| — 2 1— x| x| = -1
(x) = Sin‘1< + cos™?! Xl =
4 3 4 x=>—-lor —x>-1
- lx| — 2 x=>—-1lorx<1
Take:sin 3 —1<x<1
Domain of sin~'x is [-1,1] x| <5
_ x<50r —x<5
x| — 2
—-1< <1=-3<|x|-2<3

x<50rx=>-5
—3+4+2<|x|-2+2<3+2 —5<x<5

—1<|x|<5= lx|=-1, x| <5

-1<x<1-55x<5

1—|x
Take:cos‘1< 4' |>

Domain of cos™1x is [—1,1]
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—4—-1<1—-|x]-1<4-1
—5<—|x| <3 = 5>|x] -3
—3<|x|] <5
|x] = -3, |x| <5
x=-30r —x=-3, x<50r —x<5
x=>—-30rx<3 x<50rx=>-5
—-3<x<3 —-5<x<5
Hence the Domain is [—5,5]

6.Find the domain of (ii) g(x) = sin™1x + cos™?!

(i) gx) =sin"tx+cos 1x

X

Domain of sin"'x [—1,1]
Domain of cos™'x [-1,1]
Hence the Domain is [—1,1]

/4
7.For what value of x,the inequalityf < cos™1(3x — 1) < mw holds?

T
> <cos!Bx—-1)<m

T
cosz<3x—1<cosn
0<3x—1< -1

0+1<3x—-14+1<-1+1
1<3x<0
=3

1

—<x<0
3x

4 4
8.Find the value of (i) cos [COS_1 (—) + sin™1 (—)]

5 5
4 4
-1(2 R
cos [cos (5)+sm (5)]

(4 4 :
Lety = cos (g) = cosy= c [ cosf = sin(90 — 9)]

= cos[y + sin"1(cos y)]

= cos |y + sin™" (sin (g -y))|

=cos(y+g—y)=cosg=0
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41 5t °
(ii) cos™1 [cos (?)] + cos™1 [cos <—)] dm _4 X;8O = 4 X 60° = 240°

4] 3
41 5 °
cos™?! [cos <?>] + cos™1 [cos (T)] 5_n — > x 180 = 5 X 45° = 225°
4 4
m d2Zero
3 ¢ [0,m] an e ¢ [0, 7] cos 240° = cos(360o — 1200)\
21 3
_ -1 iad - . 21
= CoS <C05 3 >+COS 1 <COST> =cos 120 = COS?/
2 3m 8n+9m 177w . o o )
=3t T 1 =1 cos 225° = cos(360° — 135°)
. 3
3 ; = cos 135 = COST
T T )
° % _
180° 4
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EXERCISE 4.3

Example 4.8: Find the principal value of tan‘l(\/g)
Lety = tan™*(V3)

tany = V3
tany = tan60°
[
tany = tan§

T T 1T
y=§e@§5)
Example 4.9: Find the principal value of (i) tan‘l(—\/g)

Lety = tan™'(—V3)
tany = -3

tany = tan(—60°)
y = —60°
T T T
y=-3¢(-33)
Example 4.8: Find the principal value of tan™1(tan 60°)
Let y = tan"1(tan 60°)
y = 60°
T
y=3¢(-33)
.. 3
(ii) tan™? (tan?>
let y = tan™1( tan 3T\ cince Sk ¢ ( n n)
y = | since— 55
21 o nro
y =tan™! [tan(n——)] /3_n=3><],80 36 \
> 5 5
4 2m =3x36 =108
y=tan |\ Ty tan 108°= tan(180° — 72°)
2T tan 72° " 21
= —tan = —tan—
=t -1 t —_—
y = tan \ an( z )] K 5/
2
-8
2T . 3n [ T 2T
y:_?smce?e(—z,z) ﬂxmo_?

20
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(iii) tan 1 (tan2019)

let y = tan™1(tan 2019) since 2019 € R
y = 2019

1 -1
Example 4.10: tan"1(—1) + cos™! <E> + sin~1 <7>

1 —1
tan™1(—=1) + cos ™! (§> + sin™1 <7>

T s T
= tan~1 tan (— —) +cos™1 (cos —) +sin~1sin (— —
4 3 6
T

_ —3n+4n-2m o
12

12

Example 4.11: Prove that tan(sin™!x) =

X

V1 — x2

Assume: 0 <x <1
X

V1 — x2

Let 8 = sin~lx then tan6 =

0 =sin"lx
whenx =0, 8 =0 -
= Domain: 0 <0 < —

whenx =1, gzg >
tan 6 X
an =
VI-x2
when8 =0, x =0
T —% :
WhenH:E, x = oo Range: 0 < x < o
X
X =sinf = tanf =
V1 — x?
Assume: —1<x <0
X
Let @ = sin~ 1 x then tanf =
V1 —x?

6 =sin"1x
whenx =0, § =0 -
= Domain:—§< 6<0

whenx = —1, 9=_E
X
tan@—m
when8 =0, x =0

[ = Range:—o <x <0

when 0 =—§, X.= —00

)

tan 45

o)

tan(—45°) = —1

tan (—%) = -1
1
sin(—30°) = —3
1
ksin (—%) = —2/
—1<x<1
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x =sin@ = tanf =
V1 — x2
-1<x<1

x
tan(sin™'x) =
1 — x2

I /[
Domain of tan: ) <6< )

Range of tan: (—oo, )

tan(sin™1x) = —l1<x<1

X
V1 — x?
1(i). Find the domain of the following functions tan™1! (\/ 9 — xz)

(i) tan™t (\/ 9 — x2)
Domain of tan™1x : R or (—oo, o)
Hence x must be real number
To find the values of x

The expression+9 — x? is real
Jo—x2>0= 9-x220
32—-x22>0
B+x)3—x)=0= 3+x>0,3—x=>0
x=-3,—x=-3
x<3
-3<x<3

Hence the domain of the function is [—3, 3]

1(ii). Find the domain of the following functions %tan‘l(l — x%) —%
1 1 N T
Etan (1—-x°)— 7

Domain of tan™1x : R or (—oo, )

Hence x must be real number.Here 1 — x? is real for all values of x

Hence the domain of the functionis in R

A Sm
2(i). Find the value of tan™! (tan T)

—ran-t (tan>") si 5_%(_2 i
Lety =tan—"{tan--] since— 2’2 [tan(180° +0) = tane]
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— tan-1 [tan (n + %)] = tan~! (tan %)

m T
=3¢(-33)
2(ii). Find the value of tan™?! [tan (— %)]

Lety = tan™! [tan (_ %)]
1
3. Find the value of (i) tan [t‘m_l (?)]

7
Lety = tan [tan_1 (T)]

L
Y=

(ii) tan[tan™1 1947]
Let y = tan[tan™! 1947]
y = 1947
(ii) tan[tan~1(—0.2021)]
Let y = tan[tan™1(—0.2021)]
y = —0.2021

1
4.Find the value of (i) tan [cos‘1 <—> — sin™1 <— —>]

O R ) I oAy

= tan [cos‘1 (cos g) —sin™?t (Sin (_g))]
T T n
= tan (§ +€) = tanz =_00

1 4
4.Find the value of (ii) sin |tan™! <E> —cos™! (_>]

5
1 4]
, -1 _ -1(_
sin [tan (2> coS (5)

Let x = tan_11 = cos™" <f>
— 5V = c
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1 4 5 5
tanx=§ ,cosy=§ / 1+ tan“x = sec x\
2

sin(x —y) = sinxcosy — cosx siny 1+<1> — secy
2
COSX—E = sinx =+1—cos?x 1+1=Seczx
4
5 5
. (2 : 4 Z=S€C2X :seczx=z
sinx = - = sinx= |[1—=
\/g 5 5 V5
secx = |- = secx =—-
1
Slnx_ — — Slnx__
\/; V5 \ sin6=\/1—c0526/
N 16 25—16[' _J1o z]
siny = 1—(5) = Smyz\/l—ﬁ \/T sy cos”y
. 9 . 3
= |— = siny=-=
siny T y=<

sin(x —y) = sinxcosy — cos x siny

1 4 2 3 4 6

N ST E S TG s
_4-6_-2  2xV5  -2V§
5V5  5V5  5V5x+5  5X5
—2v/5
sin(x—y)=2—5

1 4
where x = tan_lz,y = cos™ ! (E)

sin [tan‘1 <—> —cos™ 1t (:)] = _2\/—
(iii) cos <sin‘1 ( —tan~ <Z>>
4 3
5’ 4

-1

Let x = sin ,y = tan™1
4 . 3
Smx—s, any—4

cos(x —y) =cosxcosy + sinxsiny
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cosx =+1-— sz

16
cosx = /1— = cosx = 1_ﬁ / 1+tan2y=5362y\
2
3
5 1+<Z> = sec?y
= |- = cosx—
cosx = |o= 9

) > 1+1—6—sec y
cosy = T 16 +9 _ sec?y — sec?y = 25
16 Y= 16

4 2 25 5

siny = 1— secy = 16 =>secy=Z

4
25—-16 \ cosy =g /
siny = 1_ﬁ

[ siny = /1 — cos? y]

siny = E = smy—g

cos(x —y) =cosxcosy + sinxsiny
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3443121224

[— —:—-I——:—

=X t5*5 st T s

cos | sin 1 — —tan‘1 E —ﬁ
4]) 25
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The Cosecant Function and the Inverse
Cosecant Function

Domain of cosecant functions is the set of
all real numbers, except integer multiples of ©

R—{nmnez) = |--,5] - {0}
nim, n 25
Range of cosecant is ( —oo, —1]

U|[1,00 .
)I = cgsecx does not take any value in
between — 1 and 1.

Range of cosecant:R — (—1,1)

Periodic Properties:
period = 21
cosec(x + 2m) = cosecx

odd functions: cosec(—x) = —cosecx
Inverse Cosecant Function

Domain : R— (—1,1)
T T
Range : _E'E] — {0}

y = cosecx does not take any value in
between — 1 and 1.

Range of cosecant:R — (—1,1)
The secant Function and the Inverse secant Function
» Domain of secant functions is the set of
all real numbers, except odd integer multiples of %
[ T
_ — = Y s
R {(2n+1)2,nez} [0, 7] {2}
Range of secant: R — (—1,1)
secant have period 21
sec(x + 2m) = secx

secant are even functions

sec(—x) = secx
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EXERCISE 4.4

Inverse secant Function

Domain : R—(—1,1)

Range : [0, ] — {g}

T
Domain : [0, ]

Range : R

he cotangent function

cotangent have period

cot(x + m)= cotx

odd functions : cot(

—X) = —cotx

Inverse cotangent Function

Domain : R
Range : [0, 7]
Example:4.12 Find

the principal value of (i) cosec™1(—1)

Lety = cosec™1(—1)

cosecy = —1=

siny =—1

. I3 n
siny = sin (— —

cosecy

)

= -1

s T T
y=—5€|-5.5| -0
(ii) sec™1(-2) 1
cosx =
Domain secx
'R — (_1!1)
Lety = sec™1(-2) 4 1)
cos 60° = =
secy = —2 2
1 =i=> cosy:-l cos(180 — 60°) = — =
secy —2 2 .
2 cos120° = ——
cosy = cos? \C 2 J

y=2"efoq- ()

3 2

180° —

{ 120°%

2T
3

155

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

-2v3
Example: 4.13: Find the value of sec™ <T> e

V3 )
cos 30° = —
Let o (723 sec‘1< —2V3 ) ’ V3
ety = sec = —_—
y 3 V3 x+/3 cos(180° — 30°)= ——
2 2
=sec”|——=|= secy=-—— o V3
Y < \/§> Y V3 \_ cos 150 =—7/
1 V3 __¥3
__ Y2, cosy= =
secy 2 2 30 T cor
5m °X =—
= - Eﬁ" 6
cosy cos( c ) %,
5 s
y=— €l0n] _{E}
Example:4.13 Show that cot™ 1< =sec lx,|x|>1
1
Let a = cot™ 1( )
2-1 2 —1
1 \/7
cota = =
Iz =1 tana = .
h
seca = %‘5_ = seca =§ /AB2 = BC2 +ACT )

2
seca =x = a =sec 'x ABZ=12+(VX2—1)

1 AB?=1+x%-1
-1 _ -1 —
\_ AB = x -/

2
1.Find the principal value of (i) sec™! <—>

V3
(2
Lety = sec <_\/§>

2 1 V3
2

=— =
secy 7 secy

cosy=73=> cosy = cos 30°

T
cosy = COSE

petonnie )

2
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ii) cosec™1(—v2)
Lety = cosec‘l(—\/f) . 1
1 1 Sin45° = —

= — - = —— \/E
cosecy V2 cosec y 2 a5 ,
_ sin(—45°) = —

siny = — = siny = sin(—45°) V2
T2

siny = sin (— %)
s T T

=——€|—— —| -
y 2 27 {0}

(iii) cot 13
y = cot}(v3)
1 1 1
COty=\/§ = =— = tany = —

coty /3 V3

tany = tan30°

[
tany = tang

T
y=g€(0,ﬂ)

2. Find the value of (i) tan 13 — sec™1(-2)

(i) tan~1V3 — sec™1(-2) / N
Let x = tan~1/3 = tanx = V3 cos 60° = >
T
t = tan60°= t = tan— 1
anx an anx an 3 cos(180° — 60)= —
T 2
X = § 1
cos 120° = —3
Lety = sec™1(-2
e )1 1 1200 x - _ 21
secy =—2= =7 K 180° ,3/
secy 2
1 N _ 21
cosy——z COSY = COS 3
_ 2T
Y=
tan V3 —sec™1(=2)=x—y
m 2T T — 2m T
3 3 3 3
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(ii) sin~1(-1) + cos™? <%> + cot™1(2)

Let x = sin~1(-1) = sinx = —1
T[ o o [o]
Sinx=sm(__)=> y=_r —90° 4 60° = —30
2 2 -
1 1 =~z

Lety = cos™? <§) = cosy = 5

s

= —_— => e e—

cosy = cos g y=3
1

sin~t(=1) + cos™? (E) +cot™'(2)=x +y + cot™1(2)

T T
= —— — _12
2+3+cot (2)

T
= t_l 2) ——
cot™(2) 3

iii) cot™1(1) + sin~! <_T\/§> — sec™1(—/2)

Letx =cot™'(1)= cotx =1

1 =1= tanx =1
cot x
1:anx=tanz=> x=E
4 4
y=sin‘1<—§>=> siny=—§
, , T T
smy=sm(—§)=> y=-3
z=sec (—V2)= secz = —/2
1 =—i=> cosz=—i
secz V2 V2
cosz=—i=> cosz=cos<3—n>
V2 4
3
7=

4
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3
cot™1(1) + sin~1! <T) —secHY(—V2)=x+y—z
_7l'+ n) 3
4 3 4
mom 3
4 3 4
_ 3n—4m—9m
12
- =91 _ 107'[_ 5t
- 12 12 6

1
cos 45° =

V2
(180° — 45°) 1
cos - = ——
V2
135° 1
COoS = ——
V2
3 T 3
138° X =—

159
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Circle
Definition:
A circle is the locus of a point which moves in such a way that its distance
from a fixed point is always constant. The fixed point is called the centre
of the circle and the constant distance is called the radius of the circle.

The equation of circle (x — h)? + (y — k)% = 1|

|x* + y* =r* passing through the origin. |

General equation of circle : x* + y* + 2gx + 2fy +c =0

[Centre : (—g,—f)]
Radius : v = /g2 + f%2 —c

The general second degree equation
ax? + by? + 2hxy + 2gx + 2fy + ¢ = O represents a circle

if (a = bi.e.coefficient of x> = coefficient of y>
(ii)h = 0i.e.noxyterm

The equation of a circle with (x1,y,) and (x,,y,) as extremities
of thediametersis (x —x1)(x—x)+ (y—y) ¥y —y2)=0

P(x,y)

(x1,¥1)A B (x2,¥2)

Condition for the liney = mx + c to be a tangent to the circle
x*> + y* = a? and finding the point of contact

c=+aym?+1

Point of tact —am a am —a
oint of contac , or ,
(Jm2+1 \/m2+1> <\/m2+1 \/m2+1>

Equation of tangent to the circley = mx + aym? + 1

Tangent and Normal
Equation of tangent at (x;,y,) to the circle x* + y?> + 2gx + 2fy+c¢c =0

xx1+yy1+9x+x)+f(y+y1)+c=0
Equation of normal at (x;,y,) to the circle x> + y?> + 2gx + 2fy+c =0
Y1 —xy1+ gy —yJ) - fx—x) =0
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Note:

i) Equation of tangent at (x,,y,) to the circle x> + y> =r
with centre (0,0)

2

2

XX1 +yy1 =r

ii) Equation of normal at (x1,y,) to the circle with centre (0,0)

yx1—xy1 =0

Example 5.1: Find the general equation of a circle with centre
(—3,—4) and radius is 3 units.

Centre (h,k) = (—3,—4) and radius : r = 3

Equation of the circle : (x —h)?> + (y — k)? =12
(X +3)%+ (y+ 4)2= 32 = 2242003+ 32 + y> + 2(0)(4) + 42 =9
x2+6x+9+y>+8y+16=9=x>+y2+6x+8y+25—-9=0

x2+y2+6x+8y+16=0
(OR)
General equation: x*> + y?> + 2gx + 2fy+c =0
Centreis (—g,—f)= (3,4) andradius: r = 4

Radius:r =+/g? + f?2 —¢
32=32+4"-c=>9=9+16-c =0=16—-c=| =16
x2+vy2+23)x+24)y+16=0
x2+y2+6x+8y+16=0
Example 5.2: Find the equation of the circle described on the chord
3x +y+5=0of circle x* + y*> = 16 as diameter
Circle: x> +y?2—16 = 0 and Line: 3x+y+5=10
x2+y2-16+ABx+y+5) =0
x2+y2+3lx+y1+51—-16=0
Equation of circle : x? + y? +(3x +(ly =0
Compare with x? + y? +[2gx +(2ffy +(c]=0
290 =34 2f=A4c=51—-16

31 A
g:—’fz_

’ - 3 4
Centre = (—g,—f) = Centre = -5 3

=31 -2 =31\ 4
T liesontheline3x+y+5=0= 3 — _§+5=0
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914 A —-104 —101
_— = _— = e = —
> 2+5 0 = > +5=0 5= 5

-10A=~10=| A1 =1

Required equation of circleis x? +y?> —16+1(3x+y+5) =0
x24+y2—-16+3x+y+5=0= x24+y?+3x+y—11=0
Example 5.3: Determine whether x + y — 1 = 0 is the equation of a

diameter of the circle x> + y* — 6x + 4y + ¢ = 0 for all possible
values of c.

x? +y2 [ 6 +[4y +[c]= 0
Compare with x? + y? +[2gx +(2ffy +(c]=0

2 =—6,Z :/’,C=C
g==z02f =4

g = _31f =2
Centre = (—g,—f) = Centre = (3,-2)
Centre of the circle is (3,—2) whichliesonx+y—1=0.
3-2-1=0=0=0
So the linex +y — 1 = 0 passes through the centre
~x+y—1=0isadiameter of the circle for all possible values of c.

Example 5.4: Find the general equation of the circle whose diamete
is the line segment joining the points (—4,—-2) and (1,1)

Let A (—4,—-2) and B(1,1)
X1 Y1 X2 Y2

Equation of circle: (x —x1) (x —x3) + (v — y1) (¥ — y2)

Ko+ Gy 0 -0

x?—x+4x—4+y*—y+2y—-2=0
x?+3x+y*+y—6=0
x> +y*+3x+y—-6=0
Example 5.5: Examine the position of the point (2,3) w.r.to the
circlex? +y> —6x—8y+12=0
Given: x> +y?2 —6x—8y+12=10
2,3) = x =2,y=3
x2+y2—6x—8y+12=22+32-6(2)—8(3) + 12
=449 1224 +12=13 - 24
=-11<0
The point (2,3) lies inside the circle.

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL
()

Example 5.6 The line 3x + 4y — 12 = 0 meets the coordinate axes at
A and B.Find the equation of the circle drawn on AB as diameter.

The line 3x + 4y = 12 Y
3x +4y =12 :3x+4y=1 (0,3)B
=12 12 42
4 3
. o . x Yy
Given line in the intercept form : 7 + 3= 1.
N
Hence the points A and B are (4,0) and (0, 3). 0 (4,0) X

Equation of the circle in diameter form is

(x—x)x—2x)+@-y)y —y2) =0

x-4)x-0+@-0E-3)=0
x—4)x+y(y—-3)=0

x2—4x+y?>-3y=0=>x%24+y?—4x—-3y =0
Example 5.7: Aline 3x + 4y + 10 = 0 cuts a chord of length 6units on
a circle with centre of the circle (2,1).Find the equation of the circle
in general form.
C(2,1) is the centre and 3x + 4y + 10 = 0 cuts a chord AB on the circle.
Lenght of the chord AB = 6.
Let M be the midpoint of AB,then = AM = BM = 3.
ax; +by; +c| _ [3(2) +4(1) + 10| _ |6 +4+10] 20 =@
| Vezrpz | VE3Eea Vo+16 V25 5
CM =4

AC? = AM? + CM? = AC? = 32 + 42
AC? =9+ 16 = AC? =25
AC =25 = AC =5

radius = 5
Centre (h,k) = (2,1)and radius : r =5

Equation of the circle : (x — h)?> + (y — k)? =r?

Equation of the required circle is(x — 2)% 4+ (y — 1)? = 52
x2—2(2)x+2%2 +y2—-2y+1%2 =25
x2—4x+4+ y2—-2y+1—-25=0
x2+ y2—4x—-2y—-20=0

Example 5.8: A circle of radius 3 units touches both axes. Find the
equation of all possible circles formed in the general form
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Centre = (+3,% 3) and radius: r = 3
Equation of the circle : (x — h)?> + (y — k)? = r?

(hk) = (£3,£3)
(x + 3)*+ (y £ 3)* = 32
x2+2(+3)x+3%2+y2+2(+3)y + 3% = 32
x2++6x+32+y2+6y=0
Equation of all possible circles
x’+y?+6x+6y+9=0

Example 5.9: Find the centre and radius of the circle
3x2+(a+1)y*+6x—9y+a+4=0
Co — efficient of x? = Co — ef ficient of y?
3=g+1=> a+1=3
a=3—-1= a=2
3x24+ 2+ 1)y?+6x—9y+2+4=0

3x2+3y2+6x—9y+6=0
+3

2 +y? 3=y £3=0
Compare with x* + y? +R2gx +2f) +{c]=0

29=22f=-3,c=2
3

=1, f=—=

g f >

Centre = (—g,—f) = Centre

Radius:r = /gz+f2—c
2
3 9
r J() +< 2) = r 1+4 2

9 9—-4 5 N
— -~ — - = — : . .
r J4 1 J 2 1 Radius is —2

Example 5.10: Find the equation of the circle passing through the
points (1,—1),(2,—1) and (3, 2).

General of circle: x* + y* +2gx+2fx+c=0
(L, D: (D?+ (1?2 +29(D)+2f(1)+c=0
X,
1+414+29+2f+c=0=2+29+2f+c=0

Il

|

=
N| W
~
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2g+2f+c=-2 ..(1)
(%,};1): 22+ (-1)?+292)+2f(-1D)+c=0
44+1+49g—-2f+c=0 = 54+49g—-2g+c=0
49 —2f+c=-5 ..(2)
(x3,2): 32+ (2)2+29(3)+2f(2)+c=0
’ 94+4+6g9+4f+c=0=13+6g+4f+c=0
6g+4f +c=-13 ..(3)

Solve (1) and (2) Solve (2) and (3)
Zg+/22/‘+cz—2 (2) x2 = 8g — 4f +2¢ = —10
4g—R2f +c=-5 3) = 6g+Af+c=-13

6g +2c=-7..(4) 14g + 3c = -23 ...(5)

Solve (4) and (5)
(4) x3 = 18g + 6c = —21 _22 4 =~
) <j ) Subg = in(4) 6g+2¢ =7
5) X2 = 2 = - =5
(5) x 2= 28g + 6¢ 46 3/6<Z_>+ZC=_7=>_15+26=_7

~10g =.25
e 2 2c=—7+15 = /2c =/84

g=—§ c=4

5
Subg=—§ andc=4in(1) 2g+2f+c=-2

-5
Z<?>+2f+4=—2 = —5+2f+4=-2
2f—1=-2 = 2f=-2+1

2f =—1= f:_?l

General equation: x> + y* + 2gx + 2fy+c =0
5 -1

whereg=—§,f=7andc=4

-5 -1
2 2 — =
x%+y +/Z</2/>x+4<é>y+4 0
x2+y2—-5x—2y+4=0
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Example 5.11: Find the equation of the tangent and normal to the
circle x* + y*> = 25 at p(-3,4)
Equation of tangent at (xq,y;) inxx, + yy; = 25
(x1,¥1) = (=3,4)
x(—3)+y(4) =25= —3x+4y =25

3x—4y =-25= 3x—4y+25=0

Equation of normal at (x1,y1) | isyx; —xy; =0
(x1,¥1) = (=3,4)
y(=3) —x(4) = 0= —3y — 4x = 0
4x+3y =0

Example 5.12: If y = 4x + c is a tangent to the circle x* + y*> =9,
find c.

Tangent :y = 4x+c¢ circle: x2+y2=9
comparey =mx+c compare: x?+y? =a?
m=4 a?=9=|g=3

¢ = +a/(1+m?)
c=+3/(1+42) = c=+13/(1+16)
c=+3V17
Example 5.13: Aroad bridge over anirrigation canal have two

semi circular vents each with a span of 20m and the supporting
pillars of width 2m.write the equations that model the arches.

Let 04, 0, be the centres of the two semi circular vents.
Firstvent : centre 0, (12,0) and radiusr = 10
Equation of First vent: (x — h)?> + (y — k)?> = r?
Ya

(x —12)* + (y — 0)* = 102
x2—2(12)x + 122+ y%2 =100
x% —24x+ 144+ y*—100=0
x>+ y2—24x+44=0
Second vent : 20m 20m

N
centre 0, (34,0) and radiusr = 10 34m

(x —34)2+y%2=10% = x2 —2(34)x + 342+ y%2 = 100
x2+ y2—68x+ 1156 —100 =0 = x?+ y? —68x+ 1056 =0
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1.0btain the equation of the circle with radius 5cm and touching
x —axis at the Origin in general form.

Centre = (0,1 5)and radius: r =5
Equation of the circle : (x — h)? + (y — k)? = r?

Ya

(h,k) = (0,+5) (0,5)
(x +0)2+ (y £ 5) = 52 ; N
x?+vy%24+2(y)(5) + 5% =52
x?+vy24+ 10y + 52 =52 4C2
=)

Equation of all possible circles x*> + y> + 10y = 0

v

2.Find the equation of the circle with centre (2,—1) and passing

through the point (3,6) in the standard form
centre (h,k) = (2,—1)

Equation of the circle : (x — h)?> + (y — k)? = r?

(x+3)2+ (@ +4)2=r?

It passes through the point (3,6)

B-2)+(6+1)?=r*= 1*+7*=r>= 1+49 =r?

r2 =50

Required equation: (x —2)?> + (y + 1) =50
3.Find the equation of circle touches both the axes and pass through
the point (—4,—2) in general form. 7

Equation of circle: (x —h)?> + (y —k)? =12
Centre: (h, k) = (—r,—1) <

(x+r)2+@+r)2=ri.(1)
It passes through (—4,—2)

v
=

BLUE STARS iz sec scHoolL

(4412 + (241 =r’= (r—4*+(-2)* =71 v
r2—=2r)4) +4*2+7r>-2(r)(2Q) + 22 =r?
r2—8r+16+1%—4r+4—-12=0
r’ —12r+20=0= (r—-10)(r—2)=0
r—10=0;r—2=0
r=10 | r=2

(x+71)2+(@y+1r)2=r?
If r =10:(x + 10)% + (y + 10)2 = (10)?
x2 4+ 100 + 20x + y2 + 100 + 20y — 160 = 0
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x?+y?+20x+ 20y +100=0
Ifr=2:(x+2)%+ (y+2)? = (2)?
x24+4+4x+y:+4+4y =4
x2+y?+4x+4y+4=0

4.Find the equation of the circle with centre (2,3) and passing
through the intersection of the linesof 3x —2y—-1=0
and4x+y—-27=0

Given : Centre (h, k) = (2,3)
3x—2y=1 ..(1
dx+y =127 ..(2)
To find the point of intersection solve (1) and (2)
(1) = 3x — 29 =1
(2)x2= 8x+2y =154

Mx =55 5
x=5
Subsx=5in(1)3x—2y =1
3(5)-2y=1 7
15-2y=1= —2y=1-15 = -2y =-14
=7

The point of intersection is (5,7)

Equation of the circle : (x — h)?> + (y — k)? = r?
(h,k) = (2,3)
(x—2)2+(y—3)=r?
It passes through the point (5,7)
(5-2)24(7—-3)2=r2= 32442 =2
9+ 16 =r2= r?2=25
Required equation is (x — 2)?> + (y — 3)? = 25
x2=2(x)(2)+ 22+ y*—-2(y)(3)+ 32= 25
x2 —4x+44+y2—6y+9=25=x*+y?—4x—-6y+13—-25=0
x2+y2—4x—6y—12=0
5.0btain equation of the circle for which (3,4) and (2,—7) are the
ends of a diameter.

Let A(3,4) and B (2,-7)

X1 X2 V2
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Equation of circle: (x —x1) (x —x) + y —y)(y —¥>)

(@H@‘D:o

x2 —2x—3x+6+y*+7y—4y—-28=0
x2—5x+y2+3y—22=0
x2+y2—-5x+3y—22=0
6.Find the equation of the circle throught the points (1,0),(—1,0)
and (0,1)
General of circle: x* + y*> + 2gx + 2fy+c¢c=0
()}},}9): 124+02+29(1)+2f(0)+c=0=>1+2g+c=0
2g+c=-1 ..(1)
(—1,0): (-2 +0%2+29(-1)+2f(0)+c=0= 1—-2g+c=0
x, —2g+c=-1 ..(2)
(0,1):02+12+4+2g(0)+2f(D)+c=0= 1+2f+c=0
i 2f+c=-1..03)
Solve (1) and (2)
(1) = Z2g+c=-1
(2) = £29g+c=-1

2c = —2

Y4
c==5 = c=-1
Subc=-1in(1)2g+c=-1
20—1=-1 =2g=-1+1=2g=0=] g=0
Subc=-1in(3)2f+c=-1

2f—1=-1 = 2f=-141=2f=0=| f=0
g=0,f=0,c=-1 inx*+y?+2gx+2fy+c=0

X2 +y2+20)x+20)y—-1=0= x2+y2—1=0

x2+y2=1

7.A circle of area 9w square unit has two of its diameter along the
linesx+y=5and x—y = 1.Find the equation of the circle.

Area of acircle =9
mr?=91 = y2=9 =>r=vY9 = r=3
Point of intersection of two line = centre of 'the circle 169
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x+y=5.(1) andx—y=1..(2)
1) = x+y=5
(2) =>x—/y=1
X =
Subsx=3in(1)x+y=5
3+y=5= y=5-3 =| y=2
Centre is (3,2)

Equation of the circle: (x — h)?> + (y — k)? =12
Centre (h,k) = (3,2) andr =3
(x=3)2+(y—2)*=3?

x2—=23)x+32+y2-2Q)y+2%2=9
x2—6x+9+y>—4y+4=9
x2+y?—6x—4y+4=0

Ex:8. If y=2\2x+ cis atangent to the circle x* + y* = 16, find c.

Tangent : y = 2\2x + ¢ circle: x> +y%? =16
comparey =mx+c¢ compare: x*+y? =a?

m= 22 a’?=16= | a

c =+ a(1+m?)

c=i4\/[1+(2\/§)2]=> ¢=14/(1+8)
c=+4V9 = c¢=14(3)
c=+1+12

9.Find the equation of the tangent and normal to the circle
x*+y*—6x+6y—8=0at(2,2)
Equation of the tangent at (xq,y,) is

X+ x +
xx1+yy1+2g< 1)+2f(y yl)+c=0

Il
NN

2 2
X+ xq y+y
6(2) 652 -
xx1 + Yy, > + >

xx1+yy1 —3(x+x)+3(y+y;,)—8=0
(x1,y1) = (2,2)
x(2)+y(2)—-3(x+2)+3(y+2)—8=0

2x+2y—3x—-6+3y+6—-8=0
170
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2x+2y—3x+3y—-8=0=-x+5y—-8=0

x—5y+8=0
Equation of normal form :5x+y+k =0
(x,y) =(2,2)
52)+2+k=0=12+k=0= k=-12

Equation of normal : 5x +y—12 =20

y—2 x—2
y(z)-x(z)—g<T>_,6 7):0
2y —2x—-3(y—2)—-3(x—-2)=0

2y —2x—3y+6—-—3x+6=0
x+5y—12=0

10. Determine whether the points (—2,1) (0,0) and (—4,—3) lies
outside, on or inside the circle x* + y>* —5x+2y—-5=0

(=2,1) > x=-2,y=1
x2+y2—-5x+2y—5=(-2)2+12-5(-2)+2(1) -5
=44+1+4+104+2-5=17-5=12>0
The point (—2,1) lies outside the circle.
(0,0)= x =0,y=0
x2+vy2—-5x+2y—5=(0)2+(0)2-5(0) +2(0) -5
=0-5=-5<0
The point (0,0) lies inside the circle.
(—4,-3)=x =—4,y=-3
x> +y2—5x+2y—-5=(-4)*+(-3)*—-5(-4)+2(-3) -5
=16+9+20—6—75
=45—-11=34>0
The point (—4, —3) lies outside the circle.
11. Find centre and radius of the following circles.
Dx2+(y+2)2=0 iDx’+y*+6x—4y+4=0
ii)x>+y>—x+2y—3=0 iv)2x>+2y>—6x+4y+2=0
Dx?2+(y+2)2=0
(x—0)2+(@y+2)2=0
Compare (x — h)? + (y — k)? = r?
h=0 k=-21r*=0=>1r=0
Centre = (0,—2) and Radiusis0
i) x2+y2+ekE 4y +4=0
Compare with x% 4 y>+Rgx +2fy +[]=0
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29 =% 2f =kc=4
g=3 f=-
Centre = (—g,—f) = Centre = (-3,2)
Radius:rzm
r=yB)2+(-2)2-4 = r=V9+4-4 =r =19
Radius is 3
ii)x>+y>—x+2y—-3=0

Compare with x?> + y2 + 2gx + 2fy +c =0
1 1
2g=—-1,2f=27c=-3 = gz—z,le
1
Centre = (—g,—f) = Centre = (E’_1>

Radius:r =+/g?>+ f?—c

1\? 1 1
r = <—_> +124+3— r= —+1+3=>r— Z+4

1+16 _,  _ N7
= T Radtusst

iv)2x*+ 2y —6x+4y+2=0
+2

x2+y2—-3x+2y+1=0
Compare with x? +y21+ 29x+2fy+c=0
2g=-3,2f=27c=1

3
g = _E’f =1
3
Centre = (—g,—f) = Centre = (E'_1>

Radius:r =+/g?+ f?—c

e e

~ Radius lS —
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12.1If the equation 3x* + (3 — p)xy + qy* — 2px = 8pq represents a
cicle find p and q.Also determine the centre,radius of the circle.

3x? + (3 —p)xy + qy* — 2px = 8pq
Co —efficient of xy =0
3—p=0
#p=+43=|p=3
3x2+ (3 -3)xy+ qy?—2(3)x =8(3)q
3x% + qy? — 6x = 24q
3x2+ qy? —6x— 249 =0

Co — efficient of x? = Co — ef ficient of y?

3=q=|q=3

3x2 + 3y? 3 6x —24(3) =0

x2+y2—-2x—-24=0
x2+y2—-2x+0y—24=0
Compare with x?> + y2 + 2gx + 2fy +c = 0

/2?=17Z2f=0,c=—24

g=-1,f=0
Centre = (—g,—f) = Centre = (1,0)

Radiusit = /g2 + f2—¢c = 1 =+(-1)2+(0)%+ 24

r=+v1+24 = r=v25

Radius is 5
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EXERCISE : 5.2

Example 5.14.Find the equation of the parabola with focus(—\/i, O),
x =2

Distance between vertex and focus VF = a =2

The equation of the parabola is open left of the form:

(y — k)2 = —4a(x — h) Y ®

V(}?. 2) and a =2

(y = 0)*= —4(V2)(x — 0)
y? = —4\2x

Example 5. 15 Find the equation of the parabola if vertex (5,—2) and
focus(2,-2) y

Distance between vertex and focus VS = a
V(,-2 dF(2,-2
(5,52) and F(2,~2)

X2 Y2
VF = Distance between vertex and focus

a=+(x;—x)%+ (; —y1)?
a=+(2-5)2+(-2+2)2
a= =32+ 7 = @= V9

a=3
The equation of the parabola is open lef of the form:

(v —k)? = —4a(x — h)
V(Si{ —I%) anda = 3
(y+2)2=—-403)(x—5) = (y+2)2=-12(x-5)
Example 5. 16 Find the equation of the parabola with vertex (—1,—2) axis
parallel to y — axis and passing through the point (3,6)
[The equation of the parabola is open upward of the form: |
|(x — h)? = 4aly — k)| y

The vertex isV(—1,—-2) /
h k (3.6)
(x+1*=4aly+2)..(1) ‘

It passes through the point (3, 6)

X
B+ 1)2=4a(6+2) 7 \\'//
4% = 4a(8) ES )y i R >

1
232’a=/1'6 =>2a=1=>a=§

1
sub a= Y in(1):(x + 12 =4a(y +2)
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(x+1)2=4<1>(y+2) = x+1)?2=2(y+2)

Example 5.17 Find the vertex, focus, directrix, length of the latus rectum
for the parabolas x> —4x — 5y —1=10
x?—4x—-5y—1=0

x2—4x=5y+1 §=2

x?—4x +2°—-22=5y+1
H_J

(x—2)—4=5y+1= (x—2)°=5y+1+4
(x—2)2=5y+5= (x—2)’=5(@F+1)

Compare with (x — h)* = 4a(y — k) | (open Upward)
h=2’k=—1,4a=5

a=-—

4
Vertex A (h, k) is (2,—1)

5 5—-4
focus(0+h,a+k)=<o+2,z_1> =12,—

4
= (2.7

Equation of directrix | [y =—a+k|

5
Length of Latus rectum : 4a = 4 (Z) =5

Example 5.18 Find the equation of the ellipse if the foci are (+2,0)
and the vertices are (£3,0)

The foci are S(2, 0) and S'(—2, 0) vertices are A(3,0) and A'( — 3,0)
c=2anda=3 Y

a’?=9
b? =a?—c? = ph2=32-72 . ‘
b2=9—-4 = b2 =5 ’

2 2
=~ The equation of the ellipse lS —+ i 1
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Example 5.19 Find the equation of the ellipse whose eccentricity is
% ,one of the fociis (2,3),and adirectrixis x = 7.Also find the
lenght of the major and minor axes of the ellipse
Given : F(2,3); directrix:x—7=0
Let P (x,y ) be any point on the parabola

SP
m=€ = (FP = ePM
F(2,3) and P(x,y)

Definition :

X1 Y1 X2 V2
FP = /(x, — )%+ (y, — y,)2| = FP = J(x —2)2 + (y — 3)?
PM =+ MrmyTn =>PM=+i =PM=+(x-7)|
VIZ +m? TVIZH 07
FP = ePM

Vo= + =32 =+ (x=7)
Squaring on both sides
2
(x—2)%+(y—3)* = (%)(x— 7)?
¥ 2@ 2% 4y - 20)(B)+ 3= 3 (P —2X XX T+ 7?)
x2—4x+4+y2—6y+9 =%(x2—14x+49)

1
x2—4x+y2—6y+13=Z(x2—14x+49)
4[x? —4x+y? —6y+13] = x? — 14x + 49

4x% —16x +4y? — 24y +52—x2+14x—49 =0 % 1
3x2 — 2x + 4y% — 24y +3 =0 2 "3
3<x2—zx>+4(3’2—6}’)+3=0 6_,
3 —_ =
2

b3
[l-3) -5

+4(y*—6y +32-32)+3=0
|

3[x2—gx+ .
3 3
Y

+4[(y—3)2-9]+3=0

176
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2
1 1
3<x—§> —§+4(y—3)2—36+3=0

2 2
1\° 1 1 1
3<x—§> —3+4(y -3 -33=0= 3<x—§>+4(y—3)2=§+33

2
1 1 1\ 1499
3lx—Z| +4(y—3)2=-+33 = — —-3)* =
<x 3>+ (y—3) 3+ 3<x 3>+4(y 3) 3
2 2
1 100 _1
(-2 ar-9 =220 o Y aose
100 } 100 00 -
b 3 3
3
1\2 1)2
x-3) L= r-3) -3
100, 1 ~ 100 1 100, 1 ~ 100 1
3 °3 3 *% 3 °3 3 *7
12
(-3)  o-37_|
100 100
9 12
xZ yZ
compare with ?+b_2=1
100 10
100 _ -
a2=T=> a= T:) a= 3
100 100 _ 10
_ = b= |[— = b=—=
b* = —~ 12 23

20
|Length of Major axis = 2a] = 2a = =3

10 10
|Length of Minor axis = 2b| = 2b =2 X ——=—
“2V3 V3

Example 5.20 Find the foci,vertices and length of major and minor
axis of the conic 4x? + 36y? + 40x — 288y + 532 =0

4x? +36y? + 40x — 288y + 532 = 0 |E=5| |§=4|
4x% + 40x + 36y? — 288y + 532 =0 2 2
4(x% 4+ 10x)+ 36(y*> —8y) +532=0
4(x? 4+ 10x + 52—52)+ 36( y*—8y + 42— 42) + 532 =0
“—A RN Q=g ie 4

177
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4[(x + 5)% — 25]+ 36[(y —4)? — 16]+ 532 =0
4(x +5)2—100+36(y —4)> =576 + 532 =0
4(x+5)?2+36(y—4)2—-144 =0
4(x +5)% +36(y — 4)? = 144

+ 144
x + 5)2 — 4)2
(c+5? -9
36 4
—h 2 —k 2
Compare with g + (be) = 1 (major axis is along x- axis)
a
h=-5k=4

a’=36,b*=4= a=6>b =2
|The length of major axis = 2a| = 2(6) = 12
[The length of minor axis = 2b]= 2(2)=4
vertices (xa+h,0+k) =(£6—-5,0+4)=(6-5,4),(-6—5,4)
= (1,4),(~11,4)
c2=a?—b?> = c*=36-4
2=32=¢c=V32=c=V16X2 =|c=+42
focus (+c +h,0+k) =(+4v2 - 5,4) = (42 - 5,4),(—4V2 - 5,4)

Example 5.21: For the ellipse 4x* + y*> + 24x — 2y + 21 = 0, find the
centre,vertices,and foci.Also prove that the length of latus rectum

is?2

4x% +y% +24x — 2y +21 =0 |§=3| 2y

4x% +24x+y2 —2y+21=0 2 2

4(x2+6x)+ (Y2 —2y)+21=0

4(x2 +6x+32 -3+ (y*—2y+1*2-1*)+21=0

4[(x +3)2-9] H[(y-D*—-1]+21=0

4(x+3)2-36+(y—1)2?—-1+21=0
4(x+3)*+(y-1* —16=0
4(x+3)2+(y—-1)2% =16

+ 16
2 132
4(x + 3) +(y 1) PPN (x+3)2+(y_1)2=1
16 16 4 16
x — h)? — k)2
Compare With% + ¥=1
b a

(major axis is along Y — axis)
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h=-3,k=1
b?=4,a%2=16= b=+4, a=+16
b=2a=4

centre (h, k) = (-3,1)
vertices (0+ h,ta+ k) =(-3,24+1)=(3,4+1),(3,—4+1)
= (3,5),(3,-3)
c?=a*-b* = c?=16—4
2=12=c=V12=c=V4x3 =|c=12V3
focus (0 +h,+c+k) = (—3,£2v3+1) =(3,2V3+1),(3,—-2V3 +1)

2b? )
Length of latus rectum = — | Where b = 4,a =4

a
2
2

Example 5.22 Find the eqffrc/ltion of the hyperbola if the are vertices
(0,+4)and the foci are (0,16)
The foci are S(0, 6) and S'(0, — 6). vertices are A(0, 4) and A’(0, — 4)
c=6anda=+4%
a’? =16
[c* = a* + b?|
b? =c? —a? = b? =62 —42
b? =36 —16 = b* = 20

. oy x*
. The equation of the hyperbola is 23 =1
2 2
2 K
16 20

Example 5.23 Find the vertices, foci for the hyperbola
9x? — 16y% = 144
9x2 — 16y? = 144

+ 144
x2 yz
16 9

Compare with z_j - i)’é: 1 (transverse axis is along X- axis)
a2 =16,p2=9 = a=4,b=3
2=a?+b? = c=+/a + b2
c=v16+9 = c=V25
c=5
179
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Centre:(0,0)
FOCi:(i (of 0) = (i 5; 0 ): (51 0 ); (_51 0)
Vertices :(+a,0) = (+£4,0)= (4,0),(—4,0)

Example 5.24 Find the centre, foci,and eccentricity of the hyperbola

11x% — 25y% —44x + 50y — 256 = 0
11x2 — 44x — 25y + 50y — 256 = 0
11(x% — 4x) — 25(y% — 2y) — 256 =0
11(x? — 4x + 22 —22) —25(y?> — 2y + 12— 12) = 256 = 0
11[(x — 2)?— 4] — 25[(y — 1)? = 1] — 256 = 0
11(x — 2)? — 44 — 25(y — 1)? + 25 - 256 = 0
11(x — 2)?> = 25(y —1)> =275 =0
11(x — 2)? = 25(y — 1) =275 =0 = 11(x — 2)? — 25(y — 1)2 = 275

x-2° -1 | + 275
25 11
—h 2 —k 2
compare with (x > ) — & 7z ) = 1 ~ [transerve axis along x — axis]
a
h=2,k=1

a’?=25b*=11 = qg=5b=+11
centre : (h, k) = (2,1)
c? =a?+b? = ¢ =+/a?+ b2
c=V25+11 = c=v36 =|c= 6|
foci: (xc+h,0+k) = (x6+2,0+1)
=(6+21),(-6+2,1)=(81),(-4,1

To Find eccentricity (e)

c
e=— = ezé
a 5

Example 5.25 The orbit of Halley's Comet (Fig.5.51)is an ellipse
36.18 astronomical units long and by 9.12 astronomical units wide.

Find its eccentricity Ya
Given that 2a = 36.18,2b = 9.12
36.18 9.12
= b= (—a, 0)A 2b) 4c0.0) A (a, 0)
a = 18.09,b = 4.56 —a ] . a X
2=qa2—b?= c=+/a2—b? _ba
¢ =+/(18.09)2 — (4.56)2 !
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¢ =/327.2481 — 20.7936 = ¢ = V306.4545

c =17.506
To Find eccentricity (e)
c 17.506

e=g =e=—_ooo =

Ex:1(i). Find the equation of the parabola with focus(4,0),x = —4

Distance between vertex and focus VS =a =4

[The equation of the parabola is open right of the form: |

(y — k)? = 4a(x — h) =4 Y4
V(0,0)and a = 4
h k

(v = 0% = 4(4) (x — 0) » (0,0)/;4, 0)

S
< 7 G

v

Ex: 1(ii) Find the equation of the parabola which passes through the point
(2,—3) and Symmetric about y — axis

The equation of the parabola is open downward of the form:

1% = —4ay].. (1) vy

It passes through the point (2,—3)
X

22— _4q(-3 '
a(-3)

= = — =
4=12a /1%3 a

r Y
v
=

1
43

1
suba = 3 in (1) x? = —4ay (2,-3)

1 4
2=—4(= = x2 = ——
X <3>}’ X 3y

[3x2 = —4y|
Ex:1(iii) Find the equation of the parabola if vertex (1,—2) and

focus(4,-2)
Distance between vertex and focus VF = a

V(1,-2) and F(4,—2)
X1 Y1 X2 Yo
VF = Distance between vertex and focus

a= (= x)2+ (y, —y,)?

181
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a= (4 —1)2+ (=2 +2)2 Y
a=+J3)2+(0)?2 = a=+9
a=3
The equation of the parabola is open lef
of the form: (y — k)? = 4a(x — h) rél—2)
V(l, —2) and a = 3

(y+2)2 43 (x—-1) = (y+2)2—12(x—1)

Ex: 1(iv) Find the equation of the parabola if end points of latus rectum
(4,—-8) and (4,8)
Latus Rectum = Distance between g(% ,}?1) and gﬁlz , —y§) y

4a = /(xy = x)? + (v, — y1)? (4.8)
4a = /(4 —4)2 + (-8 — 8)2
4a = J(0)2 + (—16)2 = 4a= 167 00 y
ta=16=
The equation of the parabola is open right (4,—8)
of the form: (y —k)? = 4a(x — h) !

A(O, 0) and a = 4

(v - 0)2 4(4)(x—0)

1
2 (i) Find the equation of the ellipse if the foci are (£3,0) and e = 2
From the given data the major axis is along x — axis.

= de =—
c=3ande >

1
a=6 = a2=36
C=3:C2=9
b?*=a*—-c*= b?=36-9

b? =27
2 2
~ The equation of the ellipse is — + = i 1
X2 2
¥ v

36 27
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2 (ii). Find the equation of the ellipse if the foci are (0,1+4) and
endpoints of major axis are (0,+15)
From the given data the major axis is along y — axis.
c=4anda=>5
c=4 = C2 = 16

b2 =a?—-c?> = b?=25-16
b? =9 x2  y?
=~ The equation of the ellipse is 52 + i 1
X2 y?

5 t5e=1
25

2(iii). Find the equation of the ellipse if the lenght of latus rectum
is 8 and eccentricity is 3/5 and the major axis on x — axis
The major axis is x — axis

3
lenght of latus rectumis 8 and e = <

2 b2
£:8$—=4 =>b2=4‘a
¢ N 9 a (25-9
2 — ;201 _ p2 4a=qa?l1=-= _ —
b a“(1—e*)= 4a a( 25): Ag %( oE )
16 25 25 625
4 = gy —_—= = — 2 —
a<25>=>;1/><% t=a= TY =7
b? = 4a 4

b 25
wnere a = 4

b2=4><2—5 = b2 =25
4 2 2

= The equation of the ellipse lS —+= i 1
xZ yZ 16x2 yZ
625 1 25 625 T25 1

2(iv).Find the equation of the ellipse if the lenght of latus rectum
is 4 distance between foci 42 and major axis as y — axis
The major axis is y — axis
lenght of latus rectum is 4
2b? b?

4> —=2 = b?>=2a
a a
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Distance between foci = 42 = Zae =,3K/§
ae = 22
b? = a?(1 — e?) = b? = a® — a?e?
b? = a? — (ae)? = 2a =a? - (2\/5)2
2a=a*—-(4x2) = 2a=a?-38

a’?—2a—-8=0=(a—4)(a+2)=0
a—4=0,a+2=0
a4 [@=16
b? = 4a ,where a = 4
b2 =2(4)= b2=8

2 2
=~ The equation of the ellipse is 72 + Z_Z =1
X2 2
—+—==1
8 + 16

3 (i) Find the equation of the hyperbola if the foci are (+2,0)and
3
e = E
From the given data the major axis is along x — axis.

= d=—
c=2ande >

1
a=4 = a2=16
C:2$C2=4
b2=a’+c*> = b2=16+4

b? =20
2 2
~ The equatlgn ofzthe ellipse is ZT =1
X
Xyt
16 20

Ex:3(ii) Find the equation of the hperbola whose centre (2,1),
one of the fociis (8,1),and corresponding directrix is x = 4.

centre (2,1)= h=2,k=1
foci(8,1) = c+h=8k=1
c+h=28
c+h=8=c+2=8
¢ =82 = c=6= ae=6.(1)
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directrix : x = 4 =>X=E+h

solve (1) and (2)

a
aexX—=6x%x2 = a*>=12
%/e,

b2 = c2 — g2 | wherec =6 and a® = 12

b2=62—-12=b>=36—12 = b2 =24
From the given data the transverse axis is along x — axis.

2 2
~ The equationzof thze ellipse is ZT =1
X
x v
12 24

Ex:3(ii) Find the equation of the hperbola passing through (5,—2)

and lenght of transverse axis along x — axis and of lenght 8 units .

lenght of transverse axis along x — axis = 8
2a=8=a=4
a’ =16
2 2

=~ The equation of the ellipse is ZT =1

it passes through (5,—2)

(x,y)
52 (=2)? 25 4
16 b2 16 b?

4_ 25 4 1625
p2- " 16 — b2 16

4 16-25 4 -9
b2 16 bz 16
4

b?

9

=~ = 4x16=9xbh%? = 64=9b>
16

64
9 2 2

~ Required equation of the ellipse is Z T2 =1

bZ
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xZ 2 2 2
16 64 16 64
9

4.Find the vertex, focus,equation of directrix and length of the
latus rectum of the following:

(D) y* =16x (ii) x* = 24y (iii) y* = -8x (iv)x* —2x+8y+17=0
(v)y*—4y—-8x+12=0
(i) y* = 16x
Compare with y? = 4ax (open rightward)
4a =16 =
Vertex Ais (0,0)
focus (a,0) =(4,0)

Equation of directrix: x = —a = x = —4
Length of Latus rectum : 4a = 4(4) = 16
(ii) x* = 24y
Compare with x?> = 4ay (open upward)
4a=124 =

Vertex Ais (0,0)
focus (0,a) =(0,6)
Equation of directrix ¥y =—a =
Length of Latus rectum : 4a = 4(6) = 24
(iii) y* = —8x
Compare with y? = —4ax (open left ward)
da=8=a=2
Vertex Ais (0,0)
focus (—a,0) =(—2,0)

Equation of directrix x=a =x =2
Length of Latus rectum : 4a = 4(2) =8
(iv) x2—2x+8y+17=0

x*=2x+8y+17=0 (5

x2—2x=-8y—-17 |2~°

x? —2x +12—-12= -8y — 17
H_/
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x—1)2-1=-8y—-17= (x—1)2=-8y—-17+1
(x—1)2=-8y—16
(x—=1)?=-8(y +2)
Compare with (x — h)? = —4a(y — k) (open Downward)
h=1k=-2,4a=28
a=?2
Vertex A (h, k) is (1,—2)

focus(0+h,—a+k)=(0+1,-2-2)=(1,—-4)
Equation of directrix y=a+k =y=2-2=y=0

Length of Latus rectum : 4a = 4(2) =8
W) y*—4y—-8x+12=0
y2—4y—8x+12=0
y? —4y = 8x — 12

y:— 4y +27-22 = 8x — 12

(y—2)*—4=8x—12
(y—2)2=8x—-12+4= (y—2)?=8x-38
(y—2)2=8(x—-1)
Compare with (y —k)? = 4a(x — h) (open rightward)

h=1k=2,4a=28
a=2

Vertex A (h, k) is (1,2)
focus (a+h,0+k)=(2+1,0+2)=(3,2)

Equation of directrix x=—a+h =>x=-2+1=

Length of Latus rectum : 4a = 4(2) =8

N A

5.1dentify the type of conic and find centre, foci,vertices, and
directrices of each of the following:

L xf oy XY N N4
(l)ﬁ+——1 (u)?+——1 (iii) ————=1 (w)E—

Y 4
9 10 25 144 9

X2 yz

— 4+ — =1 (Given conic is ellipse

=t5 ( pse)

x2 2

Compare with = + i 1 (major axis is along X- axis)
a’ =25 b2=9=>a=5,b=3
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c?2 =qg?2—-p? = c=+a?— b2

c=+52-32 = c=V25-9 = c =16
c=4

Centre:(0,0)
Foci: (¢ 0) = (+4,0)

Vertices: (+a,0) = (+5,0)

To Find eccentricity (e)

¢ 4
e = ” e = -
a 5 & 5 a 25
e 4 4 — e 4
> a 25
Equation of directrices: x = ig = X = iT
X2 2
(id) 3 + 10 (Given conic is ellipse)

2 2

x
Compare with 2 + z= 1 (major axis is along y- axis)

b2=3, a? =10
=\/§’ a,:VlO
c>=a®*—-b? = c=+a?—-b2

c=vV10-3 = [ =7

To Find eccentricity (e)

c V7
e =— e = ——
a V10

Centre:(0,0)
Foci:(0, ¢) = (0, £V7)

Vertices :(0,+a) = (0, +V10)

a
To Find E
V10 V10 10
Y lox— -
V7 V7 N7
where\c/ll_E V10 and e = ﬁ
V10

a_10
el W7
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Equation of directrices: y = + =Y = \/—

2 2

(i) oo -2 =1
i) ————=
25 144
2 y2
Compare with — Z s =1 (transverse axis is along X- axis)

a2 =25p2 =144 = a =5,b =12
C2=a2+b2 :>C=\/Cl2+b2
c=+a?+bh2 = c=V25+144 = c=V169

Centre:(0,0)
Foci:(+ ¢, 0)= (£ 13,0)

Vertices:(+a,0) = (£5,0)

To Find eccentricity (e)

c _13
e—a=>€—5,
a
To Find —
e
a 5 5 25
—_= —_-— =5><— = —
e E 13 13
5

Wherea=5ande=?

a 25
e 13 )
Equation of directrices: 5 = +a =x=+ —
2 2 e 13
) R A
16 9

2 x2
b2
a2 =16,b2=9 = a =4,b=3

c2=a?+b? = c=V164+9
¢ =25 —fc=3

Centre:(0,0)

Foci:(0, £ c) = (0,%5)

Vertices :(0,+a) = (0,+4)

= 1|(transverse axis is along X- axis)|

Compare with z
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To Find eccentricity (e)

a 16

Equation of directrices: ¥ = ig — V= i?

6. Prove that the length of the latus rectum of the hyperbola
2 2
. y
Equation of hyperbola : 2 1 2 2
The point (c,y;)lies on the hyperbola C_z _ 1
a

b2
2 1_)’12 _ ylz_cz_az 8 L(c,v1)
az = b2 b2~ g2
where c? = a? + b?
ylz_a2+b2—a2 ylz_bz
bz a? 2 &z
, b b4 b2 0 a\ (c,p) *
" ="73 == a2 ﬂ}ﬁ:;

a

2b?

Length of latus rectum = 2y, = —
a

Ll

7.Show that the absolute value of dif ference of the focal distances

of any point P on the hyperbola is the length of its transverse axis.

————

SP
PM

|[Definition of a Conic :|
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SP =ePM = SP =e(CN —CZ)
a a
SP=e(x——) = SP=xe——Xe
e e
[SP = xe — a

SP' = ePM' — SP' = e(CN +CZ")

SP’=e(x+g) =>SP’=xe+g><e

SP'=xe+a
SP'—SP=x¢t+a—xe+a=2a

8.1dentify the type of conic and find centre, foci,vertices,and
directrices of each of the following :

(l.)(x—3)2 Lo-vt i & D o-2*
225 289 100 64
L(x=3)  (y—4)?
W= * 280 1
L x=h)?  (y—k)? o .
Compare with b2 + 7z =1 (major axis is along y- axis)
h=3k=4

b? = 225,q%2 =289 = b=15a=17

c2=a?>-b%* = ¢ =.az - p2
c =V289 — 225 = ¢ =64

c=38
To Find eccentricity (e)
c _ 8
e = a = € = 17

centre (h, k) = (3,4)
vertices (0+ h,+a+ k) =(3,+17+4) =(3,17+4),(3,—17 + 4)
= (3,21),(3,—13)
foci:(0+h,+c+k) = (3,48 +4)= (3,8 +4),(3,—-8 + 4)

a = (3112)1 (31 _4)
To Find —
e
a 17 289
- = 1 = 17 X— =
e 8 8 8
17

a 289
8
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a
[Equation of directrices:| y = ig + k

__|_289_|_4=> _289_|_4 289_|_4
_ 289432 289432 _ 321 257
Y= T T 17 Y=17 717
x + 1)2 —2)?
N CRE N2t
100 642 )
Compare with (x _Zh) + & ;zk) — 1 (major axis is along x— axis)

a
h=-1,k=2
a? =100,b>*=64= a=10,b=8

c? =a? —-b? = ¢ =+a?— b?
c=v100—64 = c¢=+/36
c=6

To Find eccentricity (e)

.8 3
e—a=> —10$e=§

centre (h, k) = (—1,2)

vertices (+a+h,0+ k) =(+10-1,2) =(10—-1,2),(—10—1,2)

= (91 2); (_11; 2)
foci:(xc+h0+k)= (£6-1,2)=(6—1,2),(-6—1,2)
=(5,2),(-7,2)

To Find —
e

a_ 10_10 5_50

e 3 73773
5

wherea = 10 and e =

e 3

Equation of directrices:x = ig +h
50 50
x:i?—].:) x=?—1,x:—?—1
50—-3 =50-3 47 —53
*TT3 T3 T 3T
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(x+3)? (y-47>
225 64

x — h)? —k)?
Compare with ( 5 ) - S b7 )

a
h=-3k=4
a’? =225b2=64 = a=15b=38
c?=a*+b* = ¢ =,/q? + b2
c=V2254+64 = ¢=+/289

1

(iii)

= 1|(transverse axis is along X- axis)|

To Find eccentricity (e)
c 17
e =— =D =—
a 15

centre (h, k) = (=3,4)
vertices (ta+ h,0+ k) =(+15—-3,4) = (15-3,2),(—15—3,2)
= (12,2),(—18,2)
foci: (xc+h,0+k)= (£17-3,4)=(17—-3,4),(—-17 - 3,4)
= (14,4),(-20,4)

a
To Find —
e
a_1s_ 15 225
17 ~ 17 17
15 17

wherea = 15and e = —

15
e 17

Equation of directrices:x = + 2 +h

225 _225 225
SV St VA A V)
225 —51 —225—-51 174 —-276

x:—,—:xz—’_

17 17 17 ° 17

N LV

25 16

2 2

x
Compare with z—z v 1|(transverse axis is along X- axis)|

a2 =25b’=16 =a =5,b=4
c2=a%2+b? = c=V25+16
c=+41

h=-1,k=2
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Centre:(h, k) = (—1,2)
Foci: (0 +h, £ c+k) = (-1, +V41 + 2)
(-1,v41 +2),(-1,—V41 + 2)
Vertices :(0+h,ta+k) = (—1,1£5+2)
(-1,5+42), (-1, -54+2)=(-1,7),(-1,-3)
To Find eccentricity (e)

. ¢ _v4l
e ==
To Find —
e
5 25
E__S =5X—=—
o VAl Va1l V41
5
a 25
e Va1
a
Equation of directrices : y =t+-+k
e
25 42 25
y= T == r___z
41 Y= \/_1 a1

(v) 18x% + 12y% — 144x + 48y + 120 = 0

18x2—144x + 12y*> + 48y + 120 =0
18(x? —8x)+ 12(y2 + 4y)+ 120 =0

18(x2—=8x + 42 — 4%)+ 12 (y*+4y +22 —22)+ 120 = 0
18[(x — 4)? —16] +12[(y + 2)2 — 4] +120=0

18(x —4)?> — 288+ 12(y +2)? — 48+ 120 =0

18(x —4)2 +12(y + 2)2 =216 =0

18(x — 4)? + 12(y + 2)%? = 216

+ 216

(=9 O+27_

12 18

x —4)2 + 2)?

(x —4) N G+2)° _ .
12 , 18 ,
Compare with b ;Zh) + & _Zk) = 1 (major axis is along y- axis)
a

h=4k=-2

b2=12,a2=18=>b=\/ﬁ,a=\/ﬁ=>b=2\/§,a=3\/5
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2 =g2—_p2=c=+a?— b2

c=vV18—-12 =| ¢ =6

To Find eccentricity (e)

e:£=>e=£=>e=\/§x/ﬁ=>e=§
a 3v/2 342 3
e £ EEN |
V3 xA3 V3

centre (h, k) = (4,-2)
vertices: (0 +h,+a+k) = (4+3v2—-2) =(4,3v2-2),(4,-3v2-2)
foci: (0+h,tc+k) = (4,+V6—2) = (4,V6 - 2),(4V6~-2)

a
To Find —
e

2

a

=27 32 x\/3=3V6
e

=

=3vV6

o Q

a
Equation of directrices: y=+4+-+4+k
e

y=43V6-2= y=3V6—-4-3V6—-2
(vi) 9x* —y* —36x— 6y +18 =0
9x2 —36x —y? -6y +18=0
9(x%2 —4x) — (y2+6y) +19=0
9(x?2 —4x+22-22)—(y>+6y+32-32)+18=0
9[(x — 2)2—4] — [(y + 3)2 — 9] + 18 = 0
9(x—2)*—36—(y+3)2+9+18=0
9(x—2)2— (y+3)2—36+27=0
9(x —2)>—(y+3)>2—-9=0
9(x —2)2—(y+3)2=9
(x —2)? 9()""3)2_1
1 9
(x—h)? (y—k)?

compare with PrE =1 . [transerve axis along x — axis]|

bZ
h=2,k=-3
a?=1,bh*"=9 =a=1b=3
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centre : (h,k) = (2,-3)

vertices : (+a+h,0+k) = (x1+2,0-3)
=(1+2,0-3)=(3,-3)

c® =a’+b? = ¢ =+a?+ b?
c=+12432 = c=v1+9 =|c =10
foci: (+c+h,0+k) = (£V10+2,0-3)

= (V10 +2-3),(-V10+2,-3)
To find : (e)
c

V10
e=— me=— =|e=110
a 1
Tofind'E
T e
a 1
—=—— wherea=1and e = V10
e 10
Directri +4in =4 . + 2 1 + 2 1 +2
irectrices : x = +— =+— - J—
e V10 V10 V10
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EXERCISE : 5.4

Example 5.27 Find the equations of tangent and normal to the
parabola x* + 6x+4y+5=0 at (1,-3).
Equation of parabola is x> + 6x +4y+5=0

Equation of tangent to the parabolais x*> + 6x + 4y +5=0at (1,—3)

+ + (1, y1)
xx1+6<x x1>+4<y y1)+5=0 N
2 2
2 [0
x(1)+\&<x+1> \4<y&3>+5—o=>x+3(x+1)+2(y 3)+5=0

x+3x+3+2y—6+5=0=>4x+2y+2=0
Equations of tangent2x+y+1=0
Equation of normalis of the formx —2y+k =20
It pases through (1,—3)
1-2(-3)+k=0=14+46+k=0=7+k=0
k=-7

Equation of normalisx—-2y—-7=0

Example 5.28: Find the equation of tangent and normal to the
ellipse x* + 4y?> = 32 when 0 = r

Equation of ellipse is x* + 4y? = 32 *

, 7
Xy
4+ =1
32 * 8
a’=32,b*=8= a=4V2,b=2V2
2 .2
The parametric form of the ellipse: x_2 + i 1is (acos@,bsin®)
At == ’
T4
(acos@,bsinf) = (4\/_COS— 24/2 sin ) <4§§x— 2&)(—)
~ Equation of tangent to the ellipse x* + 4y? = 32 at (4,2)
xx; + 4yy; = 32 (x1,¥1)

x(4) +4y(2) =32 = 4x+ 8y =32
~ Equation of tangent isx+2y—-8=0
Equation of normalis of the form2x —y+k =10
It pases through (4,2)
24)-2+k=0=>8-2+k=0 = 64+k=0
k=-6

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

1.Find the equation of the two tangents that can be drawn from the
point (5,2) to the ellipse 2x* + 7y* = 14

2x%  7y?

Ellipse: 2x? +7y? =14 = 412 _—1
-~ 14 4 _ 14
) ) 7 2
x= Yy
—+—==1
7 2 5 5
x= Yy
Compare with : —+b—2—1=> a’=7,b*> =2

Equation of any tangent is of the form :y = mx £ +/ a?m? + b?
y=mx++7m?+ 2
It passes through the point (5, 2)

2=mXxX5+{y7m?2+2=2—-5m=+Jy7m2+2

Squaring on both sides

(2 —5m)?=7m? + 2 = 4 —20m + 25m? = 7m? + 2
4—-20m+25m?—7m?—-2=0
18m? —20m+2=0
+~2
W1=0=>(9m—1)(m—1)=0 y\x
1 - 9
9m—1=0,m—1=0=>m=§'m=1 1
—9m —1m
The equation of the tangents at (5, 2 2 9
-q _f 7 ((961:3’1)) /9/}#1 ngn
isy—y; =mlx —x) (m—1) (9m — 1)
y—2=m(x—05)
1 1
Whenm===y—2=2(x—5)
9 9
9 y—-2)=1x—-5) =9y—18= x—-5
X—5-9y+18=0= x—9y+13=0
Whenm =1
y—2=1(x-5)
y—2=x—-5 =>x—-5-y+2=0
(x-y-3=0 2y
2.Find the equation of tangents to the hyperbola1—6 Vi 1
which are parallel to 10x —3y+9 =0
X2 y?
Hyperbola: —_ _Z_ _ 1
16 64
oxZ2 2
Compare wzth:;—b—2=1

a2'= 16 =a =4 andb* =64 = b =18
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Equation of any tangent is of the form :y = mx + \/ a?m? — b2
y=mxt+1l6m?2 —-64 — ()

coefficient of x
Slope of the line ax + by +c=0is m =

_coefficient of y
—-10 10
Slopeofthelinele—3y+9=0ism:—3=?

10
submz?in(l)y=mxi\/16m2—64
2
10 10 10 100
= =) - =—x+ |16 x— — 64
y—3><xi\/16<3> 64 = Y 3x_\/ 9
10 [1600 _10 . [1600-64x9
yz?xi T—64=>y—3x_ 5
10 | [1600-576 _10 . |1024
y—?xi T =Y 3 L 9

10x + 32
y:l?)_oxiz_zz;, y=—a—" = 3y=10x+32

3y = 10x + 32, 3y = 10x — 32
Required tangents are 10x —3y + 32 =0,10x -3y —32 =0

3.Show that the linex —y + 4 = 0 is a tangent to the ellipse
x% + 3y? = 12. Also find the co — ordinates of the point of the contact.

x?  By?
Ellipse: x%2 + 3y2 =12 =__ 4 =1
12 127 124
X2 y?
Z 47 -1
12+ 4
X2 y?
Compare with :$+b—2= 1 = a?=12,b*>=4
2 2
Condition for y = mx + c to be a tangent to Pl % =1is ¢ =+ a?m? + b?

Line:x—y+4=0=>y=x+4
Compare withy = mx + ¢
m=1c=4

c=4..(1)

Suba®? =12,b> =4 andm =1 inc = +ya?m?2 + b2

c=4+J121)2+4=c=1V12+4 = c = tV16
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c=41.02)

From (1) and (2) the line x — y + 4 = 0 is a tangent to the ellipse

)
c

—a’m b2>

The point of contact is <

—a*m —12x1 b?
= =-3and —=-=1
c 4 c 4

The point of contact is (—3,1)

4.Find the equation of the tangent to the parabola y* = 16x
perpendicularto 2x+2y+3 =0

Parabola: y? = 16x
Compare with y? = 4ax
4a = 16 a=4
Line: 2x +2y+3 =0 2y = —2x —3

3 =2
= —x+ -
Comparing:y=mx+c = m=—l,andc = 5
-1 -1 _

slope of perpendicular = — =7 =~ slope of perpendicular =1
a

y = mx + c is the tangent to the parabola if ¢ = —

4

C=I = c=4
subm=1,c=4iny=mx+c
y=x+4 =x—-y+4=0

5.Find the equation of the tangent att = 2 to the parabola y*> = 8x
(Hint: use parametric form)

Parabola : y? = 8x
Compare with y? = 4ax
4a = 8=
The parametric form of the parabola:y? = 4ax is (at?, 2at)
(at?,2at) wheret =2 and a = 2
(2(2)%,2x2x%x2)=(8,8)
The equation of the tangent at (x4,y,) to the parabola y* = 4ax is
X+ xq
)

Here (x1,y1) = (8,8)

yy1 = 4a(

x+8
y(8)=4(2)<T> = 8y=4(x+8) = 2y=x+8
+4
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Equation of tangentisx —2y+8 =10
6.Find the equations of the tangent and normal to hyperbola
12x* —9y%? =108 at 6 = g
Hyperbola: 12x% — 9y? = 108

+ 108
12x2 9y? x* yr .
108 108 =~ 9 12
X2 y?
oD — 2 _
Compare with -;+b—— 1= a“=9,p2=12
a=+9,b=v12 = a=3,b=2V3
2 2
The parametric equation of hyperbola i 1is (asecH, btan8)
s
When 6 = 3

s 2
X = asecl = 3S€C(—) =3X—-=6
3 1 3
s
y = btanf = 2+/3tan (—) =2V3x—=6
3 1
=~ The point is (6, 6)
The equation of the tangent at (x,,y,)to the given ellipse is
12xx; — 9yy; = 108
Here (x1,y1) = (6,6)
12x(6) — 9y(6) = 108 = 72x — 54y —108=0
+~ 18
The equation of tangentis4x —3y—6 =10
Equation of normal is of the form3x +4y+k =0
It pases through (6,6)

3(6)+4(6) +k=0 = 18+24+k =0
42+ k=0= |k = —42

The equation of normalis3x +4y —42 =0
7.Prove that the point of intersection of the tangents at 't;' and't,’
on the parabola y? = 4ax is [at t,, a(t, + t;)].
Parametric equation of tangent at tyis yt, = x + at?...(1)
Parametric equation of tangent at t, is yt, = x + at? - (2)

Solve (1) and (2)

(1) = yt; =\ + atf

= G

_ 2 2
Yty =Yty =até— at =Y (= )= alty = 12)
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Y(tr=T1,) = alty=1t,)(t; + t;) =| y = a(ty + t;)

Suby = a(t; +t,) (1) yt; = x + atf
a(ty + t)t; = x + at? = (aty + aty)t; = x + atf
_at} + atyt, = x +att =| x = at,t,

The point of intersection of tangents at t; and t, on the parabola is
latitz, a(ty +t;)]

8.1f the normal at the point‘t;’on the parabola y* = 4ax meets the
parabola again at the point,then prove that t, = — (t1 + %)

Equation of normal at t, to the parabola is y + xt; = at; + 2at,

Above normal again meets the parabola at t,

< \z
. _ _ ) z
So the meeting point on the parabola is (at5,2at,) ;E 3
Sub(at3,2at,) in (1) y + xt; = atd + 2aty s
2at, + (at?)t; = at? + 2at g
2 ( 2) 1 1 1 - (at%’ zatl)
2at, + atyt = at; + 2at; / +
Q

2at, — 2at, = atd — at,t?
2a(t, — ty) = —at; (5 — t) F
@
2a(t, — t;) = —aty (t§ — t7) N (at?, 2aty)
atZ; a 2
2?{@24 = _?{t1(§2/4(t2 +t)
2 = _tl(tZ + tl)

2 2 2
—— =ttt D =t —— = t,=—t; +—

4 2]
Hence Proved

/)

202
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Exercise : 5.5

Example 5.30 A semielliptical archway over a one~way road has a
height of 3m and a width of 12m.The truck has a width of 3m and
a height of 2.7m.Will the truck clear the opening of tg;e archway ?

Truck's width = 3m, Truck's height = 2.7m

To find height of the archway 1.5m from the centre 4

From the diagrama =6andb =3
2 2

6

3z~ 1

The point (1.5,y,) lies on the ellipse

2
(%) }7_12:1:)%4_}7_12:

—6,0)
\2) 1 (=6 6,0
36 9 36 9 12m ©0
9 1 2 1 2
4 36 9 4 364 9 3.87
1 y? y1° 1 3| 15
_ 1 == Z— = [
679 9 =171 9
2 — 68| 600
o _leml oyt s . B 544
9 16 9 16 16 767 5600
5348
15 3
Y1 16 X9 Y1 ) \
3 387 = v, = 11.61
Y1=7 X 3. Y1="7
y1 = 2.90
The height of arch way 1.5m from the centre is approximately 2.90m .
Example: 5.31 The maximum and minimum distances of the Earth
from the Sunrespectivelyare152 x 10° km and 94.510°km.The Sun
is at one focus of the elliptical orbit . Find the distance from the
Sun to the other focus.
AS = 945 x10°km, A'S =152x%x10°km
minimum distance between the earth and sun
AS=a—c
a—c= 945 x1065..(1) y
maximum distance between the earth and Sun
A'S=a+c

a+c=152x10°...(2)
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solve (1) and (2)
a—c = 94.5x 10°
=) = &)
&+ c=152x10°
—2¢=-575%x10°= 2¢=57.5x%x10°

2c=575x%10® = 2¢ =575x10°
Distance of the Sun from the other focusis SS’ = 575 x 10° km .

Example 5.32 A concrete bridge is designed as parabolic arch.
The road over bridge is 40m long and the maximum height of the
arch is 15m. Write the equation of the parabolic arch?.

A bridge of parabolic arc has open downward x* = —4ay ... (1)
The point (20,—15) lie on the parabola
x? = —4ay = 20% = —4a(-15)

20 400
400 = 600 = g — ——
60 3 y
A
a = Q Q > x
3
20 15m
Suba = 5 inx%? = —4ay
20 80 0
2= 4l —|y = x2=-—-— (—20,<15) 40m 20m  (20,—15)
x < 3 )y X 3V g
40m

. Equation is 3x* = —80y

Example 5.33 The parabolic communication antenna has a focus at
2mdistance from the vertex of the antenna. Find the width of the
antenna 3m from the vertex.

.\(3' yl)
Equation of parabola is y? = 4ax Vs
Since focus is 2m from the vertex a = 2 v,
Equation of the parabola is y? = 8x
The point (3,y, ) lies on the parabola - ng =‘> 2y
y12 == 8 X 3 o —— "

W 3m
y1=V8X3=vV4x2x%x3 =25 ”
The width of the antenna 3m from the vertex is |||
2 =4\/€m. ) v N

7 e

1
Example 5.34 The equationy = 3—2x2 models cross sections of

parabolic mirrors that are used for solar energy .There is a heating
tube located at the focus of each parabola; how high is this tube
located above the vertex of the parabola? 204
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Equation of the parabolais y = ixz
32y = x?
x? =32y
2 —
Compare with x* = 4ay 27 8

4a=32 = a=

4

a=38

So the heating tube needs to be placed at focus .
Hence the heating tube needs to be placed 8 units above the vertex of
the parabola.
Example 5.35 A search light has a parabolic reflector (has a cross
section that. forms a 'bowl’).The parabolic bowl is 40cm wide from
rim to rim and 30cm deep.The bulb is located at the focus
(i) What is the equation of the parabola used for reflector?

(ii) How far from the vertex is the bulb to be placed so that the
maximum distance covered?

The equation of the parabola is y? = 4 ax

30,20
Since the diameter is 40cm and the depth is 30cm, A 2\ )
The point (30, 20) lies on the parabola 2
y? = 4ax = 202 = 4a(30) NEE
10 250 10 «t - S
400 =120a = a=—— = a=— 0 x
125 3 |
cm 8
10 5 10
=_ i =4 2 =4—
Sub a 3 iny ax =y <3>x 1
40 v
The equation of the parabola is y? = ?x

The bulb is at a distance of 3 m from the vertex

Example 5.36 An equation of the elliptical part of an optic lens
X2 2

system s 16 + 9 = 1.The parabolic partof the system has a focus

in common with the rightfocus of the ellipse.The vertex of the
parabola is at the origin and theparabola opens to the right.
Determine the equation of the parabola.
In the given ellipse a® = 16,b%? =9
c?=a?-b* = ?=16-9

2 — —1 =
c 7 ¢ =+N7 205

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL
y

b

(c,0)
The focus of the parabola is (\7,0)
a=+7

Equation of the parabola is y? = 4ax

The foci are S (V7,0),S'(—=V7). < ACJ (qu) A—¢

Equation of the parabola is y*> = 4\7x

Example 5.37 Aroom 34m long is constructed to be a whispering
gallery.The room has an elliptical ceiling.If the maximumheight
of the ceiling is 8m,determine where the foci are located.

The length of the semi major axis of the elliptical ceiling is 17m .
The height of the semi minor axis is 8m
c?=a?—-b*>= c=+a?—-b?
¢ =172 — g2= ¢ =289 — 64
c=+v225= c=15

For the elliptical ceiling the foci are located on either side

about 15m from the centre, along its major axis.

(x—11)% y?
184 64

(x and y are measured centimeters) to the nearest centimeter,

should the patient’s kidney stone be placed so that the reflected

1

Example 5.38 If the equation of the ellipse is

sound hits the kidney stone? 2049
(x _ 11)2 y2 2| 420
The equation of the ellipse is ———— + — = 1. o
1 / P 484 64 w [ %
404 2000
The origin of the sound wave and the kidney stone 4089 1:;200
of patient should be at the foci in order to crush 36801
the stones.
a? = 484 and b? = 64 e I o S ST
CZ — aZ _ b2$ Cc = ‘laz — b2 lé/‘ -\:1‘:::)")
Cc = ’\/484 — 64: Cc = V4‘20 “("‘:_y;. =5 ‘3‘-: _--r::f,—'.—‘ @
c =~ 20.5 i

Therefore the patient’s kidney stone should be placed 20.5 cm

rom the Centre.of the ellipse.
f f p 206
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Example 5.40: Certain telescopes contain both parabolic mirror
and a hyperbolic mirror.In the telescope shown in figure the
parabola and hyperbola share focus F; which is 14m above the
vertex of the parabola.The hypernola's second focus F, is 2m above
the parabola’s vertex.The vertex of the hyperbola and with the
focion they — axis. Thenfind the equation of the hyperbola.

Let Vi be the vertex of the parabola and F,
V, be the vertex of the hyperbola. \._/
FF,=14-2=12m2c=12c=6 HYA
The distance of centre to the vertex of the hyperbola is \ ¢

\ hd
a= 6 - 1 = 5 ‘\“ "l'
b2 =% — q2= b? = 6% - 5= b* =36—25
2 _ \ IF
b? =11 g 1§
= The equation of the hyperbola is eI 1. v,

1.A bridge has a parabolic arch that is 10m high in the centre and
30m wide at the bottom. Find the height of the arch 6m from the
centre,on either sides.

A bridge of parabolic arc has open downward by
x? = —4ay .. (1)
It passes through the point (15,—10)

X,y
x? = —4ay = 152 = —4a(-10) 10m
225
225 =40a = a=4—0
cba 22 o, (—15,—10)___1°™
uba == inx® = a;;s
L25 —45
¥2 = <225>y — x%=— 2y =y
40 10 2
10 5
. . , —45
The point (6,y,) lies on the parabola x* = —
45 45
2 - -
=T = 36 = —— 1
fyex b = __8
begs—h: 1=
8
AB =§m and AC = 10m
8 50-—-8 42
BC=AC—-AB=10—-—-= = —
5 5 5
BC = 8.4m

The height of the bridge at the required place = 8.4m
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2. A tunnel through a mountain for a four lane highway is to have a
elliptical opening.The total width of the highway (not the opening)
is to be 16m,and the height at the edge of the road must be
sufficient for atruck 4m high to clear if the highest point of the
opening is to be 5m approximately . How wide must the opening be?

Herea =8 and b =5 Y4
Let x; be the wide of the arch s (x1,4)
Cx? P a
The equation is ) + = 1 3 Am
. XX
b ' X
The equation is — + )5,—2 =1 (-8,0)\—8m o 8m 80)
8 16m
The point (x, ,4) lies on the ellipse
2 42 x2 16
64 25 64 25
2 2
x1 16 x1 25 - 16 2
—=1-— = = x1°= —=X64
64 25 64 25 T
24
xl ==X 8 = x1 — ?
wide of the arch = 2x;= 2(4.8)= 9.6m
3. At a water fountain,water attains a maximum height of 4m at
horizontal distance of 0.5m from its origin.If the path of water
is aparabola, find the height of water at a horizontal distance of
0.75m from the point of origin.
Equation of a parabola: (x — h)? = —4a(y — k)
h=05k=14
(x—0.5)% =—4a(y—4)..... (D
It passes through origin (0,0 )
X,y
(0—0.5)%2 = —4a(0 — 4) V4 V(0.5,4)
(=0.5)?2 = 16a = 16a = 0.25 : : :
_ 025
S Te 0.25
x — 0.5)% = —4-( ;G)(y—él)
0.25 \/
(x —0.5)2 = —T(y —4) (0:0)0'5

The point (0.75, y1) lies on the parabola 208
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0.25

(X - 05)2 = —T(y - 4-) = (075 — 05)2 = -

0.25
4

1 —4)

4
252 x ——— =
(0.25)" x =55

—1l=y,—-4=>y=4-1= y; =3

Vi—4 = —025x4=y, —4

Height of the water = 3m

4.An engineer designs a satellite dish with a parabolic cross section.
The dish is 5m wide at the opening, and the focus is placed 1.2 m
from the vertex

(a) Position a coordinate system with the origin at the vertex and
the x — axis on the parabola’s axis of symmetry and find an
equation of the parabola.
(b) Find the depth of the satellite dish at the vertex.

Equation of a parabola: y? = 4ax

Herea = 1.2m
y?2 =4(1.2)x = y? =4.8x
Equation of a parabola: y? = 4.8x

V4

The point (x, ,2.5) lies on the parabola
y? =48x = (2.5)2 = 4.8x,

A

18 625 6.25 625125
.xl— . :x1_48_ﬁg6
125

Depth of the satellite is 1.3m
5.Parabolic cable of a 60m portion of the roadbed of a suspension bridge are
positioned as shown below. Vertical Cables are to be spaced every 6 malong
this portion of the roadbed. Calculate the lengths of first two of these vertical

cables from the vertex. (30,13)

6,y

16m
A

Y2

30m Y
60m

30m
209
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The point lies on the parabola (30,13)

The equation of parabola is x? = 4ay

900
(30)2 =4a(13) =>900=52a = a=—

52
b 900 o,
su a—52 mnx- =4aay

, (900 :xzzﬂ

The equation is x? = 37
The point (6,y,) lies on the parabola

, 900 qf 13 _ 52

6 =_y1=>oc><r)0 =y, = y1—m

13
100

The length of thevertical cable 6m from the road= 3 + 0.52 = 3.52m
The point (12,y,) also lies on the parabola

900 6 13
122 = 1_y2 = 114 X ann = V2

100

_208 PP
3’2—100 = Y2 = 4.

The length of the vertical cable 12m from the road = 2.08 + 3 = 5.08m

6.Cross section of a Nuclear cooling tower is in the shape of a

X2 2
hyperbola with equation 302 z? = 1.The tower is 150m tall and
the distance from the top of the tower to the centre of the hyperbola
is half the distance from the base of the tower to the centre of the

hyperbola. Find the diameter of the top and base of the tower.
X2 2
x oy
302 442
(i) (x1,50) lies on the hyperbola
x12 502 . x12 2500 .
302 442 302 1936
x,2 2500 x;%2 1936+ 2500
—— =1+ = =
302 1936 307 1936
X2 4436 5 302 x 4436
e, -
302 1936 442

30% x 4436 30 X V4436
xl = _ = xl e

X1
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5 6.6 15 x 33.3
x1 = Z X x1 11
499.5
— 7" = x, = 4541m
17 1
(ii) (x,—100) lies on the hyperbola in

X% 1007 - x> 10000

302 442 302 1936
X% 10000 - x;% 1936 + 10000
302 1936 302 1936

) 11936 ) J11936 X 302
X" = X 30 = Xy =

1936 442

30
Xy = E\/ 11936 = x, = 74.49m

Diameter for the top = 2x,=

2(45.41m) = 90.82m

Diameter for the bottom = 2x, = 2(74.49m)= 148.9m

(] (xll 50)
50m
= > x
2 <
—
100
4@ 2
X5, —100)

7.Arod of length 1.2m moves with its ends always touching the
coordinate axes.The locus of a point P on the rod,which is 0.3m
from the end in contact with x — axis is an ellipse. Find the

eccentricity.

The ladderAB = 1.2 m and point P on the
ladder such that PB = 0.3m and AP = 0.9m
In a right angle triangle ACP
adj X

g = — _ 1
cos Iyp = cos @ 09

In a right angle triangle PDB

Y1
g =L
=03

X1 . V1
@ = — and sinf =—
cos 0.9 an 3

) opp )
sing =— = si
hyp

cos?0 + sin%6 =1

2 2
(55) +(§—13) =1
W+% 1

X2 Y?

Compare with =z + bZ =1

A

v

211
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a? = 0.9%,b? = 0.32

a=09
VaZz — p2
To Find eccentricity (e) € = —
72
0.92 — 0.32 0.81 — 0.09 0.72 100
e = = e = = e=—= o=
0.9 0.9 0.9 —0.9
9 X8 3v8
100 10 3v8 1 3% 2v2 N
= ge=—— D e=——X— > = —m = o=
0.9 0.9 10 0.9 9 =

8. Assume that water issuing from the end of a horizontal pipe, 7.5m above the

ground, describes a parabolic path. The vertex of the parabolic path is at the
end of the pipe. At a position 2.5m below the line of the pipe, the flow of
water has curved outward 3m beyond the vertical line through the end of
the pipe. How far beyond this vertical line will the water strike the ground.

The equation of the parabola as open downward x? = —4ay
It passes through the point P(3, —2.5)
32 = —4q(-2.5) Ay
9 < X
9=10a=a = 10 b "
9 5 0 2.5m
Suba =— inx* = —4a 3m
10 Y 7.5m f3,—2.5)
,  2./(9 )
SRR Y Pd ; Q
d 5 18 X1 (xl, _75)
- The equation is x? = <

Let x; be the distance between the Vertical line and water strike the ground
The point Q(x;, —7.5) lies on the parabola

5 18 5 18
X=—Ty = X =—?(—7.5)

1.5
1
x12=?><7.5 = x{ =18x 15

x2=9%x2x15= x2=9x%3

X =V9x3 =>x1=3\/§m

-~ The water strikes the ground 3v3m beyond the vertical line
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9. On lighting a rocket cracker it gets projected in a parabolic path and reaches
a maximum height of 4mts when it is 6mts away from the point of projection.

Finally it reaches the ground 12mts away from the starting point.

Find the angle of projection d
The equation of parabola is x? = —4ay > x
It passes through the point (6, —4) 4mts
X,y -
2 = —4ay = 6% = —4a(—4) e
emt omt —
36 g (=6,—4)" - PE—0(6,—4)
= = — = — 12mts
16a=36 = a="—-= a=7 dy

Slope = d_ic] = tan6

Sub —9' = —4
ub a = Z = —4ay
L2 = 2
4
The equation is x?
x? = -9y
d.w.r.to.x
dy dy 2x
2x = -9~ - _=
dx :>dx 9
dy = 2x
dx 9 4 4
dy -2(-6)_ 1z _
Find the slope at (—6, —4 = ==
peat (= ) dx 9 93 3
dy 4 0
dx_3 l.e tan —§
0 =tan! (4)
3

4

The angle of projection tan™! (§)
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VECTOR ALGEBRA
EXERCISE : 6.1

Example 6.1: Prove by vector method that cosA =

b? + ¢ — a?

. . S 2bc
AB="¢BC=3dandCA=b
By triangular law
AB+BC+CA= 0= ¢+3+b=0
b+¢=-4
squaring on both sides
b+ =2 = b2+ +2(b.¢) = &
b2 + 22+ 2[b||¢|cos(m — A) = & A
b? + c? + 2bc(—cosA) = a2 T—A X
b? + ¢ — 2bc cosA = a? g A m—C
b? + ¢2 — a%? = 2bc cosA /\B \
b2 4 ¢2 — a2 =_p d C
[COSA = T} lcos(180° — ) = —cos0|
a’? + b? — ¢?

(iii) Prove by vector method that cosC =
AB=7¢,BC=13 andCA = b

By triangular law

2ab

AB+BC+CA=0 = ¢+4d+b=0
a+b=-7¢
squaring on both side

g -2 - — g — 7 —
a+b) =(-0?= 2+ b2+2(3 b)="¢
a? + b% + 2|5I|§| cos(mt — C) = ¢2 = a? + b? + 2ab(—cosC) = ¢2

a2 + b2 —2abcosC = c2 = a? + b? — c? = 2abcosC

c- a® + b?% — c?
cosC = ZI

Example 6.2: Prove by vector method thata =b cosC + c cosB

AB=¢,BC=dandCA= b
By triangular law

—_— = —

AB + BC + CA = ¢+d+b=0

—

a=—-b-—
Dot-multiplying beth side by a

Il
ol ol
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- —

i.d=-a.b—-a.¢

a* = —|dl| b| cos(m — €)= ldl[ €| cos(m—B) ~ m=Al/N p

a? = —ab(—cosC) — ac(—cosB) \ B X

a® = abcosC + ac cosB —
mn—B a c
+~a
a = b cosC + c cosB [cos(m — 0) = —cos0)|
(ii) Prove by vector method thatb = c cosA + a cosC

From the diagram
AB+BC+CA=10
E+d+b=0

b=-d4-¢
Dot multlplylng both side by b

b.b=—a.b-b.7¢
2 = —|d||'b| cos(m - C€)- |B]I€| cos( — 4)

b? = —ab(—cosC) — bc(—cosA)

b? = abcosC + bccosA
=b
b =acosC + c cosA

-

(iii) Prove by vector method that c = acosB + bcosA
AB=7¢,BC=7d and CA= b
From the diagram

AB+BC+CA=0
c+d+b=0
¢=—-d—b
Dot multiplying both side by ¢ A

- T[—A -
¢.C=—-d.c—b.c AN b
N

¢2 = —|adl|é| cos(m — B) - |b||é|cos(m — A) N
c? = —ac(—cosB) — bc(—cosA) Y =
T —B
c“ = ac cosB + bc cosA
+~C
¢ = acosB + b cosA

N~

a_b_c

Example 6.4: With usual notation provethat —— = — = —
sinA sinB sinC

Let AB = ¢, BC =d,CA=b
By Area property of triangles

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

x[_g)zll_;xé’: Ex&’|=>|c_i><l_9)|=|l_?)><5|=|5><c_i|
2

N =

5|

(U

N

|dl|b|sin(m — €) = |b||&|sin(m — A) = |&]|d| sin(r — B)
absinC = bcsinA = casinB — absinC — besind — casinB
- abc abc abc abe
sinC _ sinA B sinB

c a b
Taking reciprocal
a b <

sinA sinB sinC

Example 6.7: Altitudes of a triangles are concurrent - prove by
vector method.

- T > A 7l
let the position vectors of A, B, Cbe a, b, ¢. (@)
OA =3,0B =Db,0C = ¢ F

Let ABC be a triangle and let AD, BE be its E

two altitudes intersecting at O.
We shall prove CF is the third altitude also  (b)p (@)
intersecting at O. D

AD L BC

AD .BC=0 = 0A .BC=0
OA.(0C-0B)=0 = 3.(¢ — b) =
3t-3.b=0 _(q
BE 1 CA
BE.CA=0 = 0B.CA=0
0B.(0A—0C)=0 = b.(ad— &) =0
b.d —b.¢=0 ..(2)

Adding (1) and (2)

ac—ﬁ/g 0
bi—b.¢=0

=0

-

.C—Db.

Q
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(G—b).¢=0
(04 - 0F).0¢ = 0
BA.0C=0= BA.CF=0
BA L CF
Hence the three altitudes are concurrent.

Example 6.8

Intriangle,ABC the points D,E,F are the midpoints of the sides , BC,

CA and AB respectively.Using vector method, show that the area

1
of ADEF is equal tOZ (area of AABC).

In triangle ,ABC consider O as the origin
Let D,E,F are the midpoints of BC,CA, AB

. OA+0B
@,=03+oc 0_15’_0A+OC 5F — B c
2 2 2
Area of ADEF = —

[

Nlr—\

DE x DF|==|(0OE — 0D) x (OF — 0D))|

2
04 +0C OB+OC> <
2

<0A+ﬁ 03—,7) <0A+(}B/—ﬁ 06)‘

1
2

1 <0A—OB> <0A oc>| |<BA> (c_fl’)‘
2\T 2\ 2 NI T2\ )\

EZXEZ*=1<EBZxEZO
——| 4\2

A+ 0B OB+OC>‘
2

1
=3 (Area of a AABC)

Example 6.9: The constant forces 2i + 5j + 6k, — i — 2j — k act on a particle
which is displaced from position (4, —3, —2) to position (6,1, —3). Find the
work done

let F;, =20+ 5j+6k,F,=—1—2j—k
F=F, +F,
=2i+5j+6k—i—2j—k
F=1i+3j+5k
Let OA = 4i/~3j—2k; OB = 6i+7] =3k
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d="4AB=0B - 04

d=60+]—3k—41+3]+2k
d=20+4j -k
Workdone=F. d = (43 + 5k).(2i+ 4f — k)

=2412 -5 = 9 units

Example 6.9: A partical is acted upon by the forces 31 — 2j + 2k, 2i+j — k
is displaced from the point (1,3, —1) to the point to (4,—1,1).if the work
done by the forces 16 units find the value of A.

Let?l_3i—2j+212,?2=22+j—/2

d=3i—4+ Q1+ Dk

Work done = 16 units

Fod=16= (5i—j+k).3i—4j+ 1+ Dk =16

15+444+14+1=16= 20+1=16 = 1 =16-20
A=—4
Example 6.11: Find the magnitude andAdirection cosines of the moment about
the point (2,0, —1) of a force 21 + j — k whose line of action passes through the
origin.
F=20+j—k OA=20+0j—k OB=0{+0j+0k
= AB = OB — OA

=0i+0j+ 0k —2i+0j+k
—2i+k

>
r

[ Moment of a force =7 X ?]

~

. i j k R
TXF=|-2 0 1| =i(0-1)—-j2-2)+k(-2-0)
2 1 -1

Tx F=—-1—0j—2k
[ Magnitude of moment. = | T X _F)| ]
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= (=1)% + 02 + (=2)?

=VI+4 =15
. . . <—1 0 —2) (—1 2)
Direction cosines = —_——,— = —’()’__
sV T\

1. Prove by vector method that if a line is drawn from the centre
of acircle to the midpoint of a chord, then the line is perpendicular
to the chord.

Let O be a centre of acircle and AB be a chord
Let C be the midpoint of the sides AB

__, O0A+0OB

0C =——
2

Toprovem‘) 1 AB

0¢.4E = 0C. (0B - 04)

(0A+0B) — —
=-————(0B-04) 0A = OB
_ (0B +04).(0B - 04)

- 2
0B? — 0A* 0OB*— 0A* 0B?— 0B?
- 2 2 - 2

+»0C LAB = 0C.AB = 0
2. Prove by vector method that the median to the base ofan isosceles
triangle is perpendicular to the base. 0
Let O be the origin
Let D is the mid — point of the side AB
__. O0A+0B
Ob=—3
To prove 0D LAB A D B
OA = OB

OD.AB = 0D.(0B — 04)

_(04+ )_(OB_OA)=(03+0A).(OB 04) _
Z 2 2
o552~ 9% _ 0D -0 = - 0D L4B

2
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3. Angle in a semi-circle is a right angle. Prove by vector method

Let AB be the diameter of the circle with centre O.
Let P be any point on the semi-circle P

OA = OB = OP = radii
[PA =P0 +04 |
PB =PO + OB A — B
[PB=P0—0A] OB = —0A
PA .PB= (PO + 04).(PO — 04) [Equal magnitude but opposite in
P2 — 0A?= Po? — 02 direction]
=04 -04A%=0
PA.PB=0i.ePA |PB
4P =90°
Hence angle in a semi—circle is a right angle

4. Diagonals of a rhombus are at right angles. Prove by vector methods
In arhombus AB = BC = CD = DA
[ AC=4B + B_C)] Let ABCD be a rhombus. D C

BD= BC + CD
[BD = BC — 48

4¢ .BD = (4B + BC). (BC — 45) 4 B
= (BC + AB).(BC — 4B) CD = —AB
— R(C2 _AR2= 2 _ 2 N —
= BC* — AB*=B(C" — AB CD and AB are equal in
=BC*—-BC*=0  <AB=BC magnitude but opposite
AC .BD = Othen AC |BD in direction

Hence diagonals of a rhombus are at right angle

5. If the diagonals of a parallelogram are equal then it is a rectangle. Prove
by vector method

Let ABCD be a parallelogram

Given that : AC = BD

AC= AB + BC

[Ac| = [4B + B¢|  [Ac =|4B +BC]
BD=BC+CD

_— — — — —

BD =BC—AB - —AB = CD

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

50| = [B¢ - 78]

(BD = |BC - 48]
AC =BD
|AB + BC| = |BC — 4B|
Squaring on both sides
4B + BC|” = [BC — 4B/’
(4B + BC)” = (BC - 4B)’
AB? +BC? + 2(AB.BC) = -BC* +4B? — 2(AB.BC)
2(AB.BC) =—2(AB.BC)
2(AB.BC) + 2(AB.BC) = 0
4(AB.BC) = 0= AB.BC =0 = AB.|BC

Hence the parallelogram is a rectangle

1 -
6.Prove that the area of a quadrilateral ABCD is 2 |AC x BD| where
AC and BD are its diagonals.

vector area of a Quadrilateral ABCD = vector area of a AABC + vector area
1, 1= of a AACD
= E(AB XAC)"‘E(AC XAD)
L (—AC x AB) + = (AC x 4D) ¢
=-(— - X
2 2 D
1, .
= SAC % (—AB + AD)
1—) —_— —_—
=S AC X (BA+ AD) B

1 — —_—
== (AC x BD)
2 1
Area of a Quadrilateral ABCD = > |AC x BD|

7. Prove by vector method that the parallelograms on the same base and
between the same parallels are equal in area. D C_E

-
—

Area of a parallelogram ABCD = |E X B—)C|
=| 4B (BE + EC)|
= |AB x BE + AB x EC| 74—
= |ABx BE# 0| 4B | EC
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= |AB x BE|
= Area of a parallelogram ABED
8.If G is the centroid of a ABC A,prove that (area of AGAB) =
1
(area of AGBC) = (areaof GCAA) = 3 (area ofA ABC).

1
To prove : area of AGAB = area of AGBC = area of AGCA= garea of AABC

__, O0A+0B+0C
0G = 3

1o —y 1
areaofAGAB=§|AB><AG| =E|AB><(0G—OA)|

B C

1|-. (0A+0B+0C —.
—|AB X A
2 3

1|-. (04+0B+0C—-304\|_ 1|55« (08 +0C—204
=—|AB X 2 3

3

1|.. (0B-0A+0¢-04\| 1| (AB+AC
=—|AB X 3 =—=|AB X\ ——

N T (S
= =|AB % (4B + AC)| = Z|AB x AB + AB x AC|

1. 1 1
=g|o+AB><Ac|=§><§|AB><AC|

—_

area of AGAB = — (area of AABC) (1)

w

1 —_— g 1 —_— S —_—
area of AGBC = §|BC X BG| = E|Bc x (0G — OB))|

1 . _1‘WX<O_A’+0_B’+W—30_B’>‘
zlﬁx<0 oc - B>‘=—‘BC><< )‘
2 3 3
1|y (E&f We’+0_c’ ﬁ’)‘
=~ |BC X
2
1
=EB—C’X<M>‘=—|BC><(BA+BC)|
2 3 6
g|BC><BA+BC><BC| €| CxBA+0|=g|BC><BA
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1 1,
=§x§|BC><BA|

1
area of AGAB = §(area of AABC) (2)

N (P —
areaofAGCA=E|CA><CG| =§|CA><(OG—OC)| B C
1| (od+0B+0o¢ _.\| 1|~ (04A+0B+o0C-30C
=—|CA x —0C _ECAX 3
2
1] (ﬁ+ﬁ?’—20_6’>‘_1‘a,x<m—a_c’+ﬁ—ﬁ>‘
= 7|4 3 2 3
=t -5 1—) — —_—
=%ﬁX<CA;CB>| =2 |CAx (CA+CB)|

— L[ x G + G x CB| = 5 0 + CA < CB| = £ | x TB
=1><l|C_A)><C_B)|
3 2
area of AGCA = %(area of AABC) ..(3)
From (1), (2) and (3)

1
(area of AGAB) = (area of AGBC) = (area of GCAA) = 2 (area of A ABC).

9. Prove that cos(a — ) = cosacosf + sinasinf

Let OA = @, 0B = b, be the unit vectors making angles a
and [ with positive x — axis
Draw AL and BM perpendicular to the x — axis.

In Right angled AOLA

ad] — oS = @
cosa = —— - =
hyp |0A4]

oL oL
cosa =12 = cose =% — [GT="cosa]

AL AL _ AL
Sinﬂf:}olr;p = Sina:|A__LJ=> sina=u=:>sma=¥
yp |04] lal

—_—

04 = 0L+ LA = O0A=O0Li+LAj
la-=.cosai+ sinaj]

223
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Similarly, b = cospi + sinBj
The angle between @ and b is a — f3
a.b= |a||b|cos(a B)
b= (1)) cos(a—B) = a.b=cos(a—p) ..(1)

a.
a.b = (cosai + sinaj). (cospi + sinfj)
a.

~

b = cosa cosf + sina sinf ...(2) 4 .b= |71>||75| cos 60
From (1) and (2)

S le betweend and b
cos(e — B) = cosacosf + sinasinf angie between a an

Example : 6.5 Prove that sin(a — ) = sinacosf — cosasinf

Let OA = @,0B = b, be the unit vectors making angles a
and [ with positive x — axis Y,
Draw AL and BM perpendicular to the x — axis.

In Right angled AOLA

LN

a7 h B
vosa = 8 = cosa =19 b/‘
hyp 0A 0
yp |0A4] .
cosa = M = cosa = @ = 0L = cosa
|a| 1
AL AL
sina = PP = sina = |A—_LJ = sina = |AL| = sina = |—1|
hyp |0A4] lal

0A =0L+LA = 0A = OLi + LAj
a = cosai + sinaj
Similarly,B = cosPi + sinfj
The angle between @ and b is a —
b x a=|b||a|sin(a — Bk
bxa=MWsinl@a-Pk =5h x a= sinfla =B k ...(1)
= cosal + sinaj, b = cosBi + sinBj

+ — +

A ~

{ J k
cos %nﬂ 0
CoS ina 0
= 1(0 — 0)—j(0 = 0)+ k [sina cos B — cos a sin B]
b x @ = (sinacosB = cosasinp)k . (2)

S
X
Q
I
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len (1) and (2) |dxb= I_a’||$| sin Q7
sin(a — B) k= (sina cos f — cos a sin BYk~

angle between@ and b

sin(a — B) = sinacosfB — cosasinf

Example: 6.3 Prove that cos(ax + ) = cosacosB — sinasinf

Let OA = 4, 0B = b, be the unit vectors making angles a
and f with positive x — axis
Draw AL and BM perpendicular to the x — axis.

In Right angled AOLA
adj _ |ﬁ| W
cosa = m = (C0Sa = —|0_A,| .
cosa = |0AL| = cosa = | | = OL = cosa a\i R
al - =~ oy
0 , |AL| AL 0 B/ L ‘
Sina = — = sinag = —- — Slna —
& |04] £ - b

04 =0L+LA = 04 = OLi + L4j
a = cosai + sinaj
Similarly, p = cosPBt — sinfif
The angle between @ and bis a + f3
a.b = |al|b| cos(a + B)

b=1)D) cos(a+p) = a.b=cos(a+p) ..(1)
.b = (cosai + sinaj). (cospi — sinf})
b=

Q) Q) Q)

cosa cosf3 — sina sinf ...(2)
From (1) and (2)
cos(a+ B) =cosacosfB —sinasinf
10. Prove that sin(a + ) = sinacos B + cosasinf

Let 0A = @,0B = b, pe the unit vectors making angles a
and B with positive x — axis
Draw AL and BM perpendicular to the x — axis.

In Right angled AOLA
oL
cosa = a_d] = cosa = L—'
hyp |0A4]
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oL OL
cosaf:u = cosa:—| | = OL = cosa
|al 1
0 AL AL AL
sma=ﬂ = sina = |ﬁ| = Sma—| |=>Sma—|—1|
hyp |04 |al )
AL = sina N
04 =0L+LA = 0A = OLi+ LA} a
a = cosal + sinaj a
a \x N :
Similarly,b = cosfi — sinf} il
imilarly B ,f’] 5 \,8/ - x
The angle between @ and b is a + f§ . <
b x a=|b|lalsin(a + Bk J b =p

b x a=0)@)sin(a+Pk=b x a=sin(a +p) k-1
a = cosal -I_-I_sma],? = CO.E‘I_,BL — sinfj
{ J

COSE><:Sin.3 0
COS ina 0
70 —0)—j(0—0)+k [sina cos f— cos a(—sin )]

b x &= (sinacosp + cosasinBk ..(2)
From (1) and (2)

sin(a + B)J= (sina cos B + cos a sin BYkK~

sin(a + B) = sinacos B + cosasinf

&

b x a=

11. A particle acted on by constant forces 8i + 2j — 6k and 6i + 2j — 2k
is displaced from the point (1,2,3) to the point (5,4,1). Find the total
work done by the forces.

LetF, = 81 + 2j — 6k, F, = 61 + 2j — 2k
F=F, +F,
F =80+ 2j— 6k + 61 + 2] — 2k
ﬁ:14i+4j—81€
Let OA = 2]+3kOB—51+4]+k

R

d = AB :O_B’—0A=5i+4j+k—i—2j—312

Q-l
~>
N
\o
N

Workdone—Fa)
= (141 + 4 — 8k ). (41 + 2j — 2k) =56 + 8 + 16
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Work done = 80 units

. 107 + 6] — 8k 107 + 6] — 8k
F2=10\/§< ) A>=10\/§
|10% + 6] — 8k| J102 + 62 + (—8)2

=10V2
(\/100 + 36 + 64 V200

10i + 6] — 8k '+ 67 — 8k
=10ﬁ< j >=wﬁ 107 + 6] — 8k
V10 X 10 X 2 10v2

107 + 6] — 8k 107 + 6] — 8k
) = o ()

F=F,+F,
F =3i+4j+ 5k + 10i + 6] — 8k
F =131+ 10j — 3k
Work done = F.d R .
= (131 + 10j — 3k).(21+ 47— k)= 26 + 40 + 3
\Work done = 69 units|
13.Find the magnitude and direction cosines of the torque of a force
represented by 3i + 4j — 5k about the point with position vector
2i — 3j + 4k acting through a point whose position vector 4i + 2j — 3k.
F =31+ 4j—5k OA=2i—3j+4k OB =41+2j—3k
7= AB=0B—-0A =41+2j—3k—2i+3j
r=2i+5 -7k —4k
Torque = T X F
I DU N
rx F=12 5 —7[=1(-25+28) —j(-=10 + 21) + k(8 — 15)
3 4 -5

Tx F=31—11j-7k
Magnitude of the Torque = | x _F)|
=324 (-11)2 4+ (=7)2 =V9 + 121 + 49 =179
Direct, _ ( 3 —-11 -7 >
1rection cosines =— , ,
V179 V179 V179

14.Find the torque of the resultant of the three forces represented
by — 3i+ 6j — 3k, 4i — 10j + 12k and 41 + 7j acting at the point with
position vector 8i — 6j — 4k, about the point with position vector

18i + 3j — 9k.
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_ i ]k
rx F=1-10 -9 5
5 3 9

= (=18 — 15) — j(—90 — 25) + k(=30 + 45)

Tx F=—960+115] + 15k
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EXERCISE : 6.2

Example 6.12:1f d = —3i —j + 5k,b = i — 2j + k, ¢ = 4j — 5k,
findd.(b x ©).

. -3 -1 5
i(bxd)=[@Ebe =|1 -2 1
0 4 -5

=-3(10-4)+1(-5+0)+5( +0)
=—-3(6)+1(-5)+5(4)=-18—-5+20
=-3
Example 6.13: Find the volume of the parallelepiped whAose R
coterminus egges are given by the vectors — 21 — 3j + 4k, i+ 2j — k
and 3i — j + 2k.
Leti=—20—3j+4kb=1+2—k¢=30—j+2k

Volume of the parallelopiped = [& b E]

2 -3 4
[Gbd]=]1 2 -1=24-1)+3Q2+3)+4(-1-6)
3 -1 2

=23)+3(5)+4(-7) =6+15-128
= —7 = |=7| = 7 cub. units

Example 6.14: Show that the vectors i + 2j — 3k, 2i — j + 2k and
3i + j — k are coplanar.

~

Leta=i+2—3kb=20—j+2ke¢=31+]—k

i b ¢are coplanar if and only if [[i bél=0

1 2 -3
[@bé]=2 -1 2|=11-2)-2(-2-6)-3(2+3)
3 1 -1

=1(—-1)—-2(-8)—-3(5
=-1+16—-15=0
~ The three given vectors are coplanar.
Example 6.15:If 2i — j + 3k,3i + 2j + k, i + mj + 4k are coplanar,
find the value of m.
Leti=20—j+3kb=3i+2j+k = {+mf+4k

B 2 -1 3
[dbé]=0= 3 2 1|=0
1" " m 4
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28—-m)+1(12-1)+3Bm—-2)=0
16-2m+12-1+9m—-6=0
m+28—7=0=7m+21=0

21
Tm=-21= m=——

7

Example 6.16: Show that the points (6,—7,0),(16,—19,—4),(0,3,—6)
(2,-5,10) lie on a same plane.

Let OA = 61— 7}, OB = 161 —19j — 4k, OC = 3j — 6k and
0D = 2i— 5+ 10k
1B = OB — 04 = 161 — 19 — 4k — 6i + 7]
AB = 101 — 12j — 4k
AC = 0C — 0A=3j—6k—61+7]
AC = —61 + 10j — 6k
AD = 0D — OA = 2i — 5] 4+ 10k — 6{ + 7
AD = —4i + 2j + 10k

10 -12 -4
| AB,AC,AD]=|-6 10 -6
-4 2 10

= 10(100 + 12) + 12(—60 — 24) — 4(—12 + 40)

=10(112) + 12(—84) — 4(28)
= 1120 -1008 -112 =0
Hence the above points are lying on the same plane.

Example 6.17: If the vectors a, 3, ¢ are coplanar, then prove that the
vectorsd+b, b+¢ ¢+ dare also coplanar.
If 3, b, & are coplanar than ld, b, ¢| = 0.To prove d + b,b+¢,¢ + d are coplanar
@+bb+é&c+d =0 ©
LHS =[d+b,b+¢¢+d
= (@+b).{(b+&)x (@+a)}

—

= (i +b). {Bx5+bxa+axa+axa}

= (@ +b).{b x.&+b xd+0+¢xd)
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=€l( Xc)+a(b><a)+a(c><a)+b(b><c)+b(b><a)+b(c><a)
=[ b ]+[aba]+ dﬁd’]+[bbc]+[bba]+[bca]
[d,b,¢] +0+0+0+0+[db,¢]

=2[d,b,¢] =2(0) =0
Example 6.18:If @, b, ¢ are three vectors prove that
[@+b,b+¢¢+d|=—[ab,c]
1 0 1

1 1 0
1 1 1

=1(1+0)+0+1(1—1)[d,b,{

ld+b,b+¢é+d]= [d,b,¢]

=—[d,b,¢
LIfd=1-2j+3kb=2i+j—2k¢=3i+2j+k, findd.(bx?).
d.(bx¢é) =[3b,e
1 -2 3
=2 1 =2
3 2 1
=11+4)+2(2+6)+3(4—-3)
=105)+28)+3(1)=5+16+3
=24
2.Find the volume of the paralellepiped whose coterminous edges
are represented by the vectors — 6i + 14j + 10k, 141 — 10j — 6k
and 2i + 4 — 2k.
Let3 = —6f + 14f + 10k, b = 14{ — 10j — 6k, & = 20 + 4] — 2k
Volume of the parallelopiped having d, b and € as its co — terminus edges
isd.(bx &) =[3b,¢
~ -6 14 10
[3b,¢] =14 —10 -6
2 4 -2

= —6(20 + 24) — 14(—28 + 12) + 10 (56 + 20)
= —6(44) — 14(—16) + 10 (76)

= —264+ 224 + 760
= 720 = 720 cu. units
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3.The volume of a parallelepiped whose edges are represented by
7i+ Aj — 3k, i + 2j — k, —3i + 7j + 5k is 90 cubic units.
Find the value of A.
Letd=7i+Aj—3kb=1+2j—k é=—30+7]+5k
Volume of the parallelopiped = 90

[3,5,¢] = 90

7 A -3
1 2 -1/ =90=710+7)—A5—3)-3(7+6) =90
-3 7 5

7(17) — 21— 3(13) =90 = 119 — 24 — 39 = 90
80 —2A =90 = —2A=90-280

—-2A=10 = )\:E

4.1f d, b, ¢ are three non — coplanar vectors represented by con —

current edges of a parallelepiped of volume 4 cubic units, find
the value of (_’a+7))).(7))><_c’) + (7)>+_c’).(_c’x_’a) + (¢+a).(d ><7)>)
ld,b,¢] =
G+ b).(bxE)+(b+7¢).(¢x@)+(¢+a).(dx b)
a(b><c)+b (b><c)+b (c><a)+c(c><a)+c(a><b) +a(a><b)
= [& b ]+ [b b, c] + [b C, a] [c, ¢, al + [c,a,b] + [a,a,b]
=[d,b,¢]+0+[b,éa|+0+[¢adb]+0
=[ b ]+[abc]+[abc]
= 3[5,13, ] |+ [a,b.¢] = [b,¢,d] = [¢,4,b]|
=3(x4) = £12

5.Find the altitude of a parallelepiped determined by the vectors
a=-2i+5j+3kb=1i+3j—2kand ¢ = —3i+j+ 4k if the base is
taken as the parallelogram determined by b and?@.

Given: 4 = =20+ 5] +3k,b =1+ 3] — 2k, é = =30+ + 4k
Volume of the parallelepiped = d. (B x¢) =3 b, ¢

-2 5
=3 1 4
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= —2(14) — 5(-2) + 3(10) = —28+ 10 + 30
Volume of the parallelepiped = 12

Area of the base parallelogram = |B X E|

- i j l’e A A =~

bxeé=|1 3 _o|=i12+2)—j(4—-6)+k(1+9)
3 1 4

b x & =14 + 2 + 10k

Area of the parallelogram = |l_5 X C| = /142 + 22 + 102 =V196 + 4 + 100
=300 =3 x 100
Area of the parallelogram = 10V3

Volume of the parallelepiped = Base Area X altitude
Volume

~ Altitude = ——
Base area

P12 6 VI3 243
s10V3 53 V3 5x3 5

units

6. Determine whether the three vectors 2i + 3j + k,i — 2j + 2k and
3i + j + 3k are coplanar.

Letd=20+3]+kb=1i—2j+2kd=30+]+3k

d b and ¢ are coplanar if [3, b, E] =0

2 3 1
=1 -2 2] =2(-6-2)-33-6)+1(1+6)
3 1 3

=2(-8)—-3(-3)+1(7)=—-16+9+7 =0
Hence, the givne vectors are co — planar.
7.Letd=i+j+kb=iand¢=cqi+cyj+c3k.Ifc;=1andc, =2,
find c; such that a, b and ¢ are coplanar.
Given: d =1+ +kb=12=cl+cof + csk
ci=1landc, =2
wC=1+2]+csk
a, b and ¢ are coplanar. .. [5, B, C] =0

1 1 1
1 0 O
1.2 C3

=0= 1(0-0)—1(c3—0)+1(2—-0) =0
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0_C3+2=0 e —C3=_2

c3 =2
8.Ifc_i=i—E,B=xi+j+(1—x)72,?=yi+xj+(1+x—y)7€,showthat
[d, b,¢| depends on neither x nory.
Given: d=1—kb=xi+j+(1 -0k é=yi+xj+ 1 +x—yk
) 10 -1
[(i,b,E]: x 1 1-x [=1[0+x—y)—x(1—x)]-0-1[x2% —y]
y x 1+x-—y

=1+ -y —-d+x*-x*+y =1
[c_i, b, E’] =1 for all values of x and y

[&, b, E’] depends on neither x nor y.

9.If the vectors ai + aj + ck,i + k, ci + cj + bk are coplanar,
prove that c is the geometric mean of a and b.

Let&=ai+aj+cl€,5=i+l§,5= ci+ cj + bk

. - 7 - —
Given a,b and c are coplanar. .. [5’, b, E] =0

a a c
1 0 1f{=0=a(0-c)—ab—c)+c(c=0)=0
c ¢ b

—at —ab+at +c? =0
c:2=ab = c=+Vab
Hence c is the geometric mean of a and b.
10. Let a, B ¢ be three non — zero vectors such that ¢ is a unit vector

perpendicular to both a and b. If the angle between a and bis

g;
show that [d, b, E’]Z = % |Zi|2|5|2
Given:|C| = 1 and angle between d and bis z
5 6 C ¢ldandb
[4,5,8] = a.(Bx )= (ax B).¢ %
S T 5 S 1 N b
= (|a||b|smgc) c = |a||b|z(c ) -
[4,5,¢] = lal|B] > 6
° E
o . 521 L > a2 1 R -,2
45,2 = P[], 7 = [& 5. =7 1al?p| [46.6 = 1]
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EXERCISE : 6.3
Theorem 6.9: Prove that a X (1_5 X C) + b x (Cxad)
+éx(@axb)=0
LHS.=dx(bx&)+bx(@Exd)+&x(dxb)
= (@6)b — (@b)¢ + (bd)¢ —(b.8)d +{(&D)d —(E )b
=0 =R.H.S
Theorem 6.10: Scalar product of four vectors

ac ad

To prove: (dx b).(¢x d) =

b.¢ b. d
L.HS=(dx b).(¢x d)
Letx= éxd
= (d’ X _[5) x (interchange dot and cross)

(b.d)é — (b.8)d} = (@.8)(b.d) — (b.¢)(d.d)

4.7 Q. d‘

- — - 2
Example 6.19: Prove that[d x b, b X ¢,¢ x d| = [d, b, ¢]

LHS =[dxb,bx&,¢xd

= (@ xb).{(bx¢&)x(@xa) bl =0
= (@ x b).{[B,& d¢ - [b,¢ ¢)a) [d,b,¢] = scalar
= (axB).{[dB,¢|¢ - T) d.(mb) = m(d.b)

= (@ x b).{[a@b,¢]&)} = [a,b,¢](d x b).¢

= [4,5,][d.b,¢] = [a,5,¢]

Example 6.20: Prove that (?i. (E X E)) d=(dx B) X (d X ©)
RHS = (@xb)x (dx7)

=|dabéla—[aba)e
= [abéla—(0)é = [abéla=(d(bxe))a
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Example 6.21: For any four vectors d, b,¢,d, we have
(@xb) x (¢ xd) =[d b,d|¢ —[d b,¢|d=[d,¢d]b-[b¢dd
(3xb) x (¢xd)
Take =3 x b
(Exb)x (xd) =px(&xd)
= (p.d)¢— (3.8)d
= ((@xb).d)e¢~((@xb).¢)d
= [3,b,d]¢ — [3,b,¢|d

Similarly, Take ¢ = ¢ X d

Example 6.22 : If d = —2i+3j —2k,b=3i—j+ 3k ¢ =2i —5j + k,
find (d x b) x ¢ and @ x (b x ¢).State whether they are equal.
To find (d x b) x ¢

— i j k A A ™
Gxb=|_2 3 _o|=1(9-2)—j(-6+6)+k(2-9)
3 -1 3
ixb=71—7k
q toj ok X
(@xb)xé=|7 o —7/=10-35)—j(7+14)+k(-35-0)
2 -5 1

(3xb) x &= —35{—21j — 35k...(1)

To find d x (b x ©)
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. i 7k ) ) -
ix(bxé)=|-2 3 —2|=0-39+6)—j(26+28)+k(-6-42)
14 3 -13

@ x (bx¢)=—330—54) — 48k ..(2)
From (1) & (2)
~3d(bx¢)#(@x b)x¢

Example 6.23: Letd

be any four vectors then
(i) (dxb)x (¢xd)=[abd|¢—[dbc|d
(i))(@x b) x (¢ xd) = [d¢d]b—[bcd|d

() (@xb)x (éxd)=[dbd|¢-[db¢|d
L.H.S = (3xDb) x (¢ x d)
BT A )
axb=|1 =1 o0 =14—-0)—j(—4+0)+k(-1+1)
1 -1 —4
Axb=41+4
L o[f )k .
¢cxd=0 3 —=-1|=13+5)—-j(0+2)+k(0—-6)
2 5 1
¢xd=8i—2j—6k
4 - - i j I’e .y N ™
(Gxb)x(éxd)=|a 4 o =U-24+0)—j(=24+0)+k(-8-32)
8 -2 —6

(@x b) x (¢xd) = —241 + 24) — 40k

R.H.S=[dbd|é-[dbec]d

1 -1 0
—l1 1 —a|=1(-14+200+1(1+8)—0
2 5 1

= 1(19) + 1(9)
[@bd] =28

i—jb=i—j—4k ¢=3j—kandd = 2i +5j +
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1 -1 0
[dbé] =1 -1 —4|=1(1+12)+1(-14+0)-0
0 3 -1

=1(13) + 1(-1)
[dbé] =12
[dbd]é—[abé]d =28(3] —k)—12(2i + 5] + k)

= 84j — 28k — 241 — 60j — 12k

[@bd]e—[dbec]d=—241+ 24f — 40k .. (1)
From (1) and (2)
(@xb)x(éxd)=[dabd|¢—[dabéld
1.Ifd=1—2j+3kb=2i+j—2k¢=3i+2j+k,
find (i) (Zix?f) X ¢ (ii) d x (EXE).

I T 2 . .
ixb=|1 2 3|Ft@4-3)—-j(-2-6)+k(1+4)
2 1 =2

S A4 I X R
3 2 1
(Axb)x¢&=—20+14) — 22k
R TR )
bxé=|p 1 —2|/=114+4)—-j2+6)+k(4—-3)
3 2 1

ik
1 -2 3
5 —8 1
dx (bx &) =220+ 14) + 2k

dx(bx¢é)= =1(—2+24) — j(1 —15) + k (-8 + 10)

(i))(@x b) x (¢ xd) = [d¢d]|b— [ béd]d
L.H.S=(dxb)x(¢xd)
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A N
1 -1 0
1 -1 —4

axb=

dxb =40+ 4j

&

3 _1|=1B+5)-j0+2)+k©-6)
5

I N
4 4 0
8 —2 —6
= (=24 +0) — j(—24 + 0) + k (-8 — 32)

(@xb)x (¢xd) =—241+ 24) — 40k ...(1)

R.H.S=[déd]b—[béd]d

-1 0
[Gédl=[0 3 -1|=1B+5+1(0+2)-0
2 5 1
=1(8) + 1(2)
[ac¢d] =10
1 -1 —4
[bcd] =0 3 -1{=1(3+5)+1(0+2)—4(0—6)
2 5 1

3
—[béd]a =10(t—j— 4k) — 34 —))
=10{ — 10j — 40k — 341 + 34j
[d¢d]b—[béd|d=—241+24f — 40k ...(2)
From (1) and (2)
(@xb)x(éxd)=[déd]b—[pbed|d

=1(4—0)—j(=4+0)+k(-1+1)
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2.For any vector d. Prove that i x (d X i) + j x (@ X j)
+kx(dxk)=2d
LHS =ix@xD+jx@xj)+kx(daxk)
= (@.0d— (.ad)i+ G.pa-(G.a)j + (k-k)a—(k.ad)k
= ()@ - G+ D - G.a)f + Vd — (k.a)k
=d—(Adi+d—G.dj+d—(k.d)k
=3d- (@I~ (.df — (k.d)k =3d-{@a)i+ (G .a)j+ (kad)k)
=3d-d=2d / Let d = xi + yj + zk \

id =i.(xi+yj+zl€) =X

ja =) (xi+yi+zk)=y
ha =k (i+yj+zk)=,

3.Provethat[?i—3,3—??— 0
LHS. =[d—bb—¢é—d
=(@—-b).[(b-¢)x (- a)]
=(@=b).[bxé—bxda—¢&xé+éxd| [[:éxé=0]
=(@—b).[pbxé—-bxd—0+¢xd]
=[abé]-[aba]+[aéadl —[bbe]+[bba] —[béd]

=0=R.H.S
4.1fd = 2i+3j — k, b = 3i + 5] + 2k, ¢ = —i — 2j + 3k, verify that
() (dxb)x¢=(d.6)b— (b.¢)d (ii)dx (bx¢) = (@b~ (d.b)é

(i) (dx b) x¢ = (@.¢)b— (b.¢)d
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L.H.S = (Exﬁ)xé
k
-1
2

ixb= =1(6+5) —j(4 +3) + k(10 - 9)

w N =
U1l W —>

ixb=111—7j+k

~ i ]k ~
Exb)xé=[11 —7 1|=1(-21+2)-jB33+ 1) +k(-22-7)
-1 -2 3

(3xb)x&=—191— 34§ — 29k ...(1)
R.H.S = (d.8)b — (b.¢)d

a.¢c=(21+3j—k).(-i—2j+3k) =-2-6-3

ac=-11

.¢=(31+5j+2k).(-1—2j+3k)=-3-10+6

S

b.

=—7

ay

(@.8b— (b.¢)a@ = —11(31 + 5] + 2k) + 7(21 + 3j — k)
= —331 — 55] — 22k + 141 + 21j — 7k
= —191 — 34] — 29k

(@.8)b — (b.¢)d = 191 — 34f — 29k

- (2)

From (1) and (2)
(@xb)x &= (d.8)b— (b.¢)d

(i) d x (b x €) = (d.€)b — (d.b)¢

L.HS=dx(bx¢)

ﬁ Pk
bXc=13 5 2| =§15+4)—j(9+2)+k(—6+5)
-1 -2 3

241
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~

. A
ax(bxc)=|2 |
19 -11 -1

=i{(—3—-11) = j(—=2 4+ 19) + k (=22 = 57)

(@Gxb)x¢&=—14i— 17— 79k ..(1)
R.H.S = (d.8)b— (d.b)¢
a.¢=(2t4+3j—k).(-i—2j+3k)=-2-6-3
ac=-11
d.b=(20+3]—k).(31+5/+2k) =6+ 15— 2
@b =19

(@.8)b — (d.b)¢ = —11(31 + 5] + 2k) — 19(—1 — 2 + 3k)
= —331—55j — 22k + 191 + 38 — 57k
= —141—17] — 79%k
(@.8)b — (d.b)é = —14i — 17 — 79k ...(2)
From (1) and (2) d@x (b x &) = (d@.8)b - (d.b)¢

5.d=2i+3j—kb=—i+2j—4k¢=1+]+k then find the value of

(@ x b).(d x 0.

. A Y R
axb=|2 3 —1|=1(-12+2)—j(-8+1)+k (4+3)
-1 2 -4

AxC=41—-3]—k

# (@xD).(@x &) = (100 + 95 + 7k). (41— 3 — k)
= —40-27—7
(@xb).(@xE) =-74

242
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Ql
wl

6. If d,
If a,

@‘l

,C,d are coplanar vectors then d, b ¢ are coplanar or
a, b, d are also coplanar

Hence [&BE]zO and[&l;ci]=0
LHS=(dxb)x(éxd)=[abd]é-

=0(&) - 0(d)=0=R.H.S

I_|
@l
I—I
Uy

7.1fd=i+2j+3kb=2i—j+k¢=31+2j+kand
a x (Ex?) = ld + mb + n¢, find the values of L m,n.
Givend ={+2j+3kb=20—j+ké=31+2]+k
@ x (bx¢)=(d.db—(d.b)é
a.¢=(0+2/+3k).(3t+2j+k)=3+4+3

1G +mb +nd =10b — 3¢ = ld + mb +né = 04 + 10b — 3¢
Equating the co — ef ficients of like terms
=0 m=10,n=-3
8. If a, b, ¢ are three unit vectors such that b and ¢ are non — parallel

- 1_
anda x (bx¢) = Eb,find the angle between @ and ¢

- 1.

ax(bxé)==b= (a.6)b (ab)czzb
here @ andb are perpendicular thena.b =0 [ ]a] = |é| = 1]
Rt 1. oo 1o 1 1
(a.c)b—(O)c=§b = @.ob=-b = d.é=§ = |&||c“|cost9=§

1 1
(1)(1) cos 6 = 5= cos O = >

0=60=| g="

,¢,d are coplanar vectors, then show that (@ x B) X (¢ x ?l)) =0.
¢d
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EXERCISE : 6.4
Example 6.24: A straight line passes through the point (1,2,—3)
and parallel to 4i + 5j — 7k. Find (i) vector equation in parametric
form (ii) vector equation in non — parametric form
(iii) Cartesian equations of the straight line.

Letd =1+ 2j—3kand b = 41+ 5] — 7k
(i) vector equation in parametric form # = d + tb where t € R
7= (i+2f—3k) + t(4i + 5] — 7k)
(ii) vector equation in non — parametric form 7 —a) x hb=0
[7—(i+2f—3k)] x(4i+5]—7k)=0
(iii) Cartesian equations of the straight line.
X=X _ Y= _ 274
by b, bs
Here (x1,v1,21) = (1,2,—3) & (b1, by, b3) = (4,5,—7)
x—1 y—-2 z+3
4 5 -7
Example 6.25: The vector equation in parametric form of a line is
7 = (31 — 2j + 6k) + t(2i — j + 3k). Find (i) the direction cosines of the
straight line (ii)vector equation in non — parametric form of the
line (iii)Cartesian equations of the line.

7= (31— 2] + 6k) + t(21 — j + 3k).
Comparing with# = @ + tb
Letd =31 —2j+6kand b = 21— j + 3k
(i) the direction cosines of the straight line
b=20—j+3k
b| =22+ (-1)? +32 =V4+1+9
|b| = V14
Here (bl!bZI b3) = (21 _1; 3)
Directi . by b, bs <2 —1 3)
irection cosines= | =, =75 | = ) )
|b| |b| |b| V14 V14 V14
(ii) vector equation in non — parametric form : (# — @) x hb=0
(F- (31— 27 +6k)) x 20— j+3k) =0

(iii)Cartesian equations of the straight line: * ~*1 _ Y ~Y1 27 %
by b, bs

Here (xlr V1, Zl) = (3) _2) 6) & (blleJ b3) = (2: _1: 3)

244
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Example 6.26: Find the vector equation in parametric form and
Cartesian equations of the line passing through (—4,2,—3) and is
—x—2 y+3 2z—6

-2 3

parallel to the line
Letd = —41 + 2j — 3k
—x—2_y+3_22—6:>—(x+2)_y+3_2(z—3)
4 -2 3 4 =2 3
x+2 y+3 z-3
—4 =2

N W

S
Il

|
NN
~>

[
N
~>
+

N| W

o)

| -
= b=—§(8i+4j—3k)

d=2b
bis parallel to the vector 81 + 4] — 3k . Hence b =8+ 47 — 3k

vector equation in parametric form 7 = G + th where t € R
7 = (—40+ 2j — 3k) + t(8t + 4] — 3k)
X—Xx1 Yy—YV1 Z—2Z3 x+4 y—-2 z+3
cartesian equation is b, = b, = b = 8 = 1 - 3

Example 6.27: Find the vector equation in parametric form and
Cartesian equations of a straight passing through the points
(—=5,7,—4) and (13,5, 2).Find the point where the straighyt line
crossses the xy — plane.

vector equation in parametric form T =da+ t(l; —d)

Here @ = —5i+ 7] — 4k, b =131 — 5]+ 2k
b—d=1301—-5/+2k+51—7j+4k =| b—d = 181 — 12j + 6k

7= =51+ 7j — 4k + t(181 — 12f + 6k)

Cartesian equation:

Here (x4, v1,2,) = (=5,7,—4)and(x,, y,, z,) = (13,-5, 2).
x—xl_y—yl_z—zl:>x+5_y—7_Z+4
Xp=X1 Ya—Y1 Za—7Z 18 _”/1/2_{6

x+5 y—-7 z+4 3 2
3 —2 1
An arbitrary point on the straight line is of the form
x+5 y—-7 z+4
3 —2 1 ¢
x+5_y-7_ z+4 _ |x=3 _y+2_2-6
3 =2 [ Hiu 2 D 3 245
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x=3t—-5y=—-2t+7,z=t—4 = 3t—-5-2t+7,t—4)
Since the straight line crosses the xy — plane,i.e z =0
“t—4=0= t=4
subt=4in(3t—-5,-2t+7,t —4)
(3(4)—-5,-24)+7,4—-4)=12-5-8+7,0=(7,—-1,0)
Hence the straight line crosses the xy — plane at (7,—1,0)
Example 6.28: Find the angle between the straight line
x+3 y-—-1
2 2
x+3 y-—-1 x+3 y—-1 z
= = -7 = = [ J—
2 2 2 2 -1
As the angle between the given straight line with the coordinate axes

= —z with coordinate axes.

are same as the angles made by b with the coordinate axes,
Letb=2i+2j—k
|b| =22+ 22 +(-1)2 =V4+4+1
5| =va= |5 =3

o _ <b1 b, bg) (2 2 —1>
DlTeCtLOTL cosines = - - = —

B’ [B|'15])  \3'3"3
2 2 —1 . 2 2 —1
Direction cosines = <§,§,?> = (cosa, cosp, cosy) = 55?

Where a, B,y are the angles made by b with the positive x — axis, positive
y — axis, and positive z — axis
2 2

1
cosa = =, =—, = __
3 cosf 3 CosY 3

2 2 -1
_ -1(Z _ -1(= _ -1
a = cos <3>,,[>’—cos <3>,y—cos <3>

Example 6.29: Find the angle between the lines
7 = (i + 2j + 4k) + t(2i + 2j + k) and the straight line passing
through the points (5,1,4) and (9,2,12).
7= (1+2]+4k)+t(20 + 2] + k)
parallel to the vector is 2i + 2j + k

Equation of the straight line passing through the points (5,1,4)
and (9, 2,12).

vector equation in parametric form v = d + t(B —ad)
Here 4 =5i+]+4kb =91+ 2]+ 12k

b =G = 90 2]+ 12k 50 = ji~ 4k 206
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b—d=4i+]+8k
parallel to the vector is 4i + j + 8k

S
Ly

The angle between the given two straight lines is cos 0 =

Sl
Uy

where b = 20+ 2j + k and d = 41 + j + 8k pl}<]
_(2t+2j+k) .41+ +8k) 84248

= = —— = c0sO =
|28 + 27 + k||4% + 7 + 8k| V22 + 22 + 12442 + 12 + 82

cosf

. ( 18 )29 _1< 18 )
cosu = = CO0S
Vi+4+1/16+1+ 64 V981

9=cos‘1i=>9— 12
3% 9 =cos™ (3

Example 6.30: Find the angle between the straight lines
x—4 y z+1 dx—l_y+1_z—2
2 1 -2 MMy T T2

are parallel or perpendicular.

and state whether they

x—4 y z+1 x—1 y+1 z-2
=== and = =

2 1 -2 4 —4 2

Hereb = 20+ j — 2k and d = 41 — 4] + 2k
b.d
The angle between the given two straight lines is cos 8 = |B| |c7|

(2t 47— 2k). (41 — 47 + 2k)

cosf = = =
20+ j — 2k||4t — 47 + 2k|
8—4—4
cosO =
V22 4+ (1)2 + (—2)2,/42 + (—4)2 + 22
p 8—4—-4 0
CoSU = =
Viti+ai6r16+4 Y= 555

cosf =0= 0 = g
Thus the two straight lines are perpendicular.

Example 6.31: Show that the straight line passing through the
points A(6,7,5) and B(8,10,6) is perpendicular to the straight line
passing through the points €(10,2,—5) and D(8, 3, —4).

04 = 6i + 7j + 5k, 0B = 81 + 10j + 6k
b =AB = 0B — 04 = 81+ 10j + 6k — (61 + 7] + 5k)

= 8i+10j + .6k — 61~ 7j — 5k
247
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b=20+3j+k

C =101+ 2j — 5k, 0D = 8i + 3 — 4k
d—) —_— —_— —_—

=CD=0D - 0C = 80+3j—4k—(10f+ 2j — 5k)
81 + 3j — 4k — 10i — 2j + 5k

I
=

b.d=(20+3]+k).(-20+j+k)=—4+3+1=0
The two vectors are perpendicular, and hence the two straight lines

are perpendicular.

E le 6.32: Show that the lines ~—+=2"Y _2~%
xampe . : ow a e lines 4 = 6 = 12

and
x—3 y-3 5-z
2 3 6

x—1 y—-2 z—-4 x—3 y—3 z-5

i T 6 -1z M T3 TG

x—1 y—-2 z—-4

= =3 is parallel to the vector
x—3 y—3 5-z

— 3 % is parallel to

are parallel.

The straight line

41 — 6] + 12k and the straight line
the vector — 2 + 3] — 6k

since 4i — 6] + 12k = —2(—2{ + 3j — 6k)
The two vectors are parallel, and hence the two straight lines are parallel.

1.Find the non — parametric form of vector equation and
cartesian equations of the straight line passing through the
point with position vector 4i + 3j — 7k and parallel to the vector
21— 6j + 7k
Letd =41+ 3j — 7k and b = 21 — 6] + 7k
Non — parametric form of vector equation is ( —d@) X b = 0
(F— (4 + 3j—71€)) x (2i — 6] + 7k) = 0

x_x1=y_3’1=Z_21
by b, bs

B (xll yl; Zl) = (4;3;7) and (b1; bZ} b3) = (2; _6;7)
x—4 y—-3 z+7
2 -6 7

cartesian equation is

248
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2. Find the parametric form of vector equation and cartesian
equation of the straight line passing thorugh the point (—2,3,4)
x—-1 y+3 8-z

—4 5 6
x—1 y+3 8-z x—1 y+3 z-8
= = - = =
—4 5 6 —4 5 —6
Letd = =21+ 3j + 4k and b = —41 + 5] — 6k
Parametric vector equation of a straight is7 = d + tb where t € R
7= (=204 3j + 4k) + t(—4i + 5] — 6k)
X=X _ Y= _Z274
by b, bs
B (x1; ylr Zl) = (_2J314) and (bll bZ; b3) = (_4151 _6)
x+2 y—-3 z-4
-4 5 -6
3.Find the points where the straight line passes through (6,7,4)
and (8,4,9) cuts the xz and yz planes.

and parallel to the straight line

cartesian equation is

Cartesian equation: Here (x1, y;,2,) = (6,7,4) and(x,, v,, z,) = (8,4,9)

X — X1 _y—yl _Z—Zl =>x—6_y—7_z—4

Xp— X1 Yo—Y1 Zp—2z 86 4-7 9-4

x—6 y—-7 z-4

2 —3 5
An arbitrary point on the straight line is of the form
x—6 y—-7 z-4 xX—06 y—7 z—4
= = = =, =, =t
2 3 5 T =3 5

x=2t+6,y=-3t+7, z=5t+4= (2t+6,-3t+ 7,5t +4)
. Point on the line is (2t + 6,—3t + 7,5t + 4) (D)

To find the point that the line cut xz planei.ey =0
7
n=3t+7=0=-3t=-7= t=§

Subt=§ in (1) (z(g)+6,—3(§)+7,5(§)+4)

—<2<7)+6 3(7)+75<7>+4>— 14+6 7+735+4
a 3 ’ 3 "7\3 ~\ 3 ’ "3

_<14+18 35+ 12

377 3 32 47
Hence the straight-line cut the xz — plane at| —=,0;—=

DUG 249
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To find the point that the line cut yz plane i.e x = 0
n2t+6=0=> 2t=-6 = t=-3
Subt =-3in(1) (2t + 6,—3t + 7,5t + 4)
=2(-=3)+6,-3(-3)+7,5(-3)+4) =(-6+6,9+7,—15 +4)
= (0,16,—-11)
Hence the straight line cut the yz — plane at (0,16,—11)

Let b = 5{+ 6] + 7k and & = 71 + 9] + 13k
The parametric form of vector equation of a straight line passing
through two points d andb is
f=d+t(b—d),t€eR
F= (70497 +13k ) + ¢ ((7 - 5)i + (9 — 6)] + (13 — 7)k)
7= (71+97+ 13k )+ t(2 + 3j + 6k),t €R
The cartesian of the straight line passing through two points is
X=X YV—=V1 Z— 2y
X2 — X1 _)’2_)’1 _Zz -z
4.Find the direction cosines of the straight line passing through the
points (5,6,7)and (7,9,13). Also, find the parametric form of vector
and cartesian equations of the straight line passing through two
given points

vector equation in parametric form 7 =d+ t(l_)) - 67)
Here d = 51 + 6] + 7k, b =7i+9j + 13k
b—ad=7+9+13k —5{—6j — 7k
—d=20+3j+6k
7 =50+ 6]+ 7k + t(21 + 3f + 6k)
Cartesian equation:

Here (x4, y1,2,) = (5,6,7)and(x,, y,, z,) = (7,9,13).

S

X=X Yy—Y1 _Z—2Z _X=5_y—6_2z-7

X2 =X1 Y2—=V1 Z2— 71 Z 3 6
Direction cosines ofgiven straight line is same as the

direction cosines of b.
Let b = 21+ 3] + 6k

|b| =22 +32 +62 =V4+9 +36
|b| = V49 = |b| =7

250

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

_ , _ by b, bs <2 3 6)
Direction cosines= | =, = ,= | =|=,=,=
bl [b] [p|) \7"7°7
Directi , (236
irection cosines = { -, =,
5. Find the angle between the following lines:
D7 =@i—)+t(i+2j—2k),7=(i—2j+4k) + s(—i — 2j + 2k)
x+4 -7 z+5 - -
(i) — =y4 =— 7= (4k) + t(2i +j + k)

(iii)2x =3y =—-2and 6x = —y — 4z

(i) Given lines are
7= (4t =) +t(i + 2f — 2k)
~ parallel to the vector is b=1+ 2j — 2k
and 7 = (1 — 2] + 4k) + s(—i — 2] + 2k)
~ parallel to the vector is d=—i— 2j + 2k
Let 0 be the angle between the given lines
b.d
bl/d]
(i +2j — 2k). (-t — 2 + 2k)

cos @ =

cos =
V12422 + (=27 (-1)*+(-2)*+(2)?
—-1-4-4 —
cos O = = 9 =__9
Vi+4+4V/1+4+47 9,9 9
cosf = —1= 0 =cos (-1)
0=m

YT IR G (aR) 41204 + )

x+4 y—-7 z+5
I

paralleltothevectorisl;=32+4j+51€

(ii)

(ii) Given lines are

and 7 = (4]?) + t(Zi +J+ E) parallel to the vector is d=2i +i+k

S
Uy

s cosf =

Sl
Uy
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o 31+ 4] + 5k)(2i +] + k) 6+4+5
CcoSU = =
V32 +42 452422 +12+12 9+16+25V4+1+1
6 —6+4+5 cos 6 1> = cos 0 3
cos O = = = = —=
V506 5V2V6 2V3
3
w0 =cos——=
(=)
(iii) Given linesare2x =3y = —zand 6x = -y = —4z
x=0 y—-0_ z-0
2x =3y =—-z = 1 = 1 =3
2 3
B=sitoj—k
273/
x—0 y—-0 z-0
bx = —y=—-4z = T -~ 1 1
L1 1 6 —1 4
6 17%
bd=(si+aj—F).(i-j——k
—\2'73 \6' 7/ 7%
_1 1+1_1—4+3
12 3 4 12

- - - — T
~b Lld - theangle between b andd iSE

6. The vertices of AABC are A(7,2,1),B(6,0,3)and C(4,2,0),Find £ABC
Given : A(7,2,1),B(6,0,3)and C(4,2,4)
2ABC is lies between AB and BC
i.e OA=71+2j+k OB = 6+ 0j+3k,0C = 40 + 2] + 4k
4B = 0B — 04
=61+ 0j+3k— (70 +2j + k)
=6i+0j+3k—-71—-2j—k
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~

Here AB = —i — 2j + 2k and BC = —2i+2j + k

5 (=t —2f + 2k). (-2t + 2j + k) _ 2—-4+2
cos _\/(_1)2+(_1)2+22\/22+(_2)2_|_32 V9+16+25V4+1+1
0
cos @ = = cosf =0 = 0=90°

V256

|LABC = 90°|

7.1f the striaght line joining the points (2,1,4) and (a — 1,4,—1)
is parallel to (0,2,b — 1) and (5,3, —2). find the values of aand b

Cartesian equation of the straight line passing through two points
(2,1,4) and (a — 1,4,—-1)

v (X, y1,21) = 2,1,4), (%2, Y2, 2,) = (a — 1,4,—1)

X=Xy Y=V 2721 x—2 _y-1_z-4
X=X Y2—YV1 Z2—7 a=1-2 4-1 -1-4
x—2 y—1 z—-4
- - (D)
a—3 3 -5

parallel to the vector is b= (a —3)i+ 3] — 5k

Similarly cartesian equation of straight lines passing through two points
(5,3,—2) and(0,2,b — 1) is

v (x,y121) = (5,3,-2),(x2,¥2,2,) = (0,2, — 1)
x—5 y—3 z+2 =>x—5_y—3_z+2
0-5 2-3 b—-1+4+2 A -5 —1 bi—l"

parallel to the vector isd = =5 —j+ (b + 1)k
(1) and (2) are parallel
b=(a—3)i+3j—5k = d=-5i—j+(b+1Dk

b=-3d
(a—3)i+3j—5k =—-3(-5{—j+ (b+ Dk)
(a—3)i+3j—5k =15i +3j—3(b + Dk
Equating the coef ficient of1,k
sa—3=15= a=15+3

5
3(b+1)=5 = b+1=§

-(2)

wa=18and b =
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8. If the straiaht li x—5 2-y 1-z d _2y+1 1-z
Af the straig ines o ——>=—5 =7 andx=—p —=—2
are perpendicular to each other, find the value of m
x—5 2-y 1-z x—5 y—-2 z-1
sm+2 5 -1 Ss5m+2 -5 1
#b=(m+2)i-5+k .
2y +1 =
2y+1 1-z Y = 4oy _x_Y+g_z-1
ana x = = = x = —_ - = =
4m -3 4m -3 1 2m 3
- 2

SincebLd= b.d=0
((5m+2)i— 5] + k). (i + 2mj + 3k) = 0
5Gm+2)1+2m(-5)+3(1) =0
5m+2—-10m+3=0=5-5m=0

5=5m=>

9.Show that the points (2,3,4),(—1,4,5) and (8,1, 2) are collinear

Let the points A(2,3,4),B(—1,4,5) and €(8,1,2)

X — X1 _ Yy—MWM _ Z—1Z
Xo—=X1 Y2—=Y1 22— 23
Here (x4, y1,21) = (2,3,4)and(x,, y,, 2z,) = (—1,4,5)

x—2 y—-3 z-—4 x—2 y—-3 z—-4
— e = =

Equation of the straight line AB is

—1-2 4-3 5-4 -3 1 1
. . . x—2 y—-3 z—4
Substitute the point C(8,1,2)in line 3 =TT =7
8—2_1—3_2—4
-3 1 1

Since the point C satisfies the equation of the line joining A and B
all the three lie on the same line

Hence the points are collinear
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EXERCISE 6.5

Example 6.33: Find the point of intersection of the lines
x—1 y 2 z—3 x—4 y-1

2 3 g ==
Gi I x—=1 y—-2 z-3 dx—4_y—1_
lven lines:——="7>—=——an =T, =2 3
x—1 y—-2 z-3 x—1 y—2 270
: = = = — =35, =S5, -
Take 5 3 2 S > 573 Si 4

x—1=2s,y—2=3s,z—3=4s = x=25+1,y=3s+2,z=4s+3
Any point is of the form : (2s + 1,35 + 2,4s + 3)
x—4 y-1 x—4 y—1
= :t,—:t, ]
5 2 5 2 7=t
x—4=5t,y—1=2t,z=t= x=5t+4,y=2t+1,z=t

Any point is of the form (5t + 4,2t + 1,t)
since the lines are intersecting
(2s+1,3s+2,4s+3) = (5t + 4,2t + 1,t)
2s+1=5t+4 = 25s—5t=4—-1= 2s—-5t=3.. (1)
3s+2=2t+1= 35s—-2t=1-2=3s—2t=-1.. (2)
Solve (1) & (2)

4s —10¢/=6
D x2 = g5y ) )
(2) x5 = 155 — 10t = —5
11

—115':11$S:—E = s=-—1
subss =—-1in(1) 2s — 5t =3
2(-1)-5t=3= —-2-5t=3= —5t=3+2= =5t=5
5

t=—= = t=-1
5

s=—1in(2s+1,3s+2,4s +3) = (2(-1) +1,3(—=1) + 2,4(—1) + 3)

=(-2+1,-3+2,—-4+3)

The point of intersection is (—1,—1,—1)
Example 6.34: Find the equation of a straight line passing through
the point of intersection of the straight lines
. —~ —~ x—2 y—4 z+3
¥ =(1+3j—k)+t(2i+3j+2k) and =5 = and
perpendicular to both straight lines.

The Cartesian equations of the straight line
7= (1+3]—k)+t(2i+ 3] + 2k)
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x—1 y-3 z+1 x—1 y—3 z+1
= = =5 = =S =S
2 3 2 2 "3 T2
x—1=2s,y—3=3s,z+1=2s > x=2s+1,y=3s+3,z=2s—-1
Any point on this line is of the form (2s +1,3s + 3,2s — 1)
x—2 y—4 z+3 x—2 y—4 z+3

Take: 1 = 5 = 2 =t = 1 =t, 5 =t, 2

x—2=t y—4=2t,z+3=4t = x=t+2, y=2t+4,z=4t—-3
Any point on this line is of the form (t + 2,2t + 4,4t — 3)

since given lines intersect,
(2s+1,3s+3,2s—1)=(t+ 2,2t + 4,4t — 3)

Equating the coordinates of x and y
25s+1=t+2 = 2s—t=2-1
2s —t=1-. (1)
35+3=2t4+4 = 3s—-2t=4-3
3s—=2t=1..(2)
Solve (1) & (2)

4s — 2
Wxz= &GS
(2) = 3s—2¢=1

s=1
subss=1in(1) 2s—t=1

2)—t=1= 2—-t=1
—t=1-2=-t=-1=t=1
t=1in(t+ 2,2t + 4,4t — 3)
=(1+2,2(1)+4,4(1)—-3)=(3,6,1)
The point of intersection is(3,6,1)

=S

=t

7=(4+37—k)+t(2t+3]+2k)= E=22+3]A+2g
x—2_y—-4 z+3

= d=1+2j+4k

1 2 4
Since the required line is perpendicular to both band d
- - i j ]’E
~bxd=12 3 2| =i(12—4)—j(8—-2)+k(4-13)
1 2 4

b xd=8i— 6j + k is a vector perpendicular to both the given
straight lines.
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Therefore, the required straight line passing through (3,6,1)and
perpendicular to both the given straight lines is the same as the straight
line passing through (3,6,1) and parallel to 81 — 6] + k

~ The equation of the required lineis v = a + m(B X J),m €R
7=(3i+6/+k)+m(8—6j+k)
Example 6.35: Determine whether the pair of straight lines
7 = (2i+ 6j + 3k) + t(2i + 3f + 4k),7 = (2f — 3k) + s(i + 2j + 3k)
are parallel. Find the shortest distance between them.
Given two equations 7 = (21 + 6] + 3k) + t(21 + 3f + 4k)
__and ~
7= (20— 3k) +s(i + 2j + 3k)
Gd=20+6]+3kb=20+3]+4k,é=2]—3kd=1i+2j+3k
Since b # ci, they are not parallel
(€ - a). (b x d)

Shortest distance between the two skew lines § = e
R |b x d|

. it j k ~
Xd=12 3 4|=1(9-8)—j(6—-4) +k(4—3)
1 2 3

S

bxd={—-2]+k
bxd|=y12+(-2)2+12=V1+4+1=6
|bxd| =6

¢—d=2j—3k—(2{+6j+3k)
=2j—3k—-2i—6j—3k
¢—d=—-2i—4j— 6k
(€—a).(bxd)=(—21—4j — 6k). (i — 2] + k)
@—a.(bxd)=-2+8-6=0
~ The distance between the two given straight lines is zero.
Thus, the given lines intersect each other.
Example 6.36: Find the shortest distance between the two given
straight lines 7 = (21 + 3j + 4k) + t(—2i + j — 2k) and
x—3 'y z+2
2 -1 2
The parametric form of vector equations of the given straight lines are
7= (20+ 3]+ 4k) + t(—20+ ] — 2k) and ¥ = (3i — 2k) + t(2i — j + 2k)
G =20+ 3+ Al br=r-=201 =12k ;6= 31 =2kd = 21 = j+2k
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b=-2i+j—2k= b=—(20—]+2k)
- E = _d) -
b is a scalar multiple of d, and hence the two straight lines are parallel.

> 2 X B)
Shortest distance between two parallel straight lines d = |(C a) |

¢—d=(3t—2k)— (20 + 3 + 4k) |b]
= 31— 2k — 20 — 3] — 4k

li 7k
s(E=—a)xb=|1 -3 —6|=16+6)—j(-2—12)+k(1—6)
-2 1 =2

(¢—d) x b =121+ 14f — 5k
G- xb| _ ,_l12i+147-5k| _ ,_ Y12+ 1¥+(C5)

d= H |-20 4§ - 2k] V(=2)2 +12 + (-2)?
V144 + 196 + 25 V365 365
Vd+1+4 V9 3

Example 6.37: Find the coordinates of the foot of the perpendicular
drawn from the point (—1,2,3) to the straight line

7 = (i—4j + 3k) + t(2i + 3j + k). Also, find the shortest distance
from the point to the straight line.
Given equation : ¥ = (1 — 4f + 3k) + t(2i + 3f + k)
Gd=10—4+3kb=20+3]+k
The Cartesian equations of the straight line
7= (-4 +3k)+¢(20+ 3] + k)
x—1 y+4 z-3
2 3 1
x21=y;—4=213=t N x21=t,yT+4=t,ZIS=t
x=2t+1, y=3t—4,z=t+3

If F is the foot of the perpendicular from to the straight line, then F
isof the form (2t + 1,3t —4,t + 3)
DF = OF — 0D
=Q2t+1,3t—4t+3)—(-1,2,3)
=Q2t+1+1,3t—4-2,t+3—-3)
DF = (2t + 2)i+ (3t — 6)] + tk

Since b is perpendicular to DF
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b.DF =0 = (20 +3j+k).[(2t + 2)i+ Bt — 6)] + tk] = 0
22t+2)+3@Bt—-6)+1(t) =0

4t+44+9t—-184+t=0 =14t —-14 =0
14t =14=¢t=1

t=1inFQ2t+1,3t—4,t+3)
=2x1+1,3(1)—-41+3)=(3,-1,4)
Therefore, the coordinate of F is (3,—1,4)

DF = (2t + 2)i + (3t — 6)] + tk
wheret =1

DF=(2x1+2)i+Bx1-6)j+ 1k
DF =41 —3j +k
Now, the perpendicular distance from the given point to the given line is
DF = |DF|
=42+ (-3)2+12=V16+9+1
= /26 units

1.Find the parametric form of vector equation and Cartesian
equation of a straight line passing through (5,2,8)and is a
perpendicular to the straight liner = (i +j — k) + s(2i — 2j + k)
and 7= (2i—j—3k) + t(i + 2j + 2k)

Given : Point:(5,2,8) = d = 51+ 2j + 8k

Lines: 7 = (14— k) +s(2— 27+ B) = (5 = 21— 25 + |

F=(22—j—31€)+t(i+2j+21€)=>[J=i+2j+2E]

Required line is perpendicular to both b and d

~

i J k
L —6 +3 46
abxd=2 —21 |=i-4-2)¢4 - 1)+k{4 + 2)
1 2 2
_ =-6i—-3]+6k
b xd=-3(2+j— 2k)
=~ The equation of the required line is # = @ + t(l; % a_l)),m €R
7 =50+ 2f + 8k + t(2i + j — 2k)
Cartesian equation of the straight line passing through (5, 2,8) and

parallel to the straight lines b x d Y1y
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b xd= —3(21 +j— Zk)

Bl — 2,b2 — 1,b3 - -
X—=X1 Y=V Z— 2 x—5 y-2 z—8

= == :> = =

b b, bs 2 1 -2
2.Show that the lines7 = (61 + j + 2k) + s(i + 2j — 3k) and
7 = (31 + 2j — 2k) + t(2i + 4f — 5k) are skew lines and hence
find the shortest distance between them.

Given: Lines: T‘—(6l+]+2k)+$(l+2]—3 ),

and 7 = (31 + 2j — 2k) +t(22+4j—512)
H_J
¢ d

=6i+j+2k,b=1+2j—3k
¢ 31+2]—2k d = 20+ 4f — 5k
Since b # d, they are not parallel

9¢

To find shortest distance:
|(¢ —a@). (b x d)|

Shortest distance between the two skew lines § —

A Bxd]
. . { j k +2 +1 0
bxd=|1 2 =3|={-10+12) - (-5 + 6))+ (4 — 4)
2 4 —
bxd =2{—]
|bxd| =22+ (-1)% =va+1
|bxd| =5
c—d=(3i+2j—2k)—(6i+j+2k)=31+2]—2k—61—j—2k
¢—d=-30i+]— 4k
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x—-3 y-m

x—1 y+1 z-1
= = and =Z

2 3 4 1 2
intersect at a point and find the value of m.

3.1f the two lines

Given: 3
Linel:x_1=y+1=z_1 LineZ:x_ =y—m=Z
3 4 1 2
x—1 +1 z-1 x—1 +1 z—1
Take: :y = =t = :t’y =t, =t
3 4 2 3 4

x—1=2t,y+1=3t,z—1=4t => x=2t+1,y=3t—1,z=4t+1
Any point on this line is of the form (2t + 1,3t — 1,4t + 1)
x=3 y-m z-0 x—3 y—m z—0

2 1 T 1 TYT3 T

x—3=s5y—m=25,z—0=s=>x=s5+3,y=2s+m,z=s

Take: =s

Any point on this line is of the form (s + 3,2s + m,s)
Since the lines are intersecting, (2t + 1,3t —1,4t+ 1) =(s+3,2s +m,s)
2t+1=s+3 > 2t—-s=3-1=2t—-s=2..(1)
At+1=s = 4t—s=—1..(2)
Solve (1)and (2)
(1) = 2t—§= 2
UL
2t=3 =¢t= —;

3
subt=—§in(1)2t—s=2

Z<_73>_S:2=>_3_S=2 = —s=2+3

—s=5=s=-5
To find the valueof m. 3t—1=2s+m
3
Subt=—§and s=-=5

-3 -9
3<7>—1=2(—5)+m = 7_1=_10+m

_ -9 9 -9+ 18
—— - m = — = _ m=—
> 1+10=m 2+ m 5
_9
m=y
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. x—3 y-—3 x—6 z-1
4.1f the two lines 3 = 1 ,Z—1 =0and 2 = 3 ,y—2=0
intersect. Find the point of intersection.
x—3 y—3 . x—6 z-—1
Line 1: = —1= Line 2: = =y—2
—p 27 1=0 2 3 7
Take: x_3:y_3,2=1and Take: x_6=Z_1,y=2
3 -1 2 3
Since the lines are intersecting,
x—3 y-—3
by=2i =
suby in 3 1
— — -3 -1 —
x-3_2-3 _X*"°_"° _ X 3:1=>x=6
3 —-1 3 -1 3

The point of intersection is(6,2,1)

5.Show that the straight linesx +1 =2y = —12z and
X=y+2=6z—6areskew and hence find the shortest
distance between them.

Given:Linel: x+1=2y=-12z Line2:x=y+2=6z—6
x—(-1) _y-0_ z-0 dx—O_y—C%)_Z—l

= an
1 1/2 —1/12 1 1 1/6
q=—f Foit4ijotf cé= -2tk d=t+]+ok
~a=—land —L+§]—E reETagTRA=IT )T

Since b # d, they are not parallel

To find shortest distance:
Shortest distance between the two skew lines § =
—d=-2f+k—(-D
d=1—-2j+k
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L 1.1 1.
c—d).(b xd) =(i—2j+k).(=1->j+=Fk
é—a.( ) = (i ]+)<6L 4]+2>

1
1 21111 1 1+6
Sl o= 44 =41
“etat2 62 2 6 6

—a).(b xd) =+

s 1 1\ (1 |11 1_ [4+9+36
“lpxd]= <€> +<Z> +<§> =36 16 TaT | 144

S 49
|><|m
B xd|=—
b xd| =

Shortest distance between the skew lines § = |(C ) '(b X d) |

|b x d|
_7/6 /r 12
~7/12 6 7

6 =2
Shortest distance between the skew lines = 2 units
6.Find the parametric form of vector equation of the straight line
passing through (—1,2,1)and parallel to the straight line
7 = (2i+3j— k) + t(i — 2j + k) and hence find the shortest between
the lines

Given:7 = (20 + 3] — k) + t(i — 2] + k)
d = —i+ 2]+ k and parallel vector:p =i — 2f+ k
~ Equationis # = @ + tbh
F=(-t+2]+k)+t(i—27+k)

Givenline:7 = (21 + 3] — k) +t(f — 2j + k)
¢ d
) (=t +2j+k)

iZj

c—ada=(2

2

~> ~>
w

\o ‘\.>
aﬁ w>

_l_
+
_|_

)

C—a=30+j—2
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- i ]A A A =~
G—d)xb=|3 1 —2/=1-49-jB+2)+k(-6-1)
1 -2 1

(é—d)xb=-31—5—7k
(@ —a@) x b| = /(=3)2 + (=5)2+(=7)2 = V9 + 25 + 49
(¢ — @) x b| =83
b| = V12 + (—2)2+12=V1+4 +1
b =6

Shortest distance between the lines 6§ =

[@-@)x b| V83
b V6

’83
Shortest distance between the lines ? units

7.Find the foot of the perpendicular drawn from the point (5,4,2)

x+1 y-3 z-1

to the line > =3 1 Also find the equation of the
perpendicular
Line: YT _Y =3 271 L p_oii3-k
3 -1
x+1_y—3_z—1_t
2 3 -1
x+1 -3 z-1
2 = t:y =t, =t
3 -1

x+1=2t,y—3=3t,z7—-1=—t
x=2t—1,y=3t+3,z=—-t+1
point F on the given line is (2t — 1,3t + 3,—t + 1) ... (1)
OF = 2t —1)i+ Bt +3)j + (-t + Dk
Given point is D(5,4, 2)
0D = 51+ 4f + 2k
-~ DF = OF — 0D
= (2t — Di+ 3t + 3)j + (—t + Dk — 5i — 4f — 2k
DF=Qt—-1-5){+@Bt+3—-4)j+ (-t+1-2)k
DF = (2t — 6)i+ Bt — Dj+ (-t — Dk
Since b L DF
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b.DF =0 = (20 + 3] —k).[2t — 6)i + Bt — )]+ (=t — Dk] = 0

22t-6)+33t-1)—-1(-t—-1) =0

4t —-124+9t-3+t+1=0
14t -14=0=>t—-1=0=>t=1

t=1in0F = (2t — 1)i+ Bt +3)j + (-t + Dk
Fis(2(1)-1,3(1)+3,-1+1)=(1,6,0)
~ Foot of the perpendicular is (1,6,0)

~ Equation of the perpendicular DF is the equation of the line passing
through two points (5,4,2) and (1, 6,0).

X=X Y=V _Z—Z _ x—5 y—4 z-2

Xz —X1 Ya—Y1 Za—Z 1-5 6—4 0-2
x—=5 y—4 z-2
—4 2 =2
~ Required equationisx_szy_4=2_2
—4 2 —2
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Excercise 6.6

Example 6.38: Find the vector and Cartesian form of the equations
of a plane which is at a distance of 12 units from the origin and
perpendicular to 6i + 2j — 3k.

Letd = 61+ 2j — 3k, p = 12

. d . 6i+2/-3k . 60+2]—3k

d = — = d = — = d=

|d| |61+ 2j — 3k V67 +22 + (=3)?

t4+2i—3kF . 6i+2j—3k , 1 -
6l+2j—3k _ g2 7 g (60 + 2 - 3k)
V36 +4+9 V49 7

vector equation of the plane in normal formis7.d = p

d=

- 1 N N 7 - N N T
T.7(6l+ 2] — 3k) =12 =r. (6l+ 2] — 3k) = 84
Cartesian equation of the required plane.
Let # = xi + yj + zk
(xi+yj+zk ).(61+ 2j — 3k) = 84
6x + 2y — 3z =284
Example 6.39: If the Cartesian equation of a plane is
3x —4y+ 3z = -8, find the vector equation of the plane in the
standard form.
Let # = xi+ yj + zk
3x—4y+3z=-8
(xi+yj+zk).(31 — 4j + 3k) = —8
7.(3t— 4+ 3k) = -8
which is the vector equation of the given plane in standard form.
Example 6.40: Find the direction cosines and length of the
perpendicular from the origin to the plane7.(3i — 4j + 12k) = 5.
7.(3i—4j+12k) =5
7.d=q
Letd =31 —4j+12k,q =5
|d| = /32 + (—49)2 + 122= |d| =V9+16 + 144
|d| = v169= |d| =13
q 5

=== [ —
S IRAAEE

|Q..¢

d= — &_32—4j+1212

| 13

Uy
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vector equation of the plane in normal formis7.d = p
B} <3i—4j+ 1212) 5
T. =

13 T 13
L (3 4 12 5
(El‘ﬁ“ﬁ") =13
3 4 12
The direction cosines of d are — 3 13'13 and

The length of the perpendicular from the origin to the plane is 13

Example 6.41: Find the vector and Cartesian equations of the plane
passing through the point with position vector 4i + 2j — 3k and
normal to vector 2i — j + k.

Given:d =4i+2j—3kandni =2 —j +k,
Equation of the plane passing through a point and normal to a vector is

rn=an
T (2i—j+k) = (41+2f—3k).(2t—j+ k)
7. (2i—-j+k)=8-2-3
. (2t—-j+k)=3

Cartesian equation of the plane
Let # = xi + yj + zk
(xt+yj+zk).(2i—j+k) =3
2x—y+z=3
Example 6.42: Avariable plane moves in such a way that the sum of

the reciprocals of its intercepts on the coordinate axes is a
constant.Show that the plane passes through a fixed point

The equation of the plane having intercepts a,b,c onthe x,y,z axes
respectively is x ¥y

-+ +——1

a b
Since the sum of the reczprocals of the intercepts on the coordinate axes
IS a constant, 1 1 1 .

— 4+ A + — = k.where k is a constant

a c

1/1 1/1 1/1 —1 1
2\% +E % +E = .Letustakex=y=z=E

X z
This shows that the plane P + 4 += =1 and passes through the

b ¢
p t111
fixed poin PR
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1.Find the parametric form of vector equation of a plane which is
at a distance of 7 units from the origin having 3,—4,5 as direction
ratios of a normal to it.
Givenp = 7,d = 31 — 4] + 5k
|d| =32+ (—4)? +52 = |d|=v9+16+25

3] = V50 = |d| = V25X 2= [d] = 5v2

=4 - o _31-4+5k
|d| T 52

Equation of the plane is #.d = p= r.(

30— 4 + 512) _
5v2

2.Find the direction cosines of the normal to the plane

12x + 3y — 4z = 65. Also find the non — parametric form of vector

equation of a plane and the length of the perpendicular to the plane
fromthe origin

Given cartesian equation of the plane is12x + 3y — 4z = 65
vector equation of the given plane 7. (122 + 3] — 41?) = 65
d =120+ 3] — 4k, q = 65
|d| = J122 + 32 + (—4)?= |d| =V144+ 9+ 16
|d| = v169= |d| =13
65

q
=—_)$ =—=5

The length of the perpendicular from the origin to the plane is 5

= . 121 + 3j — 4k
13

d=

§¢| QUL

12 3 —4
13’13’ 13"
Non — parametric vector form of the equation of the plane is T. d=p
L (1204 3] —4k\
r.( 13 > =5
3. Find the vector and cartesian equations of theAplane passing
through the point wl'th position vector 2i + 6] + 3k and normal to
the vector i+ 3j + 5k
Given: d = 21+ 6§ + 3k, =1+ 3] + 5k
Vector form of the equation of the plane passing through a point (@)
and normal to a vector (n) is7.1 = d.n

Hence, the direction cosines is
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r.n= an
7.(1+4 3] +5k) = (20 + 6] + 3k ). (1 + 3f + 5k)
=2+18+15

7.(143j+5k) =35

cartesian equation

Let ¥ = xi + yj + zk

(xt+yj+zk).(1+ 3f + 5k) = 35
x+3y+5z=35

4.A plane passes through the point (1,1, 2) and the normal to the

plane of magnitude 3v3 makes equal acute angles with the
coordinate axes.Find the equation of the plane.

The plane passes through the point d = —i + j + 2k
Given: || = 3V3
a =B =y i.ecosa = cosf} = cosy (equal acute angle)

cos?a + cos?B + cos?y =1

cos?a + cos?a + cos?a = 1= 3cos?q = 1= cos’a =

1
cosa = ﬁ )
| cos.(x—cos.B—cosy—\/—§ | | | L1
Direction cosines = (cosa, cosf, cosy)= Direction cosines = (ﬁ'ﬁ'ﬁ

n = magnitude and direction cosine
1 1 1 .
(@ V3 V3 )
n=30+3j+3k
~ The equation of required plane isT. n =a. n
7. 31+ 3] +3k) = (=i +j + 2k). (31 + 3f + 3k)
7. 3i+3j+3k)=-3+3+6
7. 3i+3j+3k)=6= 3@ +j+k)=6
Fi+j+k)=2
cartesian equation of the required plane
Let ¥ = xi + yj + zk
(xt+yj+2zk).(C+j+k)=2
x+y+z=2

)
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5.Find the intercepts cut of f by the plane 7.(6i + 4j — 3k) = 12 on the
coordinate axes.
7. (60 + 4j — 3k) = 12
Let # = xi + yj + zk
(xi+yj + zk ). (6i + 4f — 3k) = 12
6x +4y—3z=12
+12
6x 4y 3z X
S =1 = = +
2 12 12 2
Xy z
4+ 4+ =1
2 * 3 * —4
= The x — intercepts of the plane is 2,y intercept is 3 and
z — intercept is — 4
6.1f aplane meets the coordinate axes at A, B,C such that the
centroid of the triangle ABC is the point(u,v,w)find the equation
of the plane
Let the intercepts of the plane with the coordinate axes be a, b, c
respectively.
X y z
~ Equation of the plane in intercept form is p + i + e 1
Given that the centroid of AABC = (u,v,w)

a+0+0 04+b+0 0+0+c)
L = (u,v,w) ¢ (00,0

abc —( )
3;3)3 - uIUIW

B
Equating the like co — ordiantes we get, 0.£.0} ,
A= b

Z

a b c
=_,v=—'W=_
u 3 3 3 Aﬂl(aloro)
a=3U,b=3U;C:3W *
y z
—+>+-=1 wherea=3ub=3v,c=3w
a b c

X y z 1x y z
R —_ —_— = 1$ — | — —_ — ) =
3u+3v+3w 3(u+v+w) 1

X y z o .

—+ =+ — = 3 which is the required plane

u v ow
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Excercise 6.7

Example 6.43: Find the non — parametric form of vector equation,
and Cartesian equation of the plane passing through the point
(0,1,—-5) and parallel to the straight lines

7= (i+2j—4k)+s(2i+3j+6k)and7 = (i —3j+5k) +t(i+j— k)

~

Let d=j—5kb=2i+3j+6kc=i+]—k

=i(-3-6)—j(-2—-6)+k(2-13)

(7= (- 5k)).(-91+8j—k) =0
[7.(—9t+8f — k)] — [(j — 5k).(—9i+8j — k)| =0
[7.(-9t+8j—k)| - (8+5)=0
[7.(-9t+8j—k)|-13=0
7.(—9t+8j—k) =13
Cartesian equation: Let# = xi + yj + zk
(xT + yJ + zk). (=91 + 8f — k) = 13
—9x+8y—z=13= 9x—8y+z=-13

9x —8y+z+13=0
Example 6.44: Find the vector parametric,vector non — parametric
and Cartesian form of the equation of the plane passing through

the points (—1,2,0) and (2,2,—1) and parallel to the straight line
x—-1 2y+1 z+1

1 2 -1
Vector equation : F=_a’+s(7))—_a’) +t¢

Here d = —1+2] b =21+ 2j—k andé=1+j—k
b-a=20+2-k+i-2j= p-3=31—-k%

F= —1+2] +s(3i—k) +¢(i+j—k)

Vector non - parametric equation : (¥ — q). ((79) — Ti) X ¢ ) =0

i j k -
(b—d)x¢=[3 0 —1|=i(0+1D)—j(-3+1)+k(3+0)
1 1 -1
(b="d)x¢=1i+2j+3k
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(F—(=t+2D)).(t+2/+3k)=0
[7.(i+ 2] +3k)] — [(=t+2)).(t+ 27+ 3k)] =0

[7.(1+2]+3k)]-(-1+4)=0

[7.(i+2j+3k)|-3=0

7.(i+2j+3k)=3

Cartesian equation: Let 7 = xi + yj + zk
(xT+yj + zk). (i + 2] + 3k) = 3
x+2y+3z=3
x+2y+3z—3=0

1.Find the non — parametric form of vector equation,and Cartesian
of the equation of the plane passing through the point (2,3, 6) and
x-1 y+1 z-3

2 3 1 and

parallel to the straight lines
x+3 y-3 z+1
2 -5 -3

Vector non - parametric equation: (7 —a). (l_; X ¢ ) =0

Here G =21+ 3j+ 6k, b =2i+3j+k and ¢ =2i— 5] — 3k

- toj o k| ) R
bxe=|2 3 1|=1(-=9+5)—j(—6—2)+k(~10-6)
2 -5 -3

bx7¢=—41+8— 16k
(7 - (21+3) +6k)).(—41+ 8] — 16k ) = 0
[7.(—4t + 8] — 16k )] — [(2t + 3] + 6k).(—4i + 8f — 16k )| = 0
[7.(—4i+8f — 16k )] — (-8 +24—-96) =0
[7.(—4t+ 87— 16k )] +80 =0
7.(—41+ 8j — 16k ) = —80

7.(1=2) + 4% ) = 20
Cartesian equation: Let 7 = xi + yj + zk
(xT+ y7 + ZE) (i—2j+4k) =20
x—2y+4z—-20=0
x—2y+4z=20
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2.Find the parametric form of vector equation,and Cartesian
equations of the plane passing through the points (2,2,1),(9,3,6)
and perpendicular to the plane 2x + 6y + 6z =9
Vector equation: # = d + 5(79) —d)+t¢
Hered =21+ 2f+k ,b =91+ 3]+ 6k and ¢ =2i+ 6] + 6k
b-3=91+3j+6k—2i—-2j—k= b-d=7i+j+5k
F= 2042j+k +s(7t+j+5k) +t(20+6]+6k)

Cartesian equation :

(Xl, yli Zl) = (21 21 1),'(x2, yZJ ZZ) = (9, 3! 6)1 (Clr CZ: C3) = (2: 6: 6)

+ -+

X—X, Y—Y1 Z—2Z x—2 y—-2 z—-1

Xo—=X1 Y2—=YV1 Z2—Z1{=0=]| 7 1 51=0
C1 (8) C3 2 6 6

(x—=2)(6-30)—(y—2)(42-10)+(z—1)42-2)=0
(x=2)(-24)-(y—2)(B2)+(z—1)(40)=0
—24x+48 — 32y +64 +40z—40=0
—24x — 32y +40z+ 72 =0
+—8
3x+4y—-5z2—-9=0
~ The parametric form of vector equation is 7. (Bi + 4j — 5]2) =9
3.Find parametric form of vector equation and Cartesian equations
of the plane passing through the points (2,2,1),(1,-2,3) and parallel
to the straight line passing through the points (2,1,—3) and
(—1,5,-8).
Vector equation: 7 = d + 5(75 —d)+t¢
Hered =21 +2j+k,b=1—2j+3k
b-Bd=1-2j+3k —20-2/—k = b-d=—i-4+2k

The straight line passing through the points gZ, 1,—3) and (—=1,5,—8) is
1Y1 %4 X2 V2 22
X=X _ YW _ 274
Xp2—=X1 Y2—=V1 22— 71
x—2 y—-1 z+3 x—2 y—1 z+3
“1-2 5-1 -8+3 _ -3 4 _ -5
¢=-31+4] -5k

= 204+2j+k +s(—i—4j+2k) + t(-30+ 4f — 5k)
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Cartesian equation :
(%1, v1,21) = (2,2,1); (¥2,¥2,22) = (1,-2,3); (c1,¢3,¢3) = (=3,4,—5)

+ — +

X—xX1 Y—Y1 Z—Z x—2 y—2 z—1

Xp=X1 Y2=Y1 Z22—Z1|=0 = |-1 —4 2 1=0
“ “ € -3 4 -5

(x—=2)20-8)-(y—-2)5+6)+(z—-1)(—4-12)=0
(x —2)(12)- (y = 2)(AD)+ (z = 1)(-16)=0
12x — 24— 11y +22 — 16z + 16 =0

12x — 11y — 16z + 14 =0

4.Find the non — parametric form of vector equation of the plane

passing through the point (1,—2,4) and perpendicular to the plane
. x+7 y+3 z
x+ 2y —3z =11 and parallel to the line 3 - 1 1
Non - parametric Vector equation : (7 — "a). (79) X7¢)=0

Hered=1—2j+4k,b=1+2j—3kand é=31—j+k

b x

al

j ok A
2 —3|=12-3)—j(1+9) +k(-1-6)

)
=1
3 -1 1

bx¢=—i—10j— 7k
(7 - (1— 27 + 4k)). (-1 — 10§ = 7k) = 0
[7.(—1—10f — 7k)] — [(i— 2 + 4k).(-i—10f = 7k)] =0
[7.(-i—10j — 7k)] - (-1 +20—-28)=0
[7.(-i—10j = 7k)]+9=0
7.(—1—10f — 7k) = -9
X (=)
7.(1+10j+7k) =9
Cartesian equation: Let 7 = xi + yj + zk
(xt+yj +zk). (8 + 10j + 7k) = 9
x+10y+7z=9
x+10y+7z—-9=0

5.Find the parametric form of vector equation,and Cartesian
equations of the plane containing the line

7 = (i —j+3k) + t(2i — j + 4k) and perpendicular to plane
7.(i1+2j+k)=8.
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Vector equation : # = @ + sb + t ¢

Hereg={—j+3k,b=21—j+4kandé=1+2j+k
—j+3k +s(2i—j+4k) +t(i+2/+k)

Cartesian equation :

(x1,¥1,21) = (1,—1,3);(by, b, b3) = (2,—1,4); (¢q,¢3,¢3) = (1,2,1)

>

-
r =

+ — +

X—X1 Y—Y1 Z—Z; x—1 y+1 z—3
bl bz b3 :0$ 2 —1 4- =0
C1 CZ C3 1 2 1

x-D-1-8)-(y+1D)2-49)+=-3)4+1)=0
x-—DE) - G+1D(2)+(=z-3)5=0
—-9x+9+2y+2+5z—-15=0
—-9x+2y+5z—-4=0
9x —2y—=5z+4=0
6.Find the parametric vector,non — parametric vector and Cartesian|
form of the equations of the plane passing through the points
3,6,-2),(—1,-2,6),and (6,—4,—2)
Vector equation: 7 =3 +s(b—3) +t(¢—3)
=30+ 6f— 2k, b= —1—2j + 6k and & = 61— 4j — 2k
3=-1—2j+6k—30—6]+2k

ol |
|
o)
Il
|
=
—~>
|
N
+
©
=

7 =31+ 6] — 2k + s(—41 — 8f + 8k) + t(31 — 10f)
Non - parametric Vector equation: (¥ — ). [(3 - _a’) x (¢ — _d)] =0
i 7k

(b—d)x(C=B=|-4 —8 8|=1(0+80)—7(0—24)+Fk (40 + 24)
3 —10 0

(b —"d) x (¢ —3) = 807 + 24] + 64k
[7 — (31 + 6] — 2k)]. (801 + 24j + 64k) = 0
7.(80% + 24 + 64k) — (31 + 6] — 2k). (807 + 24f + 64k) = 0
7.(80% + 24 + 64k) — (240 + 144 — 128) = 0

7.(80% + 24f + 64k) — 256 = 0= 7.(801 + 24f + 64k) = 256
+ 8
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7.(10f + 3j + 8k) = 32
(xt+ yj + zk). (101 + 37 + 8k) = 32
10x + 3y + 8z = 32

7.Find the no — parametric form of vector equation,and Cartesian
equations of the plane

7= (6i—j+k)+s(—i+2j+k)+t(-5i—4j — 5k).
Non - parametric Vector equation : (7 — "a). (7’)) X _é) =0
Hereg=6i—j+k,b=—i+2j+k and & = —5{ —4j — 5k

i j k .
| =i=10+4) = j(5+5) +k 4+ 10)

-1 2
-5 —4 -5
bx¢=—60—10j+ 14k
(- (61— +k)).(—61—10j + 14k ) = 0
[7.(—61 — 10f + 14k )] — [(61 — j + k). (—61 — 10f + 14k )] = 0
[7.(—61 — 10f + 14k)] — (—36 + 10+ 14) = 0

[7.(—61 — 10f + 14k)] + 12 =0

+ (=2)
[7.(3t+5]—7k)|-6=0

Cartesian equation: Let ¥ = xi + yj + zk
(xi+ yj+2zk).(3t+5]—7k) =6 =0
3x +5y—-7z—6=0
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Excercise 6.8
x—3 y—4 z+3

Example 6.45: Verify whether the line ) — 12 liesin

the plane5x -y +z = 8.
Let (x1,v1,71) = (3,4,-3) (a,b,c) =(—4,-7,12) (4,B,C) =(5-1,1)
Condition for a line to lie in a plane aA + bB + cC =0
aA+ bB +cC =(—4)(5)+ (=7)(—1) + (12)(1)
=-204+7+12=-1%0

Hence, the given line does not lie in the plane.

Example 6.46: Show that the lines 7 = (—i — 3j — 5k) + s(3i + 5j + 7k)

and7 = (2i + 4j + 6k) + t(i + 4f + 7k) are coplanar. Also, find the

non — parametric form of vector equation of the plane
containing these lines.

7= (—=1—3j—5k) +s(30+5) + 7k) and 7 = (20 + 4] + 6k) + t(i + 4f + 7k)
et @ =—1—3j—5kb=30+5]+7kC=20+4] + 6k d=1+4j+7k
(E-a.(bxd)=0
¢—d=2{+4j+6k—(—1—3j—5k)
=20+ 4j+ 6k +1+3j+ 5k
¢—d=3i+7j+11k

Tt~

=1(35-28)—j(21-7) +k (12—5)

SN
X
QUL
Il
_ 0 =~
S &p N
N &Y

bxd=7i—14] + 7k
@—a).(bxd)= (3t+ 7] + 11k) . (7i — 14] + 7k )
=21-98+77 =98-98
(@ — &).(I; X j) =0 - The two given lines are coplanar

To find t he non parametric form of vector equation of the plane
containing the two given non parallel coplanar lines.

(#—a).(bxd) =0
(= (-i—3)—5k)).(71- 147+ 7k) = 0
[7.(7t — 147 + 7k)] — [(—t — 3f — 5k). (71 — 14j + 7k)| = 0

[7.(7t — 14j + 7k)] — (=7 +42—-35) =0

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

7. (71— 147+ 7k) =0 = [~ (71— 14] + 7Tk)| -0 =0

f.(1—2+k)=0

1.Show that the straight lines T = (5i + 7j — 3k) + s(4i + 4j — 5k) and
7 = (8i + 4j + 5k) + t(7i + j + 3k) are coplanar. Find the form of
vector equation of the plane in which they lie.
7= (504 7] —3k) +s(4i + 4) — 5k) and 7 = (81 + 4] + 5k) + t(7¢ + j + 3k)
Let d=5i+7]—3kb=41+4j—5k é=81+4j+5kd=71+j+3k
(@—a).(bxd)=0
¢—d=8i+4j+5k—(51+7j—3k)
= 8i + 4j + 5k — 51— 7j + 3k
¢—d=23i—3j+8k

- - ’i j ié ~
bxd=|4 4 —5|=1(12+5)—j(12+35) +k (4 —28)
7 1 3

bxd=17i— 47] — 24k
@—a).(bxd) = (31—3j+8k) .(17i - 47] — 24k)
=51+ 141 —-192
— 192 — 192 = (0 Therefore the two given lines are coplanar

To find t he non parametric form of vector equation of the plane
containing the two given coplanar lines.

(#—a).(bxd) =0
(7 — (51 +7j — 3k)). (171 — 47) — 24k) = 0
[7.(178 — 47] — 24k)] — [(5t+ 7j — 3k).(171 — 47j — 24k)] = 0
[7. (178 — 47] — 24k)] — (85 -329+72) =0
[7.(171 — 47f — 24k)]| - 172 =0
7.(17t — 47] — 24k) = 172

x—2 y—-3 z—-4 x—1 y—-4 z-5

2.Show that the lines 3 and 5 =3 1

1
are coplanar. Also, find the plane containing these lines.

Letd=2{+3j+4k, b=1+j+3k ¢=0+4+5k d=-31+2j+k
The two given lines are co — planar (5—a)_(5x8)=o

278
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X—X1 Y—Y1 Z—Z1 x—1 y—4 z-—5

by b, b; |=0 =| 1 1 3 |=0
di  dp ds -3 2 1
x-1DA-6)—-(y—-4A+9)+(=—-5)(2+3)=0
=D -0 -9A0)+z-506)=0

—5x+5 —10y +40+5z—-25=0

—5x—-10y+5z+20=0

+ (=5)
x+2y—z—4=0

Which is the equation of the plane containing the given lines.
x—1 y-—-2 z-3 x—3 y—-2 z-1

= = and = =

3.1f the straight lines =
) 1 m? 1 m? 2
are coplanar, find the distinct real values of m.
Letd=1+2]+3k b=1+2j+m2k, ¢=1+2/+k d=1+m? +2k
The two given lines are co — planar
(@—a).(bxd)=0
¢—d=1+2]+k—(i+2j+3k)
=i+2j+k—1—2]-3k
c—d=-1+j+k

S

X =i(1-6)—j(1+9)+k(@2+3)

QUL

Il

_
N =~
_ W &Y

-3
bxd=—5{—10j + 5k
@—-a).(bxd) = (~i+j+k).(=51— 10§ + 5k )
=5-10+5=10-10
(@—a).(bxd)=0
Therefore the two given lines are coplanar.

Cartesian equation :
(x1,¥1,21) = (1,4,5);(by, by, b3) = (1,1,3); (dy,dy, d3) = (=3,2,1)
+ - +
X—X1 Y—Y1 Z—Z; x—1 y—4 z-—5
b, b, b; |=0 = 1 1 3 =0
dy d; ds -3 2 1
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x-1D)A-6)—-(y—-4HA+9)+(=-5)(2+3)=0
x=DE5)--HA0)+(z-5(0)=0

—5x4+5 —10y +40+5z—-25=0

—5x—-10y+5z+20=0

+ (=5)
x+2y—z—4=0

Which is the equation of the plane containing the given lines.
x—1 _Y- 2 z—3 x-3 y—-2 z-1

3.I1f the straight li d = =
f the straight lines 3 an 1 3 >

are coplanar, find the distinct real values of m.
Letd=1+2]+3k b=1+2]+m2k, ¢=0+2f+k d=1+m? +2k
The two given lines are co — planar
(@—d).(bxd)=0
c—d=1+2]+k—(i+2j+3k)
=i+2j+k—1—-2j-3k

¢c—d=—-2k

- - i j ]/e ~

bxd=|[1 2 m2l =1@4-m*")—-72-m?)+k(@m?-2)
1 m?2 2

(@—a).(bxd)=0
(=2k).[i(4—mM) —j2-m?) +k (m?-2)] =0
—2(m?2-2)=0= m?-2=0

m?2=2 = m=+V2

. . x—1 y+1 2z x+1 y+1 z
4.If the straight lines = =Eand =5 =7 are

coplanar, find A and equations of the planes containing these two
lines.

Letd=1—j, p=2{+Aj+2k C=-1—J, d=50+2]+2k
The two given lines are co — planar
(@—a).(bxd)=0

R R ()
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bxd= =112 —4) — j(2A — 10) + k (4 — 51)

U1 N =~
N o
N X

(@—a).(bxd)=0
(—2D).[[(A2 —=4) —j(2A—-10)+k (4 —-5D)] =0
212 -4)=0= 122-4=0
2 =4 1=1V4
A=+2

Cartesian equation :
(x1,v1,21) = (1,—1,0); (by,by,b3) = (2,2,2); (dy,dy,d3) = (5,2,2)

+ — +
X=X Y=V Z—Z; x=1 y+1 z
by b, b; |=0 =] 2 2 2 =90
dy d, ds 5 ) )

(x=1D@E-4) -+ 1D -10) + (2) (4 - 10)
x—1DO)—(y+1)(~6) +z(-6)=0 =0

6(y+1) —6z=0= 6(y+1—-2)=0
y—z+1=0ford=2

y+z+1=0ford=-2
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Excercise 6.9
Example 6.47: Find the acute angle between the planes
7.(2i + 2j + 2k) = 11 and 4x — 2y + 2z = 15.
7.(20+2f + 2k) = 11 and 4x — 2y + 2z = 15
i, =20+ 2] + 2k and i1, = 41 — 2 + 2k

|71i1. 1, |
C050=ﬁ
|n1||n2|
20+ 27 + 2k). (41 — 27 + 2k
o i+ 2+ 2R). (41— 2+ 2R)
V22 +22 + 22,42 + (—2)2 + 22
0 8—4+4 - 0 8
coS = coS =
Vi+4+4V16+4+4 V1224
cos 6 —8 0 _2 = 6 —2
= = cosb = cosv =
23 x 26 18 3V2
V2 X2 2 2
cosf =—— = c059=\/_=> 6 = cos 1 —

3v2 3 3

Example 6.48: Find the angle between the straight line
7= (214 3j+k)+t(i—j+k)and the plane2x —y + z = 5.

Let b={—j+kandR=21—j+k

b.7t
Angle between line and plane is sinf = |_, Til
|b|I7]
sing = (i—j+k).(2t—j+k)
V12 + (=1)2 +12 /22 + (=1)% + 12
2+1+1
sinf =

Vi+1+1/4+1+1

4 4 4
sinf = ——= Sin =—=— sinf = —m
V3v6 V18 V2x3x3
. 42 42
sin =——= sinf=———= sinfh = ——
3V2 V2 xv2 | TP T 3%
2v2
sinf = T=> 0 =sin~1 <¥>

Example 6.49: Find the distance from the point (2,5,-3) to the plan
7.(6i—3j+2k)=5
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7.(6i—3j+2k) =5 where? =xi+yj+zk
(xt+yj+zk).(61—3j+2k)=5= 6x—3y+2z=5
6x—3y+2z—5=0

The distance from the point to the plane =

ax, + by, +cz; + d‘
Va2 + b2 4 ¢2
a=6b=-3,c=2,d=-5
(xliylizl) = (21 51_3)

®@ + =36+ @)(=3) - 5| ‘12 ~15-6-5
- J62 + (=3)% + 22 V36 +9+4
12 -26| |-14 ,
= 715 = | 7 = 2 units
Example 6.50: Find the distance of a point (5,—5,—10) from the point
of intersection of a straight line passing through the points A(4,1,2)
and B(7,5,4) with the planex —y + z = 5.
The cartesian equation of the straight line joining A and B is
Here (x1, ¥1,21) = (4,1,2) and (x5, y,,z,) = (7,5,4).
Cartesian equation:
X=X _ YN _Z274 — x—4=y—1=z—2
Xp—=X1 Y2—=V1 22— 2 3 4 2
x—4 -1 z-=2 x—4 -1 z—2
3 =y4 =T Tt 3 =t’y4 b Tt

x=3t+4y=4t+1,z=2t+2= (3t+4,4t+1,2t +2)

~ An arbitrary point on the straight line is of the form
(Bt+4,4t+ 1,2t + 2)
To find the point of intersection of the straight line and the plane

(3t+4,4t+1,2t+2)i7’l x—y—{—z:S
3t+4—(4t+1)+2t+2=5
3t+4—-4t—-1+2t+2=5

t+5-5=0=t=0
subt=0in (3t +4,4t+1,2t+2) > (3x04+4,4x0+1,2%x0+2)

~ The point of intersection of the straight line is (4,1, 2).
The distance between the two points g(4, 1,2) and g(S, —5,—-10) is
1V1 21 2 Y2 22

= —x)% + (7, = y)? + (25 — 21)?
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=J(G-4)2+(=5-1)2 + (=10 — 2)?
= (D2 + (—6)% + (—12)2 = V1 + 36 + 144
= V181 units

Example 6.51: Find the distance between the parallel planes
x+2y—2z+1=0and2x+4y—4z+5=0.
The distance between the parallel planes x + 2y —2z+1 = 0and

2x+4y—4z+5=0
=2

5
x+2y—22+z=0

5
a=1,b=2,C=—2,d1=1,d2=§
5
. dy — d; 1-3
Distance = =
VaZ + b2 +cZ| Y12+ 224 (-2)?
2—5 3
|-
T+4+4l Ivol I3l 12
1

Distance = —
2

Example 6.52: Find the distance between the planes

7.(2i—j—2k) = 6 and 7. (61 — 3j — 6k) = 27.
7.(21 —j— 2k) = 6 where? = xi + yj + zk
(xt+yj+zk).(2t—j—2k)=6= 2x—y—2z=6
7.(61— 3j — 6k) = 27 where 7 = xi + yj + zk
(xi+yj+zl€).(6i— 3] — 612) =27= 6x—3y—6z=27

2x—y—2z=9 +3
The Cartesian equation of the planes are2x —y — 2z = 3

and2x —y—2z=9
a=2,b=_1,c=_2,d1:6,d2:9

Distance = b — 4, = 0
Va? + b2 + ¢2 V22 + (=12 + (-2)?
_ -3
‘ Vi+1+4 ‘ \//g =1

Example 6.53: Find the equation of the plane passing through the

intersection of the planesT. (i +Jj+ E) +1=0and
7.(21i= 3§ +/5k) = 2.and thepoint(=1,2, 1),
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7.(i+j+k)+1=0and#.(21—3j+5k)—2=0
vector equation of a plane passing through the line of intersection
of the planes (#.71; —d;) + A(#.1, —d,) = 0
F.(i+j+k)+1+2[7(20-3j+5k)—2] =0
[(xt+yj+zk).(E++k)+ 1]+ A[(xi + yj + zk). (2t = 37 + 5k) — 2] = 0
x+y+z+1]+A2x—-3y+5z—-2)=0
Since this plane passes through the point (—1,2,1)
[-1+24+1+1]+22(-1)-3(2)+5(1)—-2)=0
34AM(-2-6+5-2)=0= 3+A(-5)=0

3
—51=-3 =}1==
A=3

3
[x+y+z+1]+22x—-3y+5z2—-2)=0 Where/1=§
3
[x+y+z+1]+§(2x—3y+52—2)=0

[x+y+z+1]+§(2x—3y+52—2) =0
multiply by 5 on both sides
5x+y+z+1)+32x—3y+5z—-2)=0
5x+5y+52+54+6x—9y+152—-6=0= 11lx—4y+20z—1=0
Hence the required equation of the plane is 11x — 4y + 20z = 1.
Example 6.54: Find the equation of the plane passing through the

intersection of the planes2x +3y—z+7=0andx+y—2z+5=0
and is perpendicular to the planex+y—3z—5 = 0.

The equation of the plane passing through the intersection of the planes

2x+3y—z+7=0andx+y—2z+5=0is
2x+3y—z+7)+A(x+y—2z+5)=0
2x+3y—z+7+Ax+Ay—2Az+51=0
R+Dx+B+AD)y+(-1-21)z+7+54=0

since this plane is perpendicular to the givenplanex +y—3z—5=0

WZ+H+OB+DN+(-3)(-1-21)=0
2+1+3+21+3+61=0
24+343481=0=8+81=0= 81=-8

(2x+3y—z+7)-l%/1(x}l—y—22+5)=Owhere/1=—1
2x+3y—z+7)—(x+y—2z+5)=0
2x+3y—z+7—x—-y+2z—-5=0
x+2y+z+2=0
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Example 6.55: Find the image of the point whose position vector is
i+ 2j+ 3k intheplane7.(i+ 2j + 4k) = 38.

Let @i =i+2j+3kn=1i+2j+4kp=38

Then the position vector of the image V of 3 =1 +

|72
2138 —=((142]+3k).(i +2j + 4k R
v=(1+2j+3k)+ [ (( ) ))] L+ 2f + 4k)

(i + 2] + 4k). (i + 2f + 4k)
2( 38 —(1 +4 +12)

v = (i +2j+3k) + i+ 2] + 4k
U= (i+2] ) YR (i + 2j + 4k)
ﬁ=(i+2j+3k)+%(i+2j+4l€)

~ 2 1 ~
(i+27+ 3k)+< ;f)(i+2j+4k)

A {1
Il

B=1+2]+3k+20+4j+8k = v =30+6j+11k
«. The image of the point with position vector i + 2j + 3k is 31 + 6] + 11k
Example 6.56: Find the coordinates of the point where the straight
linet = (2i —j + 2k) + t(31 + 4f + 2k) intersects the plane
x—y+z—-5=0.
The Cartesian equation of the line ¥ = (22 —Jj+ 21?) + t(3i + 47 + 212)
(xl,yl,Zl) = (2,_1, 2) and (b11b21b3) = (3,4‘, 2)
X™% _Y™hn _ 74 x—2=y+1=Z—2
bl b2 b3 3 4 2

x—2 y+1 z-2 x—2 y+1 z—2
= = =t= =t t,—— =t
3 4 2 3/) 4/; 2/
x=3t+2,y=4t—1, z=2t+2
(Bt+2,4t—1,2t+ 2)

The point (3t + 2,4t — 1,2t + 2) lieson the planex —y +z—-5=10

3t+2—(4t—1)+2t+2—-5=0
3t+2—4t+1+2t+2-5=0
t+5-5=0=>t=0

subt =0in (3t + 2,4t — 1,2t + 2)
(3x0+2,4%x0—=12%X0+2) =(2,—1,2)
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. The coordinates is(2,—1,2)

1.Find the equation of the plane passing through the line of
intersection of the planes7.(2i — 7j + 4k) = 3 and
3x —5y+4z+ 11 = 0,and the point (—2,1, 3).

7.(2i — 7f + 4k) = 3 where 7 = xi + yj + zk
(xt+yj+zk). (20— 7j+4k) =3= 2x -7y +4z =3
Given equation of planes are2x — 7y + 4z =3 and3x —5y+4z+11=0
2x—7y+4z—3)+ A(3x—5y+4z+11) =0 ..(1)
Since the plane passes through the point (—2,1,3)
[2(-2) —7(1) +4(3) — 3]+ A[3(—2) = 5(1)+4(3)+11] =0
—4-7+12-342[-6—-5+12+11] =0

—2+12A=0=124=2
2 1
A:—: —_ —
12 A 6

1
Subs A = ‘ in (1)

(2x—7y+4z—3)+%(3x—5y+4z+11) =0
X 6
6(2x—7y+4z—3)+ (Bx—-5y+4z+11)=0
12x — 42y +24z—-18+3x -5y +4z+ 11 =0
15x — 47y + 28z — 7 = 0 which is the required equation of the plane.

2.Find the equation of the plane passing through the line of
intersection of the planesx+2y+3z=2andx—-y+z =3,and ata

2
distance — from the point (3,1,—1).

V3
Given equation of planesarex +2y +3z—2=0andx—y+z—-3 =0
To point of intersection of the planes

(x+2y+3z—-2)+Ax—y+z—-3)=0..(1)
X+2y+3z2—24Ax—Ay+1z—31=0
X+Ax+2y—Ay+3z+1z—2—-31=0
A+Dx+Q2-VDy+B+A)z—-2-31=0
2
The distance from 5)1%11 _ZB to this plane is \/_§
Herea = (L+4);b=1(2~A),c=(3+ 1) andid= =2 =34
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ax; + by, +cz; +d
va? + b2 + ¢2

The distance between the point and the plane is

ax; + by, +czy +d| 2

Va2 + b? + ¢2 V3

1+D3+Q2-D1+G+D(D-2-31 2
JA+DP+ 2 -2+ G + M2 R
R N iy R Sy ) gy | 2

VI+R2420+4+ 12 —41+9+ 12+ 61 |_\/_§

2

3 V3P +41+14 V3

INBA =232 ¥ 4A+ 14 = V3A =322 + 44 + 14
Squaring on both sides
R =37+4A+14= 44 +14=0

7 7
2/4,1=—,1/4=>,1=—E

| ~22 ‘_2 22
V312 + 41 + 14

7
Subslz—zin(l) x+2y+3z-2)+A(x—y+z—-3)=0

(x+2y+32—2)—%(x—y+z—3)=0
X 2
2x+2y+3z—-2)—-7(x—y+2z—-3)=0
2x+4y+6z—4—-T7x+7y—7z+21=0
—5x+11ly—z+17=0= 5x—11ly+z—-17=0
3.Find the angle between the line7 = (2i — j + k) + t(i + 2j — 2k) and
the plane?.(6i + 3j + 2k) = 8.
Let b = i+ 2j — 2k and 7 = 61 + 3] + 2k
Angle between line and plane is
.7
b1l
(i + 2f — 2k). (61 + 37 + 2k)
V12 +22 + (=2)2 62 + 32 + 22
6+6—4
V1+4+4v36+9+4

sin@ =

sinf =

sinf@ =

288
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8 8 8
= i = i = —
NG sin@ 3% 7 sin@ o1

8
= qi -1
0 = sin (21>

4.Find the angle between the planesT. (i +j— ZE) = 3 and
2x —2y+z=2.
F.(i+j—2k)=3and2x — 2y +z =2
o =i+j—2kandn, =21-2j+k

sinf =

|7;. 10, |
C056=ﬁ
|n1||n2|
i+7—2k).(21-2]+k
o lG+i-2R).(2i=2+ )
V12 +12 + (=2)2 /22 4+ (=2)2 + 12
|2 —2 — 2]
cosf =
Vi+1+4V/4+4+1
9 I—ZI: 9 2
COS = — COoS = —
V69 3V/6

-G
= CoS 3\/8

5.Find the equation of the plane which passes through the point
(3,4,—1) and is parallel to the plane 2x — 3y + 5z + 7 = 0. Also, find
the distance between the twoplanes.

Equation of the given plane is2x — 3y +5z+7 =0
Equation of the plane parallel to the given plane is2x — 3y +5z+ k=0

Since this plane passes through the point (3,4, —1).
23)—-34)+5(-1)+k=0= 6—-12—-5+k=0
—11+k=0=k=11
k=11in2x—-3y+5z+k=0
Required plane is 2x — 3y +5z+ 11 =0
Equation of the plane are 2x —3y +5z+7 =0and 2x —3y +5z+ 11 =0
d, —d,
va? + b? + ¢?

Distance between two parallel planes d =

a=2,b=_3,c=5,d1=7,d2=11
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~ 7 —11 :‘ —4 ‘_ —4
22+ (=32 +52| IV4+9+25] |38
d * it

= — units

V38

6.Find the length of the perpendicular from the point (1,—2,3) to
the planex —y +z = 5.

Length of perpendicular from (x,,y;,2;) to the plane ax + by + cz—d = (
ax, + by, +cz; —d

is

Va? + b2 + 2
~ Length of perpendicular from (1,—2,3) to the planex —y+z—5=101s
a=1,b=-1,c = 1)f1;ly;ZiS

1(1) -1(-2)+1(3) -5 [(1+2+3-5

- J12+ (=12 + 12 _‘ m‘
1 1 ,

= ‘ﬁ| = \/—§ units

y

7.Find the point of intersection of the linex —1 == =z + 1 with the

plane 2x —y + 2z = 2. Also, find the angle between the line and the
plane. y
Given equation of lineis x —1 = S=Z +1
x—1=%=z+1=t=> x—1=t,%=t, z+1=t
x=t+1,y=2t,z=t—-1
~ Any point on the line is of the form (t +1,2t,t — 1)
The point (t + 1,2t,t — 1) lies on the plane 2x — y + 2z = 2
20+ 1) -2t +2(t—1) =2 =2t +2 St + 2t =2 =2
2t=2=>t=1
t=1in(t+1,2t,t—1) = (1+1,2(1),1-1) =(2,2,0)
The point of intersection of the plane and the line is (2,2,0)

Linex—1===z+1andplane2x —y+2z=2

2
Let h = i+2j+kand 7 =20 —j + 2k

SR
S

Angle between line and plane is sin0 =

Sl
S
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ing = (i+2j+k). (2t —j + 2k) » 2—-2+42
= Sl =
V12 422+ 12,22 + (—1)2 + 22 Vi+4+1W/a+1+4
sin 6 - ino 2 2
= === sind=——= = g = gin-1
V6v9 3V6 <3\/g>

8.Find the coordinates of the foot of the perpendicular and length
of the perpendicular from the point (4,3, 2) to the plane
x+2y+3z=2.
Given plane x + 2y + 3z = 2.
vector form: 7.(i + 2f + 3k) = 2
Cartesian equations of the straight linAe through the
point (4,3,2) and parallel to T + 2] + 3k
X=X _ Y= _z274
by b, bs
Here (x1,v1,21) = (4,3,2) & (by,b,,b3) = (1,2,3)
x—4 y—-3 z-2
1 2 3
x—4 y—-3 z-2 x—4 y-3 z-2

=t = = =
1 2 3 =>1 t’z t’3 t

x=t+4, y=2t+3,z=3t+2= (t+4,2t+3,3t+2)

The point(t + 4,2t + 3,3t + 2) lies on the plane x + 2y + 3z = 2.
t+4+2Qt+3)+30@Bt+2)=2=>t+4+4t+6+9t+6=2
14t +16 =2 = 14t =2—-16 = 14t = —14
—-14
t=—=1t=-1
14
t=—1in(t+42t+33t+2)= (—1+4,2(-1)+3,3(—-1) +2)
=3,-2+3,-3+2)=(3,1,—-1)
The coordinates of the foot of the perpendicular is (3,1,—1)

. Length of perpendicular from (4,3,2) to the planex + 2y +3z—2 =10is

(x1, Y1, 21)

a=1,b=2,c=3,d=-2
1(4)+2(3)+3(2)—2|=‘4+6+6—2‘

ax, + by; + cz; —d‘ _

\/a2+b2+c2 \/12+22+32 v1+4+4+9

14 V14 X \54
= ‘ ‘ = = V14 units
V14 V14
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Excercise 6.7

Example 6.43: Find the non — parametric form of vector equation,
and Cartesian equation of the plane passing through the point
(0,1,—-5) and parallel to the straight lines

7= (i+2j—4k)+s(2i+3j+6k)and7 = (i —3j+5k) +t(i+j— k)

~

Let d=j—5kb=2i+3j+6kc=i+]—k

=i(-3-6)—j(-2—-6)+k(2-13)

(7= (- 5k)).(-91+8j—k) =0
[7.(—9t+8f — k)] — [(j — 5k).(—9i+8j — k)| =0
[7.(-9t+8j—k)| - (8+5)=0
[7.(-9t+8j—k)|-13=0
7.(—9t+8j—k) =13
Cartesian equation: Let# = xi + yj + zk
(xT + yJ + zk). (=91 + 8f — k) = 13
—9x+8y—z=13= 9x—8y+z=-13

9x —8y+z+13=0
Example 6.44: Find the vector parametric,vector non — parametric
and Cartesian form of the equation of the plane passing through

the points (—1,2,0) and (2,2,—1) and parallel to the straight line
x—-1 2y+1 z+1

1 2 -1
Vector equation : F=_a’+s(7))—_a’) +t¢

Here d = —1+2] b =21+ 2j—k andé=1+j—k
b-a=20+2-k+i-2j= p-3=31—-k%

F= —1+2] +s(3i—k) +¢(i+j—k)

Vector non - parametric equation : (¥ — q). ((79) — Ti) X ¢ ) =0

i j k -
(b—d)x¢=[3 0 —1|=i(0+1D)—j(-3+1)+k(3+0)
1 1 -1
(b="d)x¢=1i+2j+3k
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(F—(=t+2D)).(t+2/+3k)=0
[7.(i+ 2] +3k)] — [(=t+2)).(t+ 27+ 3k)] =0

[7.(1+2]+3k)]-(-1+4)=0

[7.(i+2j+3k)|-3=0

7.(i+2j+3k)=3

Cartesian equation: Let 7 = xi + yj + zk
(xT+yj + zk). (i + 2] + 3k) = 3
x+2y+3z=3
x+2y+3z—3=0

1.Find the non — parametric form of vector equation,and Cartesian
of the equation of the plane passing through the point (2,3, 6) and
x-1 y+1 z-3

2 3 1 and

parallel to the straight lines
x+3 y-3 z+1
2 -5 -3

Vector non - parametric equation: (7 —a). (l_; X ¢ ) =0

Here G =21+ 3j+ 6k, b =2i+3j+k and ¢ =2i— 5] — 3k

- toj o k| ) R
bxe=|2 3 1|=1(-=9+5)—j(—6—2)+k(~10-6)
2 -5 -3

bx7¢=—41+8— 16k
(7 - (21+3) +6k)).(—41+ 8] — 16k ) = 0
[7.(—4t + 8] — 16k )] — [(2t + 3] + 6k).(—4i + 8f — 16k )| = 0
[7.(—4i+8f — 16k )] — (-8 +24—-96) =0
[7.(—4t+ 87— 16k )] +80 =0
7.(—41+ 8j — 16k ) = —80

7.(1=2) + 4% ) = 20
Cartesian equation: Let 7 = xi + yj + zk
(xT+ y7 + ZE) (i—2j+4k) =20
x—2y+4z—-20=0
x—2y+4z=20
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2.Find the parametric form of vector equation,and Cartesian
equations of the plane passing through the points (2,2,1),(9,3,6)
and perpendicular to the plane 2x + 6y + 6z =9
Vector equation: # = d + 5(79) —d)+t¢
Hered =21+ 2f+k ,b =91+ 3]+ 6k and ¢ =2i+ 6] + 6k
b-3=91+3j+6k—2i—-2j—k= b-d=7i+j+5k
F= 2042j+k +s(7t+j+5k) +t(20+6]+6k)

Cartesian equation :

(Xl, yli Zl) = (21 21 1),'(x2, yZJ ZZ) = (9, 3! 6)1 (Clr CZ: C3) = (2: 6: 6)

+ -+

X—X, Y—Y1 Z—2Z x—2 y—-2 z—-1

Xo—=X1 Y2—=YV1 Z2—Z1{=0=]| 7 1 51=0
C1 (8) C3 2 6 6

(x—=2)(6-30)—(y—2)(42-10)+(z—1)42-2)=0
(x=2)(-24)-(y—2)(B2)+(z—1)(40)=0
—24x+48 — 32y +64 +40z—40=0
—24x — 32y +40z+ 72 =0
+—8
3x+4y—-5z2—-9=0
~ The parametric form of vector equation is 7. (Bi + 4j — 5]2) =9
3.Find parametric form of vector equation and Cartesian equations
of the plane passing through the points (2,2,1),(1,-2,3) and parallel
to the straight line passing through the points (2,1,—3) and
(—1,5,-8).
Vector equation: 7 = d + 5(75 —d)+t¢
Hered =21 +2j+k,b=1—2j+3k
b-Bd=1-2j+3k —20-2/—k = b-d=—i-4+2k

The straight line passing through the points gZ, 1,—3) and (—=1,5,—8) is
1Y1 %4 X2 V2 22
X=X _ YW _ 274
Xp2—=X1 Y2—=V1 22— 71
x—2 y—-1 z+3 x—2 y—1 z+3
“1-2 5-1 -8+3 _ -3 4 _ -5
¢=-31+4] -5k

= 204+2j+k +s(—i—4j+2k) + t(-30+ 4f — 5k)
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Cartesian equation :
(%1, v1,21) = (2,2,1); (¥2,¥2,22) = (1,-2,3); (c1,¢3,¢3) = (=3,4,—5)

+ — +

X—xX1 Y—Y1 Z—Z x—2 y—2 z—1

Xp=X1 Y2=Y1 Z22—Z1|=0 = |-1 —4 2 1=0
“ “ € -3 4 -5

(x—=2)20-8)-(y—-2)5+6)+(z—-1)(—4-12)=0
(x —2)(12)- (y = 2)(AD)+ (z = 1)(-16)=0
12x — 24— 11y +22 — 16z + 16 =0

12x — 11y — 16z + 14 =0

4.Find the non — parametric form of vector equation of the plane

passing through the point (1,—2,4) and perpendicular to the plane
. x+7 y+3 z
x+ 2y —3z =11 and parallel to the line 3 - 1 1
Non - parametric Vector equation : (7 — "a). (79) X7¢)=0

Hered=1—2j+4k,b=1+2j—3kand é=31—j+k

b x

al

j ok A
2 —3|=12-3)—j(1+9) +k(-1-6)

)
=1
3 -1 1

bx¢=—i—10j— 7k
(7 - (1— 27 + 4k)). (-1 — 10§ = 7k) = 0
[7.(—1—10f — 7k)] — [(i— 2 + 4k).(-i—10f = 7k)] =0
[7.(-i—10j — 7k)] - (-1 +20—-28)=0
[7.(-i—10j = 7k)]+9=0
7.(—1—10f — 7k) = -9
X (=)
7.(1+10j+7k) =9
Cartesian equation: Let 7 = xi + yj + zk
(xt+yj +zk). (8 + 10j + 7k) = 9
x+10y+7z=9
x+10y+7z—-9=0

5.Find the parametric form of vector equation,and Cartesian
equations of the plane containing the line

7 = (i —j+3k) + t(2i — j + 4k) and perpendicular to plane
7.(i1+2j+k)=8.
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Vector equation : # = @ + sb + t ¢

Hereg={—j+3k,b=21—j+4kandé=1+2j+k
—j+3k +s(2i—j+4k) +t(i+2/+k)

Cartesian equation :

(x1,¥1,21) = (1,—1,3);(by, b, b3) = (2,—1,4); (¢q,¢3,¢3) = (1,2,1)

>

-
r =

+ — +

X—X1 Y—Y1 Z—Z; x—1 y+1 z—3
bl bz b3 :0$ 2 —1 4- =0
C1 CZ C3 1 2 1

x-D-1-8)-(y+1D)2-49)+=-3)4+1)=0
x-—DE) - G+1D(2)+(=z-3)5=0
—-9x+9+2y+2+5z—-15=0
—-9x+2y+5z—-4=0
9x —2y—=5z+4=0
6.Find the parametric vector,non — parametric vector and Cartesian|
form of the equations of the plane passing through the points
3,6,-2),(—1,-2,6),and (6,—4,—2)
Vector equation: 7 =3 +s(b—3) +t(¢—3)
=30+ 6f— 2k, b= —1—2j + 6k and & = 61— 4j — 2k
3=-1—2j+6k—30—6]+2k

ol |
|
o)
Il
|
=
—~>
|
N
+
©
=

7 =31+ 6] — 2k + s(—41 — 8f + 8k) + t(31 — 10f)
Non - parametric Vector equation: (¥ — ). [(3 - _a’) x (¢ — _d)] =0
i 7k

(b—d)x(C=B=|-4 —8 8|=1(0+80)—7(0—24)+Fk (40 + 24)
3 —10 0

(b —"d) x (¢ —3) = 807 + 24] + 64k
[7 — (31 + 6] — 2k)]. (801 + 24j + 64k) = 0
7.(80% + 24 + 64k) — (31 + 6] — 2k). (807 + 24f + 64k) = 0
7.(80% + 24 + 64k) — (240 + 144 — 128) = 0

7.(80% + 24f + 64k) — 256 = 0= 7.(801 + 24f + 64k) = 256
+ 8
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7.(10f + 3j + 8k) = 32
(xt+ yj + zk). (101 + 37 + 8k) = 32
10x + 3y + 8z = 32

7.Find the no — parametric form of vector equation,and Cartesian
equations of the plane

7= (6i—j+k)+s(—i+2j+k)+t(-5i—4j — 5k).
Non - parametric Vector equation : (7 — "a). (7’)) X _é) =0
Hereg=6i—j+k,b=—i+2j+k and & = —5{ —4j — 5k

i j k .
| =i=10+4) = j(5+5) +k 4+ 10)

-1 2
-5 —4 -5
bx¢=—60—10j+ 14k
(- (61— +k)).(—61—10j + 14k ) = 0
[7.(—61 — 10f + 14k )] — [(61 — j + k). (—61 — 10f + 14k )] = 0
[7.(—61 — 10f + 14k)] — (—36 + 10+ 14) = 0

[7.(—61 — 10f + 14k)] + 12 =0

+ (=2)
[7.(3t+5]—7k)|-6=0

Cartesian equation: Let ¥ = xi + yj + zk
(xi+ yj+2zk).(3t+5]—7k) =6 =0
3x +5y—-7z—6=0
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Excercise 6.8

) . x—-3 y—4 z+3 . .
Example 6.45: Verify whether the line 12 - 7 132 liesin

the plane5x -y +z = 8.
Let (x1,y1,21) = (3,4,—3) (a,b,c) =(—4,-7,12) (A,B,C)=(5—-1,1)
Condition for a line to lie in a plane aA + bB + cC =0
aA+ bB +cC =(—4)(5)+ (=7)(—1) + (12)(1)
=-204+7+12=-1%0

Hence, the given line does not lie in the plane.
x—1 _Y- 2 z—3 x-3 y—-2 z-1

3.If the straight li d = =
f the straight lines 3 an 1 3 >

are coplanar, find the distinct real values of m.

Letd=1+2f+3k b=1+2+m2k, ¢=0+2+k d=1+m? +2k
The two given lines are co — planar
@—a).(bxd)=0
c—d=1+2]+k—(i+2j+3k)
=i+2j+k—1-2]-3k
¢—d=-2k
- - i j i& ~
bxd=|[1 2 m2l =1@4-m")—-72-m?»+k@m?-2)
1 m? 2
(@—a.(bxd)=0
(=2k).[i(4—mH) —j2-m?) +k (m?-2)]=0
—2(m?-2)=0= m?*-2=0
m2i=2 = m=+V2
4 If the straiaht li x—-1 y+1 z dx+1_y+1_z
f the straight lines 5 = =5 an g =5 —gare

coplanar, find A and equations of the planes containing these two
lines.

Letd=1—}, pb=2{+Aj+2k C=-1—J, d=5{+2j+1k
The two given lines are co — planar

@—a.(bxd)=0

f—d=—t—j—(—PN=-t—j—1+]
E—d=-2i
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bxd= =112 —4) — j(2A — 10) + k (4 — 51)

U1 N =~
N o
N X

(@—a).(bxd)=0
(—2D).[[(A2 —=4) —j(2A—-10)+k (4 —-5D)] =0
212 -4)=0= 122-4=0
2 =4 1=1V4
A=+2

Cartesian equation :
(x1,v1,21) = (1,—1,0); (by,by,b3) = (2,2,2); (dy,dy,d3) = (5,2,2)

+ — +
X=X Y=V Z—Z; x=1 y+1 z
by b, b; |=0 =] 2 2 2 =90
dy d, ds 5 ) )

(x=1D@E-4) -+ 1D -10) + (2) (4 - 10)
x—1DO)—(y+1)(~6) +z(-6)=0 =0

6(y+1) —6z=0= 6(y+1—-2)=0
y—z+1=0ford=2

y+z+1=0ford=-2
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Excercise 6.9
Example 6.47: Find the acute angle between the planes
7.(2i + 2j + 2k) = 11 and 4x — 2y + 2z = 15.
7.(20+2f + 2k) = 11 and 4x — 2y + 2z = 15
i, =20+ 2] + 2k and i1, = 41 — 2 + 2k

|71i1. 1, |
C050=ﬁ
|n1||n2|
20+ 27 + 2k). (41 — 27 + 2k
o i+ 2+ 2R). (41— 2+ 2R)
V22 +22 + 22,42 + (—2)2 + 22
0 8—4+4 - 0 8
coS = coS =
Vi+4+4V16+4+4 V1224
cos 6 —8 0 _2 = 6 —2
= = cosb = cosv =
23 x 26 18 3V2
V2 X2 2 2
cosf =—— = c059=\/_=> 6 = cos 1 —

3v2 3 3

Example 6.48: Find the angle between the straight line
7= (214 3j+k)+t(i—j+k)and the plane2x —y + z = 5.

Let b={—j+kandR=21—j+k

b.7t
Angle between line and plane is sinf = |_, Til
|b|I7]
sing = (i—j+k).(2t—j+k)
V12 + (=1)2 +12 /22 + (=1)% + 12
2+1+1
sinf =

Vi+1+1/4+1+1

4 4 4
sinf = ——= Sin =—=— sinf = —m
V3v6 V18 V2x3x3
. 42 42
sin =——= sinf=———= sinfh = ——
3V2 V2 xv2 | TP T 3%
2v2
sinf = T=> 0 =sin~1 <¥>

Example 6.49: Find the distance from the point (2,5,-3) to the plan
7.(6i—3j+2k)=5

BLUE STARS iz sec scHoolL



BLUE STARS ur.sec scHooL

BLUE STARS ur.sec scHooL

7.(6i—3j+2k) =5 where? =xi+yj+zk
(xt+yj+zk).(61—3j+2k)=5= 6x—3y+2z=5
6x—3y+2z—5=0

The distance from the point to the plane =

ax, + by, + cz, + d‘

a=6b=-3,c=2d=-5 VaZ + b2 + 2
(xli }’1121) = (2, 5,—3)
_®)@) + (=3)(5) + (2)(-3) - 5| ‘12 — 15—6—5‘
) 62 + (—3)2 + 22 36+9+4
12— 26 ‘_14 .
= = = 2 units
V49 7

Example 6.50: Find the distance of a point (5,—5,—10) from the point
of intersection of a straight line passing through the points A(4,1,2)
and B(7,5,4) with the planex —y + z = 5.
The cartesian equation of the straight line joining A and B is
Here (x4, ¥1,21) = (4,1,2) and (x,, y,, z,) = (7,5, 4).
Cartesian equation:
X=X _ YN _ 274 — x—4:y—1:Z—2
Xp—=X1 Y2=V1 2271 3 4 2
x—4 y—-1 z-2 x—4 y—1 z—2
= = = t= = t, = t’ =t
3 4 2 ‘ 3 4 2

x=3t+4,y=4t+1,z=2t+2= (3t+4,4t+ 1,2t + 2)

~ An arbitrary point on the straight line is of the form
(Bt + 4,4t + 1,2t + 2)
To find the point of intersection of the straight line and the plane

GBt+4,4t+1,2t+2)in x—y4+2z=5
3t+4—(4t+1)+2t+2=5
3t+4—-4t—-14+2t+2=5
t+5—-5=0=t=0
subt=0in (3t +4,4t+1,2t+2) = 3x0+4,4x0+1,2%x0+2)

. The point of intersection of the straight line is (4,1, 2).
The distance between the two points §(4' 1,2) and gCS, —5,—-10) is
1Y1 Z1 2 Y2 22

= \/(xz —x1)%+ (Y2 —y1)? + (22 — 21)?
= V(5.—4)2+ (=5 — 12 +.(~10 .~ 2)2
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= (D2 + (-6)2 + (—12)2 = V1 +36 + 144
= V181 units

Example 6.51: Find the distance between the parallel planes
x+2y—2z+1=0and2x+4y—4z+5=0.
The distance between the parallel planes x + 2y —2z+ 1 = 0 and
2x+4y—4z+5=0
=2

5
x+2y—22+§=0

5
azl,bIZ'CZ—Z’d]_:]_,dZZE
5
. dy — d, 1-3
Distance = =
VaZ + b2 + 2 \/12+22+(—2)2
2—5
|- ey
1+4+4

Distance = —
2

Example 6.52: Find the distance between the planes

7.(2i—j— 2k) = 6 and 7.(6i — 3j — 6k) = 27.

7.(2i—j—2k) = 6 where 7 = xi + yj + zk
(xt+yj+2zk).(2t—j—2k)=6= 2x—y—2z=6
7.(61— 3j — 6k) = 27 where? = xi + yj + zk
(xi + yj + zk). (61 — 3] — 6k) = 27= 6x — 3y — 62 = 27
2x—y—2z=9 +3
The Cartesian equation of the planes are2x —y — 2z = 3
and 2x —y—2z=9
a=2,b=-1,c=-2,d;=6,d,=9

Dist _ d; —d; — 69
stance = s prrer| W22+ (D2 + (-2
B 4+1+4‘ \/—‘ \//3/}|_1

3.Find the angle between the line7 = (2i — j + k) + t(i + 2j — 2k) and

the planer. (61 + 3j + 2k) = 8.
Let b =i+ 2] — 2k and 7 = 61 + 3] + 2k

Angle between line and plane is
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S
S

sinf@ =

S
S|

|b]I7|
i+ 27— 2k).(61+ 3]+ 2k
ing — (i+2j ). (61 + 37 + 2k)
V12422 4+ (=2)26% + 32 + 22
6+6—4
Vi+4+4V36+9+4

sinf@ =

8 8
sin@ = = gj - = i -
Jovag | Smi=gsm T sind =0y

8
0 = si -1 —
sSin <21>

4.Find the angle between the planes7.(i + j — 2k) = 3 and
2x -2y +z=2.
f.(i+j—2k)=3and2x -2y +z =2
n,=i+j—2kandn, =21-2j+k

cos@:w
|1y |7,
i4+7—2k).(21-2]+k
s = @] —2k). (21 2] + k)|
V12 +12 + (=2)2 /22 + (=2)2 + 12
|2 -2 —2]
cos @ =

Vi+1+4/4+4+1

|—2] 2 < 2 )
c0s=—— = cosf=— = | § =cos 1 |—
V69 36 36

5.Find the equation of the plane which passes through the point
(3,4,—1) and is parallel to the plane 2x — 3y + 5z + 7 = 0. Also, find
the distance between the twoplanes.

Equation of the given plane is2x —3y +5z+7=0
Equation of the plane parallel to the given plane is2x — 3y +5z+ k =0
Since this plane passes through the point (3,4, —1).
23)—-34)+5(-)+k=0= 6-12-5+k=0
—-11+k=0=k=11
k=11in2x—-3y+5z+k=0
Required plane is 2x — 3y +5z+ 11 =0
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Equation of the plane are 2x — 3y +5z+7 =0and 2x — 3y +5z+ 11 =0

d,—d
Distance between two parallel planes d = ! 2
Va2 + b? + ¢?
a=2,b=_3,C 5d1 7d2—11
~ 7 -11 _ —4 ‘_ —4
B J2Z+ (—3)2 + 52 V4 +9+ 25| |/38
d i it
= —— units
V38

6.Find the length of the perpendicular from the point (1,—-2,3) to
the planex —y +z = 5.

Length of perpendicular from (xq,y1,2,) to the plane ax + by +cz—d =0
ax, +by, +cz; —d
Va? + b2 + ¢2

is

~ Length of perpendicular from (1,—2,3) to the planex —y+z—5=01is

X1, Y1, 21

a=1,b=-1,c=1,d =-5
1@ -1(-2)+1(3) -5
J12 +(-1)2 + 12

1(1) - 1(-2) +1(3) = 5| — |1+2+3‘5| ‘ | —umts
= JErCDir Vi+1+ V3

BLUE STARS iz sec scHoolL



